- see = Contributions 
of Mathematics 
to the 
History of Indian 
Mathematics 


\ an vī | 
lanai 
| zw | 


«| sss 
2 | sss 
2 | s15 


eae Ta: Tea fasst 
aad yard Hed: aaa Halla | 


Gerard G. Emch 
R. Sridharan 
M.D. Srinivas 


CULTURE AND HISTORY 3 
OF MATHEMATICS 


Contributions to the 
History of Indian Mathematics 


CULTURE AND HISTORY OF MATHEMATICS 


Editor 
Rajendra Bhatia, Indian Statistical Institute, New Delhi. 


Already Published Volumes 


Bruce C. Berndt and Robert A. Rankin (editors): Ramanujan:Essays and Surveys 
Richard S. Palais: Seminar on the Atiyah-Singer Index Theorem 


Contributions to the 
History of Indian Mathematics 


Editors 


Gérard G. Emch 
R. Sridharan 


M. D. Srinivas 


|J HINDUSTAN 
BOOK AGENCY 


Published by 


Hindustan Book Agency (India) 
P 19 Green Park Extension 

New Delhi 110 016 

India 


email: hba(Ovsnl.com 


http://www.hindbook.com 


Copyright O 2005 by Hindustan Book Agency (India) 


No part of the material protected by this copyright notice may be 
reproduced or utilized in any form or by any means, electronic or 
mechanical, including photocopying, recording or by any information 
storage and retrieval system, without written permission from the 
copyright owner, who has also the sole right to grant licences for 
translation into other languages and publication thereof. 


All export rights for this edition vest exclusively with Hindustan Book 
Agency (India). Unauthorized export is a violation of Copyright Law 
andis subject to legal action. 


Produced from camera ready copy supplied by the Editors. 


ISBN 978-81-85931-58-6 ISBN 978-93-86279-25-5 (eBook) 
DOI 10.1007/978-93-86279-25-5 


WISHING 


CHENNAI MATHEMATICAL INSTITUTE 


Prosperity and Continued Excellence 


Preface 


The first Joint India-AMS meeting in Mathematics was held in 
Bangalore in December 2003. One of its themes was the "History of 
Indian Mathematics". Two sessions on this theme were organised jointly 
by Gérard G. Emch from the U.S., and R. Sridharan from India. These 
sessions were held on the 18th and the 20th of December. 


The speakers at these sessions covered a wide spectrum of topics 
ranging from Vedic Prosody and ancient Buddhist logic at one end to 
the contributions of Srinivasa Ramanujan and Indian contributions to 
Quantum Statistics at the other. 


The lectures were enthusiastically received and it was felt that a 
volume based on these lectures in detail might be useful to the mathe- 
matical community; we thus formed an editorial committee to compile 
such a volume. Articles were invited from the speakers and were refer- 
eed. 


This volume, which is the outcome, begins with an overview! of the 
subject and is divided into three sections. 


The first section which deals with the ancient period has two articles, 
one on Vedic Prosody and the work of Pingala and the other on Buddhist 
Logic. 


The next section which discusses the mathematics of the classical 
and medieval periods begins with two articles, one on the work of Brah- 
magupta on Bhāvanā and its applications, another on the contributions 
of Bhāskara II to the mathematics of Karani or surds. The next article 
is on the use of power series techniques by the medieval Kerala School 
of Mathematics. The next two articles focus on the nature of algorithms 
in Indian Mathematics and Astronomy. The final article of this section 
is on the notion of proofs in Indian Mathematics and the tradition of 
Upapattis in Mathematics and Astronomy of India. 


"The overview is based on a lecture delivered by one of the editors at the Nehru 
Centre, Mumbai, during September 2002 and is to be published by the Nehru Centre 
in "Science in India: Past and Present", 2005 (in Press). We are grateful to Mr 
Sahani, the Executive Secretary of the Nehru Centre for allowing us to include it in 
this volume. 


viii 


The third section is devoted to the modern period. The first arti- 
cle points to some surprising contributions of Srinivasa Ramanujan on 
partial fractions while the second surveys the history of some of the 
contributions of Indian mathematicians to Quantum Statistics. 


The editors are grateful to the organisers of the AMS-India confer- 
ence for their hospitality and to the contributors for their enthusiastic 
response. We are very happy to acknowledge the generous help of C. S. 
Seshadri and his colleagues at the Chennai Mathematical Institute (in 
particular C. S. Aravinda and V. Balaji) in making this volume possible. 
We are particularly thankful for the immense task accomplished by of 
P. Vanchinathan who prepared the camera-ready copy for the publisher. 


We thank J. K. Jain of Hindustan Book Agency whose active support 
and interest has made our endeavour a pleasure. 


June 17, 2005 Gérard G. Emch 
R. Sridharan 
M. D. Srinivas 
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INTRODUCTORY OVERVIEW 


Mathematics in Ancient and Medieval 
India * 


R. Sridharan 
Chennai Mathematical Institute, Chennai 600 017 
rsridharOcmi.ac.in 


Baruch Spinoza (1632-1677), that gentle philosopher of the seven- 
teenth century laid down as his credo “Sedulo curavi, humanas actiones 
non redere, non lugere, neque detestari, sed intelligere". He says that 
when he sets out to interpret the thoughts and history of a bygone age, 
he obeys the above injunctions set by him for himself - not to ridicule, 
not to mourn, never to detest, but try to understand — an excellent piece 
of advice to anyone who interprets ancient writings. I hope I abide by 
Spinoza’s admonitions. 


Indian contributions to decimal systems and place value: 


Some concepts are so fundamental that they get absorbed in the 
general thinking of all the peoples of the world and it is indeed hard to 
pinpoint a specific period of time for their birth. One such is the basic 
idea of introducing the place value system and the number zero, the 
credit for which goes to Ancient India. The notion of the place value 
has become ‘obvious’ and is now learnt even by young children at an 
early age. But, to have a true appreciation of the depth of this notion, 
one has merely to look at the clumsy Roman numerals and note that, not 
too long ago, these were very much in vogue in the West, in spite of their 
cumbersome notation. It has been held by a few of the Western scholars 
that the Arabs were responsible for the decimal notation even though 
the Arabs themselves clearly indicated that they were merely conveyers 
of the wisdom of India to the West. But it is now generally accepted that 


“Lecture given at the Nehru Centre, Mumbai, on 21st September 2002. To be 
published by the Nehru Centre in "Science in India: Past and Present”, (2005, in 
Press) 
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the decimal notation is indeed a contribution of India, though, fixing an 
exact date for this invention is extremely hard. A possible guess could be 
100 B.C. Of course, large numbers have always been favourites of Indians 
at all epochs and are mentioned in Vedic literature, in the epics like the 
Ramayana and the Mahābhārata. A true assessment of the immensity 
of this great idea of the decimal system and the invention of zero can 
be found in the following quotation from Professor G.B. Halstead (*On 
the foundation of the technique of Arithmetic" Chicago, 1912). "The 
importance of the creation of the zero-mark can never be exaggerated. 
This gives to airy nothing not merely a local habitation and a name, 
a picture, a symbol, but helpful power; it is the characteristic of the 
Hindu race whence it sprang. It is like coining Nirvana into dynamos. 
No single mathematical creation has been more potent for the general 
on go of intelligence and power". 


The mathematical sophistication of the Harappan culture: 


As we know, the Indus Valley civilisation (now, more properly termed 
the Harappan civilisation) dates back to 2500-3000 B.C. This was a city 
civilisation and hence, obviously, for town planning, a knowledge of prac- 
tical geometry must have been à must. Apart from this, we have clear 
evidence of the geometric sophistication of this ancient civilisation. The 
patterns on the pottery excavated at these sites show that the artisans 
were very well acquainted with the concept of circles and well versed in 
the use of dividers for scratching on the surface of pottery. The mo- 
tif of triangles is also common on pottery. Apart from the use of such 
elementary geometry, a sophisticated system of weights and measures 
used by them shows that the civilisation was well acquainted with basic 
arithmetic. One of the highlights of this civilisation was its knowledge 
of brick building technology. The most ideal ratio of the length, breadth 
and the thickness of a brick to have efficient binding strength was known 
to the Harappan people. 


The vedic period and the Sulva geometry: 


There is a huge gap in our knowledge of the interim between the 
end of the Harappan civilisation and the beginnings of the vedic civili- 
sation. Whatever happened during this period, it is safe to assume that 
the skills and the culture of the earlier period could not all have disap- 
peared and it is indeed reasonable to postulate that there was a basic 
continuity in many human endeavours. In particular, the technology of 
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brick building during the Harappan age was perhaps put to good use for 
the construction of the sacrificial altars during the vedic period. (Let 
us remember that culture sometimes is defined as a state of the mind 
produced by things forgotten.) 


Mathematics of the vedic period consists of those geometric tech- 
niques needed for the construction of the Vedis (altars) and Agnis (fire 
places) described by the Brahmanas for the obligatory (nitya) and op- 
tional (kamya) rites. This knowledge is contained in Sulva Sütras which 
are a part of the so called Kalpa Sūtras (more particularly of the Srauta 
Sutras) attached to the Vedas as Vedangas (“limbs” of the Vedas). 
There are at least nine extant Sulva Sutras: Laugaksi, Manava, Vārāha, 
Baudhāyana, Vādhūla, Apastamba, Hiranyakesin, Kātyāyana and Mai- 
tráyana. The date of the Sulva Sūtras is purely conjectural except that 
from their language, it is clear that they are pre-Pāņinian, and that 
800 B.C. would be a probable date for the codification of the Sūtras 
(one must remember that the vedic rituals must have preceded even the 
Vedas so that the Sulva tradition must be much older than the age of 
their codification). 


The word Sulva means a measuring rope or a rod (though the Sūtras 
themselves do not use this; rajju is used for à measuring rod). We shall 
give a very brief sketch of the contents of the Sulva Sütras. We begin 
most importantly with the theorem of the square on the diagonal of a 
right angled triangle, popularly attributed to Pythagoras. A point to re- 
member is that the Sulva Sütras deal with right angled triangles not for 
their own sake but as two halves of a square or a rectangle when cut by 
a diagonal. While it is true that various particular integral values of the 
sides of a right angled triangle like 3, 4, 5 were known to all the ancient 
civilisations of the world, the real geometric significance of the theorem 
was perhaps first realised by the altar building vedic priests. It is be- 
lieved that the theorem was well known to the Indians at least by 800 
B.C. which is the estimated date of the oldest Sulva Sūtra, namely, that 
of Baudhayana. Satapatha Brahmana gives 36 units as the length of the 
east-west line segment (prācī) of the so called Maha vedi, and 30 units 
as one of the north-south sides and the praci and half the side, making 
a right angled triangle with sides 36, 15 and 39. The Sulva geometers 
were well aware of the notion of similarity of figures; (the Satapatha 
Brahmana mentions the mode of increasing the size of the vedi, four- 
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teen fold, to accommodate the 101st performance of the sacrifice). The 
Sautrāmaņī altar, for example, uses a right angled triangle whose sides 
are 5V3, 12/3, 13V3 and the Aávamedha altar involved a triangle with 
sides of 15/2, 36/2 and 39/2. Thus irrational numbers occurred very 
naturally, the Vedic priests being interested in constructing altars whose 
areas were given multiples of the area of another altar. Many rational 
and integral solutions of the Pythagorean equation z? + y? = z? were 
also quite well known to the Sulva geometers. For example, the triples 
(3, 4, 5), (5, 12, 13), (7, 24, 25), (8, 15, 17), (12, 35, 37) are explicitly 
used. 


The question whether the Sulvakaras had a proof of the Pythagoras 
theorem can be answered in the following way: Their approach to geom- 
etry was purely functional and they did not have the deductive approach 
to geometry as the Greeks had. The Sulvakaras looked upon geometry 
as a necessity and a tool and their approach was therefore empirical. 


Among the many simple geometrical results that the Sulva Sütras 
mention, are the various properties of the diagonals of a rectangle, con- 
structions of isosceles right angled triangles, parallelograms, rhombi, 
construction of a trapezium similar to another and so on. 


As one of the most remarkable statements found in the Sulva Sūtras, 
I would like to highlight a rational approximation to V2 which occurs 
in the Baudhāyana, Apastamba and Kātyāyana Šulva Sūtras. The ap- 
proximation 15 


1 1 1 
Vxlt+s+ OD wed 


which is correct up to five decimal places. It is indeed remarkable, 
whereas Greek geometry came to a grinding (though temporary) halt 
when the Greeks met with the phenomenon of irrationality of numbers 
for the first time, Indian thought went ahead, quite happy to accommo- 
date the irrationals. (Incidentally, a commentator by name Rama who 
lived in the middle of the 15th century A.D., in a place called Naimisa 
near modern Lucknow, improved upon this approximation and obtained 


LEM 
8 (34 (3(09(34 ((3)(4)(34)(33) — (3)(4)(34)(34)' 


which gives a better approximation, correct up to seven decimal places). 
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The Sulvakaras sometimes had to deal with very sophisticated in- 
determinate equations in two or even four unknowns for the construc- 
tion of the altars. For instance, in the construction of Garuda Cayana, 
Baudhayana explains a procedure to have a Vedi constructed with five 
layers of bricks, each layer consisting of 200 bricks, covering an area of 
7 5 sq. purshas and he indicates a construction of this vedi, using square 
bricks of four different sizes. This leads to a fairly intricate indetermi- 
nate equation. 


Baudhayana and Apastamba give different solutions to this problem. 


Another curiosity is a derivation of an arithmetical identity from 
geometry and is found in Baudhayana Sulva Sūtra (cf. [5]), where he 
wishes to construct larger and larger squares starting with a small one, 
by adding successively gnomons to it. The following geometrical figure 
illustrates this process, and gives a geometric proof of the identity: 1 + 
3+5+:+--+2n-1=n?. 


PTT TT 
ļ 
BET | ck | Xck | 
| 
g. l 
| | 
| : 
MM : poe 
Xx 10k 0: kj: 


We end our very short sketch of the mathematics of the Sulva period with 
the following passage which is a numerical curiosity from the Satapatha 
Brāhmaņa (cf. [8, p. 351]) about finding all the divisors of 720.1 


Now this Prajapati, the year, there are seven hundred and twenty 
days and nights, his lights (being) those bricks; three hundred and sixty 
enclosing stones and three hundred and sizty bricks with (special) for- 
mulas. This Prajapati, the year has created all existing things, both what 
breathes and the breathless, both gods and men: Having created all ex- 
isting things he felt like one emptied out and was afraid of death. He 
bethought to himself "How can I get these beings back into my body? how 
can I be again the body of all these beings?". He divided his body into 
two. There were three hundred and sixty bricks in one and as many in 


See also I. 164 of the Rgveda esp., I. 164.11 and I. 164.48. 
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the other: He did not succeed. He made himself three bodies—in each of 
them there were three eighties of bricks: He did not succeed. He made 
himself four bodies of a hundred and eighty bricks each: He did not suc- 
ceed. He made himself five bodies—in each of them there were a hundred 
and forty-four bricks: He did not succeed. He made himself siz bodies 
of a hundred and twenty bricks each: He did not succeed. He did not 
develop himself seven fold (na saptadha vyabhavat). He made himself 
eight bodies of ninety bricks each: He did not succeed. He made himself 
nine bodies of eighty bricks each: He did not succeed. He made him- 
self ten bodies of seventy-two bricks each: He did not succeed. He did 
not develop eleven fold. He made himself twelve bodies of sixty bricks 
each: He did not succeed. He did not develop either thirteen fold or 
fourteen fold. He made himself fifteen bodies of forty-eight bricks each: 
He did not succeed. He made himself sixteen bodies of forty-five bricks 
each: he did not succeed. He did not develop seventeen fold. He made 
himself eighteen bodies of forty bricks each: He did not succeed. He did 
not develop nineteen fold. He made himself twenty bodies of thirty-six 
bricks each: he did not succeed. He did not develop either twenty-one or 
twenty-two or twenty-three fold. He made himself twenty-four bodies of 
thirty bricks each. Then he stopped at the fifteenth attempt and because 
he stopped at the fifteenth arrangement, there are fifteen forms of waxing 
and fifteen of the waning (of the moon). 


(Let me add on my own, one more numerical curiosity based on 
the number seven hundred and twenty. The set of permutations of six 
symbols which is seven hundred and twenty constitutes a group, the 
so called symmetric group of degree six. This group contains fifteen 
transpositions (those permutations which interchange only two symbols) 
and fifteen other elements of order two which disturb all the six symbols.) 


The contribution of the Jainas: 


The Sulva period of mathematical development in India represents 
also simultaneously the mathematical development brought about by 
the Jains. Fixing dates for Jaina canonical literature is as difficult as 
(if not more difficult than) fixing the date for Vedic literature. Once, 
it was thought that Vardhamana Mahavira, a contemporary of Buddha 
was the founder of Jainism but it has now been conclusively estab- 
lished that he really was the last of the Tīrthankarās; some of the earlier 
Tirthankaras like Rsabha, Bharata being well known figures in Hindu 
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Puranic literature also. Thus, Jainism which arose as a revolt against 
the vedic sacrificial practices is perhaps as old as the Vedas themselves 
or even belongs to an earlier period. The mathematics of the Jains is 
also as old as the mathematics of the Sulvas (if not older). But most 
unfortunately, our knowledge of the mathematical contributions of the 
Jains is only through commentaries on earlier works, the original math- 
ematical works of the Jains having not come to light yet. In fact, there 
is a genuine need to search for original Jain manuscripts. 


A name which stands out as a Jain mathematician of fame is Uma- 
svati who belonged to the sect of Švetāmbara Jains. He most probably 
lived around 150 B.C. and belongs to the Kusumapura school near mod- 
ern Patna. We note in parenthesis that the later Astronomer - math- 
ematician Āryabhata I (born 476 A.D.) also belonged to the Kusuma- 
pura school. Umasvati was a great metaphysician. But he seems to 
have contributed considerably to mathematics too. His famous work 
is "Tatvarthadhigama Sutra Bhasya". Here are found the well known 
approximation V10 to r and substantial contributions to the geometry 
of the circles. The approximation 4/10 to x was used by the Jains from 
500 B.C. to 1500 A.D. The Jains came to study the circle in connection 
with their theory of cosmology . 


The Jains should have been well aware of the place value system 
(their heavy calculations giving circumstantial evidence for this). They 
had names for very large numbers too and eventually had a concept of 
infinity, however imperfect. 


The Jains were aware of the law of indices: a" x at" = ant. 
The Jain work Sthananga Sūtra (c. 300 B.C.) classifies the study of 
mathematics under ten different heads: parikarma, vyavahara, rajju, 
rāši, kalāsavarņa, yāvat-tāvat, varga, ghana, varga-varga and vikalpa. 
Parikarma probably refers to the four fundamental operations of arith- 
metic namely, addition, subtraction, multiplication and division; vyava- 
hara probably means applied arithmetic, kalasavarna probably refers to 
the study of fractions, rajju means geometry (as in the Sulva Sutras) rasi 
means measurements in general, varga means squaring, ghana means 
cubing and varga-varga may mean raising numbers to higher powers. 
yavat-tavat is the “unknown” z in the ancient Indian mathematics. 
vikalpa is the name given by the Jains to the theory of permutations 
and combinations. Even though permutations were known from ancient 
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times (they occur in the prosody of Pingala, as also in Susruta's work 
“Susruta Samhita” around 6th century B.C. where mention is made 
of 63 combinations which can be made out of 6 rasas (tastes)), the 
Jains, however were the ones who treated the theory of permutations 
and combinations systematically as a topic in mathematics and whose 
general formulae are completed by the Jain mathematician Mahavira 


(850 A.D.). 
The Baksālī manuscript: 


In 1881 A.D., in the course of excavations, a farmer came across a 
mathematics manuscript in birch-bark at a village at Baksali near Pe- 
shawar. This manuscript was not complete; only about 70 leaves were 
available, a greater portion having been apparently lost. The language 
of the manuscript being Gāthā (a modified form of prakrta) in Šāradā 
script. "This manuscript was later printed and published by the then 
Government of India, edited by G.R. Kaye, with an introduction (Kaye 
has now become well known for his bias and prejudice against Indians). 
This manuscript is a collection of rules along with illustrative examples, 
devoted to arithmetic and algebra, there being not much of geometry, 
except for a few isolated problems. Perhaps there was a section on geom- 
etry which had been lost. The topics on arithmetic deal with fractions, 
square roots, problems on profit and loss and problems related to the rule 
of three. The manuscript (whose date is controversial, Kaye having put 
it around the 12th century A.D., though Datta believes that it belongs 
to the 3rd or 4th century A.D.) must itself have been a commentary of 
a much earlier work. We mention some of the mathematics contained 
in the manuscript. For example, it finds the sum of a finite number of 
fractions by reducing them to a common denominator; gives the sum of 
n consecutive terms of an arithmetic or a geometric progression; much 
more importantly gives a formula for the determination of approximate 
values of quadratic surds. This formula is usually attributed to Heron, 
a Greek mathematician of 200 A.D. An English translation of this Sutra 
in question runs as follows: 


If the number is à non square, subtract the nearest square number, 
divide the remainder by twice (the nearest square), half square of this is 
divided by the sum of the approximate root and this when subtracted 
will give the corrected root. 


Expressed algebraically, this reads that if A = a? + r, then, approx- 
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imately, 


T 42 
VĀ=a+ I Mo . 
2a 2(a+ 5) 
This formula is used to give rational approximations to surds like VAI, 
V105, V889 and V339009. Using such approximations, the following 
kind of problem is for instance solved in the Baksālī manuscript: Given 
the sum of the terms of an arithmetic progression whose first term and 
the common difference are also given, to find the approximate value of 
the number of terms of this progression. 


There are also problems involving indeterminate equations in the 
Baksali manuscript. Similar problems are discussed by Bhaskara II 
(about whom we shall discuss later) in Līlāvatī. One is tempted to 
conclude that such problems were commonly considered in all works 
even before Bhaskara. 


Chandas Sūtra of Pingala and Binary Arithmetic: (|[11,12,18,19]) 


Prosody (Chandas) was one of the basic studies undertaken in India 
right from ancient times. Indeed, prosody was an important Vedanga 
as is borne by the following $loka. 


Chandah pàdantu vedasya hastau kalpo'tha pathyate | 
Jyotisamayanam chaksurniruktam šrotramucyate || 


About Pingala, not much is known except that he lived most probably 
three or four centuries before Christ and that he authored an impor- 
tant work on Chandas written in Sutra style in eight chapters. (it is 
not clear whether he lived during the time of the grammarian Panini 
or not). This work was commented upon by several people (Bharata, 
Halayudha, Hemacandra, Jayadeva, Jayakirti, Kedara, Yadava Prakāša, 
...) of which the commentary of Halayudha belonging to the 10th cen- 
tury, called Mrta Sanjīvanī, is very well known. 


In the first seven chapters of his work, Pingala adopts the conven- 
tional method of metrical analysis of the padas or verses. However, in 
the last chapter of his work, he introduces a new method which leads 
to binary arithmetic. Before explaining this method, let me begin with 
some basic facts on metres. A metre consists of syllables contained in 
a foot or pada (there being generally four feet in a stanza). A syllable 
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is of two kinds, either it is light (represented by ~ and called laghu) 
consisting of a short vowel followed by at most one consonant or it is 
heavy (represented by — and called guru) which consists either of a long 
vowel, a diphthong or a vowel followed by two or more consonants. The 
usual method of scanning verses is to divide any verse into units of three 
syllables and assign names to metres on the basis of the combination of 
the triplets of syllables. As we have remarked, in the first seven chapters 
of his work, Pingala uses this method of classifying metres. However, in 
the eighth chapter, Pingala introduces a new method. Let me make a 
remark on a standard convention in prosody. The prosodists ignore the 
first and the last syllable of a foot”, so that, for example for the Gayatri 
verse 


tat saviturvareniyam 


whose metrical representation is 


mbi 


the first and the last syllables are ignored so that the Gayatri metre is 
represented by the following sequence of six syllables. 


NN - SS, 


Pingala associates to a syllabic foot, a table called Prastara which 
consists of rows of laghus and gurus, listed horizontally. The idea of 
Pingala is to attach a numerical value to each row in the Prastara by 
giving the value 0 to a guru and the value 1 to a laghu. The rule for 
constructing the Prastara (for the six syllabic verse) is as follows: 


First start with all gurus, (six in number in our example). Next, a 
new row of gurus is started but with the proviso that under the first guru 
in the line above a laghu is written instead. This procedure is continued 
until we reach a row consisting entirely of six laghus 


^cf. e.g. A.A. MacDonnell “Vedic Grammar”, Appendix II, p. 437 for general 
rules of vedic prosody. 
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Pingala attaches a numerical value to each row as follows. Take for 
example the syllabic pattern ~ — — — - - . The number attached to 
it is just the binary expansion 1-1+0-2+0-27+---+0-2? = 1, 
increased by 1. i.e 1 +1 = 2. The first horizontal line would then 
correspond to 0-1 4-0-2 -- --- -- 0- 2? of 0 increased by 1, so that it 
has the numerical value 1. In other words, Pingala makes correspond 
to each row, the corresponding dyadic expansion and increases it by 1. 
For instance the third row has numerical value 3 and so on and the last 
row of the Prastara which is simply 


S NY 


which corresponds to the binary expansion 1-1+1-24+1-2?+4---+1-2° = 
63, has as its value 63 + 1 = 64. The syllabic pattern for the Gāyatrī 
verse we started with, according to this numbering system has the value 
44. The method of constructing a Prastara has been further explained 
in the works of Kedāra (8th century A.D.) and Trivikrama (12th century 
A.D.) and others. To recapitulate, to each horizontal row of a Prastāra 
consisting of a syllabic pattern one associates the dyadic expansion by 
assigning the values 0 and 1 to gurus and laghus respectively and by 
multiplying them by powers of 2 depending on their position and add 
1 to get the required number. The most remarkable contribution of 
Pingala are the Sütra (24 and 25 in Chapter VIII of Pingala's work) 
which show how to get back conversely, from any number, a syllabic 
pattern in a unique manner so that the procedure just described gives a 
one-to-one onto correspondence between numbers and syllabic patterns. 
The Sūtras in question are the cryptic 


24.  lardhe, 
25.  saike g. 


Translated, they read *a laghu if divisible by 2; if not add 1 and a guru". 
Let us interpret this remarkably brief Sütra and write down for example 
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the syllabic pattern corresponding to 44. Note that 44 is divisible by 2 
so that we divide 44 by 2 and we start with a ~, the quotient is 22 which 
is still divisible by 2 so that we divide by 2 and add one more laghu and 
~~. The quotient is 11 which is not divisible by 2; add 1 divide by 
2 and and put a — so that we get ~~ -. Since the new number 6 is 
divisible by 2 we add a ~ and get ~~ — ~. The quotient is 3 which is 
not divisible by 2; we add 1 divide by 2 and put a - so that the pattern 
is ~~ - ~ —. The number 2 being divisible by 2 we put a ~ and get 
the pattern ~~ — ~ - ~ and end here. This is indeed the metrical 
pattern for the foot of the Gāyatrī verse we started with. 


To summarise, by means of a Prastara, Pingala gave an equivalence 
between the binary representations of numbers and their decimal rep- 
resentations. I would like to remark that the study of Sanskrit prosody 
initiated by Pingala had a continuing tradition in India, the study being 
taken up by the Jains too. 


We note that in Europe, Leibniz, in the late seventeenth century, 
discovered binary expansions of numbers. When he later came across 
the Chinese hexagram depictions of Fu Hsi in the “Book of Changes", 
he interpreted them as representing binary expansions and hence at- 
tributed the discovery of binary representation to the Chinese. One has 
to remember that the Indian contributions to mathematics had not yet 
reached Europe at that time. 


Indian mathematics during the classical age 
Aryabhata 


Among the mathematicians of the classical age in India, the first im- 
portant name is that of Aryabhata I (not to be confused with Āryabhata 
II who lived nearly five centuries later). Not much is known about 
Aryabhata (from now on when we talk of Aryabhata we mean Āryabhata 
I) except that in 499 A.D., he wrote his work Āryabhatīya, in which he 
mentions he was then 23 years old, so that one concludes that he was 
born in 476 A.D. It has been, on the basis of tradition, assumed that he 
hailed from Kerala, though this is not certain. But, it is certain that he 
belongs to the Kusumapura school. It is there that he wrote his famous 
work mentioned above. His work is very concise and hard to understand. 
Most of it is devoted to Astronomy, though there are 33 slokas devoted 
to mathematics. The various subjects dealt with in his work are: the 


Mathematics in India 13 


theorem of Pythagoras, methods of extracting sguare roots and cube 
roots, progressions, geometrical problems, problems involving solutions 
of quadratic equations and most importantly, solutions of indeterminate 
equations of the first degree. Aryabhata’s method of solution of inde- 
terminate linear equations was termed by the later mathematicians as 
Kuttaka (method of pulverization). After the discovery of the Baksālī 
manuscript, parts of Aryabhata’s work, except those dealing with linear 
indeterminate equations have lost much of their interest. He was most 
probably summarising the state of mathematical knowledge of his time. 
One should, however, make a special mention of Aryabhata’s work on 
his approximation for m and his tabulation of the values of sine. We 
shall first mention very briefly Aryabhata's discussion of the sine. 


We note that in the arc ACB of a circle with centre O shown in the 
diagram, the chord AB represents 2r sin @, r denoting the radius of the 
circle. Aryabhata took r = 360 x 60/2a, where o is a suitable approxi- 
mation for 7, explained in the following $loka: 


caturadhikam $atamastagunam dvāsastistathā sahasrāņām | 
ayutadvayaviskambhasyasanno vrttaparinahah || 


We note the crucial word asanna in the sloka which means “approxi- 
mately”. Aryabhata defined m approximately to be that number which 
makes the circumference of a circle of diameter 20000 units to be 62832 
so that 7 is approximately 3.1416. It is also very likely, (looking at the 
above $loka), that Aryabhata was well aware that m is not a rational 
number. The sine table of Aryabhata consists of the values of rsin 
for various angles 0 with r as above. It is amusing to note in passing 
the etymology of the word ‘sine’ in this connection. In Sanskrit, the arc 
ACB was called Cāpa or Dhanus. The chord AB was called jyā or jīvā. 
With the Arabs jivà became jiba and then jaib. Because of the existence 
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of a word in Arabic, meaning heart and sounding similar, the Romans 
began calling what was originally jyā as sinus which means ‘heart’ in 
Latin. 


We shall now briefly discuss Aryabhata’s work on linear indetermi- 
nate equations. i.e. those of the form ax — by = c, where a,b,c are 
integers, x and y being unknowns. The Kuttaka method of solution of 
such an equation is essentially an algorithm to obtain the greatest com- 
mon divisor of a and b. This is indeed the most original mathematical 
contribution of Aryabhata. He was obviously led to consider such equa- 
tions through problems in Astronomy - those dealing with planetary 
motions and conjunctions. Āryabhata is very brief (indeed too brief) 
in his work when he describes this method. There are indeed just two 
$lokas in Aryabhatiya on Kuttaka. These are 


adhikagrabhagaharam chindyadunagra bhagaharena 
$esaparasparabhaktam matigunamagrantare ksiptam 
adha upari gunitam antyayugunagra ccheda bhājitesesam 
adhikagra ccheda gunam dvi cchedagram adhikagrayutam 


These $lokas present many difficulties in translating and have led to a 
lot of different interpretations. B. Datta (1932) has given a translation 
based on the interpretation of the above $lokas by the commentator 
Bhāskara I (625 A.D.) of Aryabhata. 


The Kuttaka method has been very popular with the later mathe- 
maticians of India like Bhāskara I, Mahavira, Aryabhata II, Bhaskara 
II, and right up to the middle ages. There is in fact a text book from 
South India called Kuttakara Siromani by Devarāja. One also has to 
mention that in the solution of second degree indeterminate eguations 
considered first by Brahmagupta, Kuttaka plays an important role. 


The Kuttaka method solves the problem of determining an integer 
which when divided by two integers a and b leaves remainders rı and 
ro. A generalization of this problem for several integers a1,...,a and 
corresponding remainders r1,...,r; was also considered by Āryabhata. 
The Kuttaka method applies to this problem too. We note that this 
latter is just the classical Chinese Remainder theorem. 


Aryabhata I was followed by Varāhamihira, an astronomer of great 
repute who wrote in 505 A.D. his great work “Panca Siddhantika” , ex- 
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pounding the various prevalent astronomical doctrines named Pauliša, 
Romaka, Vasistha, Saura and Brahma. Among these, he singles out 
the Saura as the only correct one. Varahamihira also wrote the famous 
treatises ^Brihajjataka" and “Brhat Samhita”, dealing with various as- 
pects of Astronomy. Incidentally he seems to be the first astronomer in 
India who knew the need for the correction due to the precession of the 
equinoxes. 


Brahmagupta 


Brahmagupta is perhaps the most remarkable mathematician of the 
classical age in India. His contributions to mathematics are still remem- 
bered and with admiration. He was born in 598 A.D. in Sind (now in 
Pakistan) and belongs to the Ujjain School, from where he wrote his 
famous work “Brahma Sphuta Siddhānta”, in his 30th year, under the 
reign of the Saka King Vyàghramukha. Brahmagupta's idea in writing 
his work was to bring up to date an older astronomical work entitled 
“Brahma Siddhanta”. This great work of Brahmagupta on Astronomy 
has more than four chapters devoted to pure mathematics. Among the 
commentaries on Brahmagupta's work, one should mention especially, 
that of Prthudaka Swami (860 A.D.). 


It is interesting to note that Indian Astronomy became known to 
the Arab world only through Brahma Sphuta Siddhanta. Khalif Ab- 
basid Al Mansoor (712—775 A.D) founded the city of Baghdad (on the 
bank of Tigris) and made it a centre of learning. A scholar from Ujjain 
was invited at his initiative in 770 A.D. to explain Indian Astronomy. 
Through the Khalif’s orders Brahmagupta's work was translated into 
Arabic by Al Fazari and named “Sind Hind” or “Hind Sind”. It is thus 
that the Arab world became cognizant of Indian Astronomy. 


We shall pick two brilliant contributions of Brahmagupta, one in 
Algebra and the other in Geometry which clearly reveal the stature and 
sophistication of this first rate mathematician. 


(a) Varga Prakrti (Solution of quadratic indeterminate equations) 


It must have been well known to all ancient civilizations of the world 
that the product of the sum of two squares is again a sum of two squares; 
this comes from the identity 


(z^ + y^) (z? +t?) = (xz + yt)? + (at F yz)?. 
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Brahmagupta stated for the first time a more general version of the 
above identity called Bhāvana in his work cited above. It asserts that 
for any arbitrary (integer) N, we have 


(a? — Ny')(2* — Nt?) = (xz + Nyt)? — N(at + yz)’. (x) 


Bhāvana is an example of the notion of *composition” of guadratic forms 
invented by Gauss several centuries later. (The above identity (+) can be 
interpreted as saying that binary quadratic forms of the type z? — Ny? 
admit "composition". The theory of composition of quadratic forms is 
still an active area of research in mathematics). 


Brahmagupta used Bhāvana as a tool to study equations of the form 
r? — Ny? = k for integers x,y for any given positive integer V and 
a given integer k. Such equations are called Vargaprakrti (square na- 
tured). That Brahmagupta considered quadratic indeterminate equa- 
tions is itself remarkable, in view of the fact that in Astronomy (as we 
noticed when we were discussing Aryabhata’s work) one comes across 
only linear indeterminate equations and there is a priori no reason to 
consider Vargaprakrti, unless out of sheer mathematical curiosity. This 
clearly shows the working of the mind of a pure mathematician, who 
has the penchant for picking up significant problems. Brahmagupta 
showed, using Bhāvana, that if there is one solution (a, 8) of the equa- 
tion z? — Ny? = 1, then one has an infinity of solutions; indeed, applying 
(+) one sees that (o? + N8?,2o/f) is also a solution and one could iter- 
ate this procedure to get an infinity of solutions. But Brahmagupta did 
more. He proved using (*) that if one of z? — Ny? = —1, z? — Ny? = +2 
or x? — Ny? = +4 has a solution in integers, then z? — Ny? = 1 has a 
solution also in integers. Brahmagupta, by this method solves the egua- 
tion z? — 92y? = 1 (x = 1151, y = 120 is a solution) and the equation 
r? — 83y? = 1 (x = 82, y = 9 is a solution). He however was unable to 
solve the equation z? — Ny? = 1 in general. 


The credit for giving an algorithm to solve the above equation in 
general goes to an unknown Indian mathematician who lived after Brah- 
magupta but before Bhaskaracarya II (whose contributions we shall dis- 
cuss subsequently). Bhāskarācārya II, in his work *Bijaganita" (circa 
1150 A.D.) describes an algorithm to solve this equation and says “people 
call this method Cakravāla” (the *cyclic method”). Using the Cakravāla 
method, he solves the rather difficult equations x” — 61y* = 1 and 
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£? — 67y? = 1 (x = 1766319049,y = 226153980 is the least positive 
integral solution of the first equation and xz = 48842, y = 5967 is the 
least positive integral solution of the second). 


In 1954, K.S. Shukla of Lucknow University discovered (cf. [15]) in 
Maharaja's Palace library in Thiruvananthapuram a commentary called 
“Sundari” by a certain Udaya Divākara on the work of Bhaskara I, 
called “Laghu Bhāskarīya”, where the same Cakravala method is de- 
scribed with reference to a certain Jayadeva. The commentary itself 
dates back to 1073 A.D., so that the Cakravala method must be ante- 
rior to Bhaskara II, at least by a hundred years. The Cakravala method 
is a beautiful algorithm which reminds one of Fermat's methods. Curi- 
ously enough, Fermat (1601-1665) set up as a challenge to some of his 
contemporaries like Frenicle, Brouncker and Wallis the problem of find- 
ing of an integral solution of the equation z? — 61y^ — 1 (They indeed 
found a solution). Thus began, in the 17th century in Europe the study 
of such equations which is the genesis of modern Arithmetic Geometry. 
A. Weil (cf. [21]) has this to say in this connection: “What would have 
been Fermat's astonishment if some missionary just back from India 
had told him that his problem had been successfully tackled there by 
the native Indians almost six centuries earlier?”. One must add that 
Euler who looked at this problem of Fermat, wrongly attributed it to a 
certain British mathematician named Pell (who had nothing to do with 
this equation) and called it Pell’s equation. His name has since stuck 
to the equation z? — Ny? — 1 through the mistake of Euler. It should 
really be called “Brahmagupta equation". 


As an example of the prejudice of some of the mathematicians of the 
West, who would insist on depriving India of the honour of discovering 
mathematical ideas and try to prove that all mathematics originated 
in Greece, I quote the reasons of (a very fine mathematician) Van der 
Waerden to dismiss the claim that Brahmagupta was indeed the first one 
to study the so called Pell's equation and attributing it to the Greeks. 


^1) In Brahmagupta's treatise, the problem of solving Pell’s equation 
is not motivated at all. 


2) The main subject of Brahmagupta's treatise is Astronomy. His 
Astronomical system is based upon the epicycle hypothesis which is 
a Greek invention. As one of his tools, Brahmagupta uses a table of 
sines. The Greeks have tables of chords which can be easily trans- 
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formed into a table of sines. Some eighty years before Brahmagupta, 
Varāhamihira presents excerpts from five Siddhāntas one of which, the 
Romaka Siddhānta, was based on the solar and lunar theory of Hip- 
parchus while another Siddhānta is ascribed to "Paulišā, the Greek”. 
Hence the Astronomy and the mathematical tools of the Hindus at 
the time of Brahmagupta and before, were largely derived from Greek 
sources. This makes it even more probable that the Hindu method of 
solving Pell's equation also goes back to Greek sources. 


Let us keep in mind that in history of science, independent inventions 
are exceptions: the general rule is dependence" (cf. [20]). 


(b) Brahmagupta's work on rational cyclic quadrilaterals 


I now discuss a typical contribution of Brahmagupta to geometry. As 
we have already remarked, Sulvakàras were familiar with the construc- 
tion of right angled triangles with rational sides. It is indeed remarkable 
that several centuries later, Brahmagupta was still interested in the 
problem of construction of figures with rational magnitudes, more pre- 
cisely, in the question of constructing cyclic quadrilaterals with rational 
sides and diagonals. 


We begin with the following remark: Suppose that we have two right 
angled triangles ADB and A'D'C' with rational sides. We consider 
another triangle ADC which is similar to A'D'C'. By juxtaposing the 
triangles ADB and ADC along the side AD, we get a triangle ABC with 
rational sides and rational area. Conversely, any triangle with rational 
sides and rational area can be obtained by juxtaposing two rational right 
angled triangles. Indeed, one has to drop the perpendicular from one 
of the vertices to the opposite side and consider the two right angled 
triangles thus formed. 
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This result is attributed to Euler by (cf. [7|) (though no proof is found in 
Euler's published papers). However this must certainly have been obvi- 
ous to Brahmagupta, as it is indeed a particular case of Brahmagupta's 
result on quadrilaterals by looking at a triangle as a degenerate quadri- 
lateral. What Brahmagupta did was much more. He constructed cyclic 
quadrilaterals with rational sides and diagonals by juxtaposing two right 
angled triangles in either of the following two ways. 


A 
B C 
B C 
E E 
Figure 1 Figure 2 


The first figure corresponds to juxtaposing the rational right angled 
triangle ADB and ADC along AD and producing AD to meet the 
circumcircle of ABC at E. The quadrilateral ABC E is seen to be one 
with all sides, the intercepts on the diagonals and hence the diagonals all 
rational. The other figure corresponds to juxtaposing two rational right 
angled triangles along their hypotenuses. Various numerical examples 
were considered by Brahmagupta. 


The work of Brahmagupta reached Europe through the translation 
by Colebrooke in the 19th century. The famous French geometer Chasles 
was very much impressed by this work and he published an appreciation 
of this. (cf. |2]). The German mathematician Kummer (cf. [10]) in 1846 
considers the general problem for all quadrilaterals, giving a complete 
solution for the cyclic case. Kummer modifies Brahmagupta's method 
of construction and shows that one can obtain all cyclic quadrilaterals 
whose sides, diagonals and area are rational, by employing a juxtapo- 
sition of three rational right angled triangles. (It is rather amusing to 
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note that he blames Brahmagupta for not having thought of this so- 
lution!) He relates the solution in the possibly non-cyclic case to the 
existence of rational points of certain elliptic curves. 


The guestions studied by Brahmagupta on guadrilaterals inspired 
further study and elaborations by successive generations of Indian math- 
ematicians like Mahavira, Bhāskara II and the interest in these problems 
continued even in the middle ages. For instance, Gaņeša (c 1545 A.D.) 
has results on rational quadrilaterals. 


The next few names of mathematicians of note in the classical age 
in India are those of $ridhara (c 750 A.D.) who composed a work on 
arithmetic called Patiganita and à work on algebra. The latter is no 
longer extant. We know about the contributions of Sridhara from the 
later work of Bhaskara II, who also mentions the name of another al- 
gebraist Padmanabha. One of the most celebrated mathematicians af- 
ter Brahmagupta was Mahavira (C 815 A.D.). He was in the court of 
the Rastrakūta king Amoghavarsa Nrpatunga (who ruled over a part 
of the present state of Karnataka). Mahavira wrote a work entitled 
“Ganitasarasamgraha” (C 850 A.D.) which is really the first text book 
on arithmetic whose material is found even in the present text books in 
South India. Mahāvīra mainly improved on the work of his predecessors 
and probably did not make any profound contributions himself. 


Bhaskaracarya II 


The next celebrated and essentially the last mathematician of the 
classical period is Bhaskara II who was called Bhaskaracarya in view 
of the veneration that people had for his learning. Bhāskara II be- 
longs (according to his own statement in his work “Siddhantasiromani” 
written around 1150 A.D.) to Bijjada Bīda which has been identified 
with modern Bijapur. His work Siddhāntaširomaņi is divided into 
four parts: Lilàvati, Bijaganita (Algebra), Grahaganita (Astronomy) 
and Goladhaya (study of the celestial sphere). Bhaskara prided himself 
as a poet and wrote all his mathematics in verse form. (To my mind, 
verse form and mathematics do not go well with each other). 


As we already said, Siddhantasiromani is essentially a text book, a 
consolidation of the state of mathematics at the time of Bhaskara II, 
but his work was systematic and lucid so that Bhaskara was very much 
respected and termed an “Acarya”. 
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The part of Siddhāntaširomaņi, called Līlāvatī deals with various 
aspects of arithmetic, whereas Bijaganita deals with algebraic, theoret- 
ical questions. Lilavati has several problems in arithmetic, geometry, 
quadratic equations, permutations and combinations and Kuttaka. As 
a typical example, we mention a problem on permutations related to 
Chandas from Līlavatī: 


Prastare mitra gayatryah syuh pade vyaktayah kati | 
Ekadi guravascasu kati katyucyatam prthak? || 


[The metre Gayatri, (as noted before) has six syllables. The number 
of possible times the long syllable occurs in any pada in a metre with 
six syllables is six, the number of times it occurs twice is fifteen and so 
on, so that the sum total of all its occurrences is 64 (including the case 
when it does not occur at all. For the Gayatri metre with four padas, 
the number of all such possibilities is 644 = 16777216)]. 


There is a tradition that Lilavati was the name of Bhaskara’s daugh- 
ter who became a widow at an early age and that Bhaskara wrote his 
work Lilavati to provide consolation for his daughter. It is not clear that 
this fanciful story has any basis. 


In Bhaskara’s Bijaganita, there are problems which reduce to solving 
quadratic equations. Occasionally, there is an example of a problem 
which reduces to an easily solved cubic, or even a biquadratic. 


Bhaskara was familiar with the notion of integration as a limit of 
finite sums. For instance, he calculates the surface area of the sphere, 
by dividing it into annuli and drawing a system of parallel circles, or 
by dividing the surface into lunes by drawing meridian circles through a 
pair antipodal points on the sphere and dissecting each lune into a large 
number of small quadrilaterals by drawing circles parallel to the equator. 
Bhaskara also had ideas about differentiation in connection with the so 
called instantaneous method (tatkalika) by dividing the day into a large 
number of small intervals and comparing the positions of the planet 
at the end of successive intervals. The tatkalika gati is essentially the 
instantaneous velocity of the planet. Bhaskara also knew the addition 
formula for the sine and special values of the sine function. Bhaskara’s 
infinitesimal approach probably found its fruition in the mathematics of 
Kerala region in Medieval India which we now proceed to discuss. 
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Mathematics in Medieval India (cf. |1,12,13,17] 


It was believed till nearly a hundred and fifty years ago that creative 
contributions to mathematics form India came to a halt after Bhāskara 
II. However, in 1835, Charles M. Whish, a civilian employee of the East 
India Company sprang a surprise, when he published in the “Trans- 
actions of the Royal Asiatic Society of Great Britain and Ireland", a 
paper entitled “On the Hindu quadrature of the circle and the infinite 
series for the proportion of the circumference to the diameter exhibited 
in four Sastras: Tantrasangraham, Yuktibhasa, Karanapaddhati and 
Sadratnamālā”. Whish gave an account of the contents of these works 
and assigned possible dates for these texts, some which have since been 
confirmed. Since the middle of the 20th century, several Indian scholars 
have worked on the contributions of the Kerala school during the middle 
ages and it is now obvious that, at least in Kerala, Indian mathemat- 
ics did not end with Bhāskara and in fact continued right through the 
middle ages. 


The great pioneer of the Kerala school was Madhava of Sangama- 
grāma who lived possibly during 1340 A.D. - 1425 A.D. He was usually 
referred to as a Golavid, an expert on the celestial sphere. Though he did 
not publish much, (he has works like Venvaroha and Sputachandrapti, 
both giving rules of thumb for fixing lunar positions and some other 
works like Aganita, Laghuprakarana), Madhava, however seems to have 
been a versatile genius and a source of inspiration to his students. We 
shall talk about Madhava in connection with a specific problem later. 
Next in line comes Paramešvara who was a prolific writer on Astron- 
omy and is especially remembered as the author of Drgganita system of 
Astronomy. Based on his substantial observations spread over fifty-five 
years, he made some significant corrections to Aryabhata’s astronomical 
calculations. 


The greatest personality of the Kerala school was Nilakantha So- 
mayāji, who was a student of Damodara (son of Parame$vara and like 
his father an Astronomer). Nilakantha Somayaji lived sometime during 
1440 and 1550 A.D., wrote a first rate commentary on Āryabhatīya, 
appropriately called Bhāsya (reminiscent of the great Mahābhāsya of 
Patanjali on the Astādhyāyī of Panini!). This work must have been 
composed late in his life since he quotes there from his other works in- 
cluding Tantrasangraham. It may be interesting to note that among his 
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works there is one which is called Sundararāja Prašnottara which records 
Nilakantha's answers to specific questions of a certain Sundararāja, a 
contemporary scholar from the Tamil country. The respect Sundararaja 
had for Nilakantha bordered on veneration. 


Jyesthadeva was another student of Damodara and he authored Yuk- 
tibhasa, a scientific text written in Malayalam modelled on Nilakantha's 
Tantrasangraham. Yuktibhasa 1s indeed unique in the sense that it is 
the first text in mathematics in India to state precise mathematical 
propositions along with their proofs. This was composed around 1520 
A.D. Karanapaddhati was written by Putumana Somayaji around 1730 
A.D. This is a work of ten chapters and verses and summarises all the 
mathematical contributions of the Kerala school in the sixth chapter, 
often quoting from Madhava, Nilakantha and others. 


Sadratnamālā belongs to the period after 1800, its author being 
Sankara Varma, a ruler of the local principality Kadāthanād in north 
Kerala. This work is merely an exposition of the achievements of the 
Kerala mathematicians. 


Though most of the above texts deal with Astronomy or with some 
special topics, they always contain sections on mathematics; for example 
Yuktibhasa contains usual mathematical material on arithmetic, frac- 
tions, Kuttaka, a preliminary section with a proof of the Pythagorean 
theorem, approximation of the circumference of the circle by the perime- 
ters of inscribed regular polygons and finally and most importantly an 
infinite series for 7/4, which is customarily attributed to Gregory and 
Leibniz. It also contains several results on convergence of series, series 
for the sine and the cosine and a correct computation of the volume of 
the sphere, by the method of integration. It has also problems on the 
geometry of quadrilaterals. 


During our discussion of the work of Aryabhata, we mentioned his 
approximation for T as 3.1416 and his "qualification" that the latter is in- 
deed an approximation. Nilakantha raises in his Bhāsya of Aryabhatiya 
the question “why this qualification?" , “why not the precise value?” and 
he answers "because it 1s impossible to obtain a precise one”, asserting 
essentially that m is irrational. He also refers to the great Madhava 
and says that Madhava had even a better approximation to m namely 
3.1415926536 (this approximation is quoted in Karanapaddhati IV, 7). 
In other words, the mathematicians of Kerala already had a good no- 
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tion of irrational numbers. Madhava also seems to have had the idea to 
look for an “infinite series” for m which would eventually lead to ratio- 
nal approximations. Proceeding in this manner, the Kerala school did 
produce power series expansions for tan ! x, sin z, cos x etc. Of course, 
they did not formally discuss the convergence of these series, but had 
a clear idea about convergence and in fact constructed more and more 
rapidly convergent series, and broke infinite series at a finite stage to 
estimate the error term. Let us remember, all these were achieved at 
least two centuries before Europe ever came to consider such questions. 


We conclude our account of the contributions of the Kerala school, 
by detailing just one example, which shows the level of sophistication 
and depth reached by them in analysis. Yuktibhasa, discussed earlier 
contains the following verse which is attributed to Madhava 


Vyase varidhinihate rüpahrte vyasasagarabhihate | 
Trisaradivisamasamkhya bhaktamrnam svam prthak kramat kuryat || 


which is merely a re-rendering of a verse in Karanapaddhati. The con- 
tent of the verse above is to relate the circumference c of a circle of 
diameter d in terms of d by the series 


4d Ad 
= 4qd—-—+—-..., 
° 3 5 
or equivalently 7 = 1 — i T i + :--, which is the so called Gregory- 


Leibniz series. We shall present the proof of the above equality due to 
the Kerala school. 


Consider a quarter of a circle of unit radius with centre O inscribed 
in a unit square as in the following figure: 


O Py 
P 
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Partition PoP, into n equal parts. Let OP,_1, OP, meet the circle at A 
and B. We draw AB’ and P... 1C as perpendiculars to OP, from A and 
F,_1 respectively. 
From the similarity of the triangles OAB' and OP, ,C, we get, in 
particular 
AB' |OFPIC 


OA OB 
From the similarity of the triangles C P... P, and OP)P,, we obtain 


P,-1C OP) 
F--1P, 7 OP,’ 


so that we get 


Ap = CA OP: PrP, _ P, P, 
OP. OF. OP. 1, OP, 


We note that if n is sufficiently large, the segment AB’ tends to arc 
AB and OP,_1 and OP, are approximately equal, so that we have the 
approximation 

l/n | 1/n 


AB ~ = —————. 
T OPi 1+( 5) 


We therefore have, by using the geometric series ae =1-r+r?---., 


circumference 


: n l/n 
3 = 7/4 = limn—»o0 »- TED 


Remarkably, the Kerala mathematicians knew that for any integer p > 0, 
one has that F Xa r? tends to PH as n = oo. Substituting this in 
the equation above and pushing the limit inside (which is correct, but 


needs justification), we find the infinite series expansion for 7/4 namely 


T] tii 
4 3 5 l 


In fact, the same method also exhibits the series 
zs x? 
g = Z — — + — —... 


3 O 


tan! 
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That — Y rP tends to TSI as n — oo was proved in Europe by 
Roberval in 1634, nearly a century later than the discoveries of the 


Kerala mathematicians. 


As we mentioned earlier, the story does not end here. The Kerala 
school had several concrete infinite series, they also could manipulate 
to obtain rapidly convergent series and they even had vague notions of 
integration and differentiation. 


The achievements of the Kerala school may in part be explained 
by the leadership of that brilliant mind Mādhava. The reason why 
the discoveries of the Kerala school did not reach the West is perhaps 
because the Portuguese dominated the West Coast of India and were 
not interested in the contributions of the natives. It indeed needed the 
British functionary Whish to bring to the knowledge of the rest of the 
world these achievements and it further took nearly a century for the 
Indian scholars to take cognition of this great and yet neglected chapter 
in the history of mathematics. 


Conclusion 


To sum up, the contributions of India to mathematics during the 
ancient, classical and medieval periods have been very noteworthy and 
many times profound. However, it has taken quite a while for the world 
to understand and appreciate their depth. There could be several rea- 
sons for this. It can in part be attributed to the overwhelming awe 
the rest of the world had for India's contributions to religion and tran- 
scendental philosophy, vis-a-vis the other contributions of India! Yet 
another reason could be the method, peculiar to ancient India, to hand 
down knowledge to posterity. Due, perhaps, to the paucity of writ- 
ing material, important ideas were preserved in the cryptic “Sūtras” 
which could not be deciphered unless through extensive commentaries 
by certain distinguished teachers belonging to later traditional schools 
of learning based on the gurukula system. This sometimes had the effect 
of hiding the real meaning of the Sutras from the uninitiated and even 
if the Sutras did make sense, their full meaning was not always appar- 
ent. This had also the unfortunate effect of obscuring the original date 
of discovery of a particular Indian contribution, there being a possible 
ambiguity between the date of the actual discovery and the date of a 
later commentary on it. 
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I would like to end this article with a couple of general remarks. 
The Indian habit of using the verse form to state mathematical prob- 
lems and propositions has not been of much help in the propagation of 
mathematics; very often versification could be more of an impediment 
than help. One might also add that unlike in Greece, where mathemat- 
ics was held in high esteem for its own sake, in India, scientific thought 
was generally held subservient to tradition and was not cultivated for 
its own sake. This, in my opinion, is indeed a weakness in the approach 
in ancient and medieval India to science, in general, and mathematics, 
in particular. 
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Abstract 


In India, the science of prosody, had its beginnings in the Vedic 
period and has been held in high esteem, being regarded as a 
vedanga or a limb of the Veda. The earliest work on prosody was 
by Pingala which is generic and on which all the subsequent works 
are based. It is an amazing fact that this early work already deals 
with matters relating to problems of combinatorics. The main aim 
of this paper is to give a brief description of this work of Pingala 
and discuss in detail the mathematics arising out of it. 


§1. Introduction 


Classical Sanskrit composition is of two kinds: gadya (prose) and padya 
(poetry). Sanskrit prosody, the study of the metrical scanning of San- 
skrit poetry, called chandas sastra, has its beginnings already in the 
vedic times. In his classic work, Vedic Metre in its Historical develop- 
ment, first published in 1905, E. V. Arnold (|3]) begins with high praise 
for the Rgveda by remarking that The Rigveda is not a book, but a 
library and a literature. At the end of the first chapter, he adds: To 
whatever conclusions we may be further led in detail, it must be plain 
that as works of mechanical art, the metres of Rigveda stand high above 
those of modern Europe in variety of motive and in flexibility of form. 
They seem indeed to bear the same relation to them as the rich har- 
monies of classical music to the simple melodies of the peasant. And in 
proportion as modern students come to appreciate the skill displayed by 
the Vedic poets, they will be glad to abandon the easy but untenable 
theory that the variety of form employed by them is due to chance, or 
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the purely personal bias of individuals; and to recognize instead that we 
find all the signs of a genuine historical development, that is of united 
efforts in which a whole society of men have taken part, creating an 
inheritance which has passed through generations from father to son, 
and holding up an ideal which has led in turn to seek rather to enrich 
his successors than to grasp at his own immediate enjoyment. If this 
was so, then the vedic bards are also to be counted amongst ‘great men 
and.....such as sought out musical tunes and set forth verses in writing. 


To quote another great British Indologist on the Indian contributions 
to metres, here is what H. D. Colebrooke has to say in his essay entitled 
On Sanscrit and Prakrit poetry, published in “Asiatic Researches” in 
1808:xxx (and reprinted in Essays on History, Literature and Religion 
of Ancient India (|9])): The prosody of Sanskrit is found to be richer 
than that of any other known language, in the variations of the metre, 
regulated, either by quantity, or by the number of syllables both with 
or without rhyme and subject to laws imposing in some instances rigid 
restrictions, in others, allowing ample latitude. 


A few words about the arrangement of the article: Since a general 
reader, (for instance a mathematician) to whom this article is addressed, 
may not be familiar with principles of prosody in general and Sanskrit 
prosody in particular, this article begins with a rather discursive account 
of some aspects of vedic prosody and also introduces some basic facts on 
the rules of Sanskrit prosody in the first few preliminary sections. The 
main theme of the paper which is the discussion of the classical work 
of Pingala on prosody is taken up, beginning $5. The crucial section is 
98 , from the point of view of a mathematician, which deals with the 
combinatorial aspects of Pingala's work. 


82. The beginnings of prosody 


As we said earlier, the beginnings of Sanskrit prosody go back to the 
vedic times. The Brahmanas speak eloquently of the origins of metres, 
colouring them with mysticism. The study of prosody has been held, 
right from the early times, with the greatest of esteem; At the end of 
section 7 of prapāthaka 1 of the Nidāna Sūtra (|16]), we have for instance 
the following stanza: 


chandasam vicayam janan yah šarīrādvimucyate 
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chandasameti salokyamanantyayasnute sriyam 


gaa (au wA a: ART | 
saat ATATTAUTUTAĀ [SU |d 


Translated roughly into English the above stanza reads: 


One who a has deep knowledge of Chandas, shares, after liberation 
from his body, the same abode of the Chandas, acquiring eternity, glory 
and beatitude 


Prosody has been described as the feet of the Vedas; it is thus one 
of the limbs of the Veda - a vedanga. In Paniniya šiksā, we have the 
following verse: 


Chandah padantu vedasya hastau kalpo tha pathyate 
Jyotisamayanam caksurniruktam šrotramucyate 


Ga: Weed datu sect Weurns vad | 
Tatas wapfbeum AAA d 


Chandas are the feet of the Vedas, Kalpa the hands, Astronomy the 
eyes and Nirukta the ears. 


The importance of the knowledge of chandas for understanding the 
Vedas is emphasised in Brhaddevata (a text dealing with the gods of 
the Rgveda, supposedly written by that ancient venerable vedic seer 
Saunaka, verse 136, VIII, ([5]) as follows: 


aviditva rsim chando datvatam yogameva ca 
yo dhyāpayejjapedvāpt papiyanjayate tu sah 
afafa IY Bat tad ang = | 
"TS eUITWA wur TRIPT maaa q K: | 
One who teaches or recites the Veda without having proper knowl- 


edge of the applications, the seers, metres and Gods, becomes indeed a 
sinner. 
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As one of the earliest references to prosody, we have a verse (1.1.5) in 
the Mundakopanisad ([10]), which lists chandas as essential for attaining 
the “lower knowledge", the higher one being that of the Brahman. 


tatrapara rgvedo yajurvedo sāmavedo atharvavedah 
Siksa kalpo vyakaranam niruktam chando jyotisamīti 


TAIT adat Bader urAdat sayadda: | 
Frat near sara fee: great asaf d 


The six vedangas which were considered essential for the understand- 
ing of the Vedas are as mentioned above: siksa, phonetics; kalpa, the 
knowledge of the sacrificial rites; vyakarana, grammar; nirukta, etymol- 
ogy; chandas, prosody; and jyotisa, astronomy. 


These vedāngas, whose beginnings can be traced already to the 
Brahmanas and the Aranyakas, did not originally refer to independent 
branches of knowledge but were only indicated as fields of study, essen- 
tial for the understanding of the Vedas. As time went by, it was realised 
that there was a real need to develop them as auxiliary subjects associ- 
ated with the study of the Vedas. Hence, independent texts were written 
in the (mnemonic) sütra style to expound these subjects. (|28]) . It is 
perhaps worthwhile to mention, by the way, that the sūtra style of writ- 
ing is something unique to Indian literature. A very succinct definition 
of a sūtra is found ([14]) in the Visnudharmottara purāņa and runs thus: 


alpaksaram asandigdham sāravat visvatomukham 
astobham anavadyam ca sūtram sütravido viduh 


seat ATT” amaa fraa | 
STETIT waa Y aT gafaat fag: it 
A sutra should have the least number of syllables, should contain 


no doubtful words, no redundancy of words, should have unrestricted 
validity, should contain no meaningless words and should be faultless! 


. The study of prosody which began in the vedic period evolved to 
apply to classical Sanskrit and to the Prakrit poetry as well and had its 
continued impact on the poetry of the later ages too. 
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To quote an example, the slokas of the epics like the Ramayana and 
the Mahabharata are derived by and large from the vedic metre anustup. 
Indeed the vedic metre anustup came to be monopolised by the poets 
of the classical age. On the other hand, the vedic metres tristup and 
jagatī led to metres used by poets and bards at the courts of various 
kings. 


In this connection, it is amusing to note, parenthetically, that the 
great poet Kalidasa (who himself is probably the author of a work enti- 
tled Srutabodha [21] on classical metres - though this work is attributed 
by some to Vararuci) employs a vedic metre in a very appropriate con- 
text in his great play Abhijnana Sakuntalam. 


When Sakuntala is about to leave the hermitage of the sage Kanva 
to go to meet her husband Dusyanta, Kanva offers a benediction, which 
is set in the following beautiful stanza in the vedic metre tristup, with 
11 syllables in each of its four padas. 


ami vedim paritah kirptadhisnyah 
samidvantah pranta samstirna darbhah 
apaghnanto duritam havyagandhath 
vaitanastvam vahnayah pavayantu 


Translated in to English, the stanza reads: 


May these sacrificial fires, fixed in their places around the altar, 
nourished by holy wood, with the darbha grass strewn around their 
boundaries, removing sin by the fragrance of the oblations, purify thee! 


aafe ha: gafawur: 
afHgrtT: ATT ai at: | 
Wgt ghe gener: 
aaa WEST: WAIT |d 
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83. Units of prosody, the syllables 


The etymology of the Sanskrit word for prosody chandas traces it to 
various roots, for instance, it can de derived from the root chad, which 
means “to cover”; incidentally, this is not the only possible etymological 
derivation; there are several other possibilities too! Whatever be the 
etymology of chandas and the consequent derived meanings, it denotes 
the science of syllables in verses. 


A syllable (aksara in Sanskrit) is a vowel with or without one or 
more consonants. A syllable is called a laghu (short), (denoted by 1), if 
it consists of a short vowel followed by at most one consonant. A syllable 
which is not a laghu is called a guru (long), (denoted by g). But there 
is a proviso by which even a short syllable will be treated as long while 
scanning, when it is followed by a conjunct consonant, an anusvāra (a 
nasal) or a visarga (an aspirant). Unlike in classical Sanskrit prosody, 
where the nature of the syllables is also an important aspect of prosody, 
vedic metre is governed solely by the number of syllables in a verse, 
called the length of the metre. (a verse is called a pada in Sanskrit), 
which forms the basic unit of Sanskrit poetry. Verses combine to form 
a rk, or a stanza, which is a unit of a vedic hymn. 


A stanza consists, generally, of not less than three and not more 
than fifteen verses. A stanza may consist of metrically identical (sama) 
or metrically different (visama) verses. Two or three stanzas combine 
to form a strophe. 


The following is an example of a rk in gāyatrī metre (a stanza with 
three verses each of which has 8 syllables): 


agnim ile | purdhitam | 
yajndsya de | vam rtvijam | 
hótàram ra | tnadhátamam | 


which has the following arrangement of 8 syllables in each of its verses: 
4 lg gt gt J 
gg lg lg t 7 
gg gg lg lt 7 

(According to one of the rules of prosody, the first and the last syllables 
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.of a verse are ignored for scanning purposes.) 
84. Some works on prosody other than Pingala's 


As we shall notice presently, Pingala wrote a definitive work (in sütra 
style) on prosody, probably around the middle of the third century B.C. 
As is the case with such definitive works, (for example the Astādhyāyī 
of Panini), Pingala's work systematises and improves upon the work 
of many earlier authors on the subject. The names of Yāska and the 
otherwise unknown prosodists like Saitava, Rata, Mandavya, Taàndi, 
Kraustiki and Ka$yapa are mentioned as some of those who preceded 
him. Like Pànini once again, who dealt with classical Sanskrit gram- 
mar rather than vedic grammar, Pingala, though he begins his work 
with vedic metres, deals for a substantial part with classical metres. 
It should be remarked that works like the Chando viciti (called Tatva 
subodhinī), which is a part of the Nidana Sūtra (which is a šrauta 
sūtra of the Samaveda, and is supposed, according to some, to have 
been written by the great Patanjali, who wrote the Mahabhasya - the 
“great commentary" - on Panini’s Astādhyāyī), Rkpratisakhya (written 
by the venerable Saunaka), Sankhyayana Brahmana, associated to the 
Rgveda and Rksarvanukramani, also deal with various aspects of vedic 
metres. The Agni purāņa, Narada purana, Garuda purāna, and the 
Visnudharmottara purāņa, Natya Šāstra by Bharata, and Varāhamihira's 
Brhat samhita are some of the fairly old texts which have separate sec- 
tions dealing with Sanskrit prosody. Subseguent to the classic work of 
Pingala, apart from commentaries on it, like that of Halāyudha (called 
Mrta sanijīvanī (|11|), that of Yādava Prakasa ({19]), there have been 
many authors like Kedāra Bhatta ([25], Svayambhū (847 A.D.), 
Ksemendra (1100 A.D.) and Gangādāsa (1500 A.D.)([6])) and others 
([26]), who have written texts on prosody. As we mentioned earlier, 
even Kālidāsa is said to be the author of the text Srutabodha, dealing 
with classical Sanskrit prosody. All of these are heavily influenced by 
the monumental work of Pingala. There have also been many Jain au- 
thors who have written on prosody, like the author of Janasrayi (6th to 
the 7th century A.D)(|12]), Jayakirti (1000 A.D.) Jayadeva (1000 A.D.) 
and that polymath from Gujarat, Hemacandra (1088-1172 A.D.)([7]). 


95. Pingala, the author of Chandas Sutra 


Ás is the case with many of the ancient personages in India, very little 
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is known about Pingala himself except that he was highly venerated 
and referred to as Pingalācārya or Pingala Naga. (Naga in Sanskrit 
means a serpent and serpents are supposed to be endowed with great 
wisdom). Some think that he was identical with Pataiijali the author 
of the Mahābhāsya. Sadgurušisya in his commentary (1187 A.D.) on 
Rganukramani refers to Pingala as pàniniyanuja which can be inter- 
preted to mean that Pingala was a younger contemporary of Panini 
or even that he was the younger brother of Panini. Though, conjec- 
turally, it is thought that Pingala lived in the middle of the third century 
B.C.,the precise period of Pingala is hard to determine. Most probably, 
Pingala was a younger contemporary of Panini and belonged to the third 
century B.C. With reference to his place of birth, we are equally igno- 
rant, though it is surmised that he might have been born somewhere on 
the west coast of India. That he lived near a coast is perhaps obliquely 
corroborated by the statement in the Pancatantra (2,36) (cf. [18], p. 
255) about the manner in which Pingala met his death. Stressing the 
theme that even the meritorious ones can not take it for granted that 
they are safe from assault, it is mentioned there 


chandojnananidhim jaghāna makaro velātate pingalam 


Translated into English, it reads Pingala, the repository of the knowledge 
of metres was killed by a crocodile on the sea shore. "The full verse in 
fact says that Pānini was killed by a lion, Jaimini by an elephant and 
Pingala by a crocodile. Albrecht Weber in his book, "Uber die Metrik 
der Inder” (|27|), guesses that this enumeration is perhaps in the order 
of time and therefore Pingala probably was later in time than Panini 
and Jaimini. 


96. Pingala's Chandas Sutra 


However uncertain one is about Pingala as a man and his life history, his 
work on chandas (in eight chapters, containing 315 sütras) is very much 
extant and has been commented upon, as we said earlier, by several dis- 
tinguished authors including Halayudha (11th century), Yādava Prakāša 
(11th century), the latter being the well known teacher of Ramanuja. 
As we also mentioned, there are several later texts on Sanskrit prosody 
based on Pingala's work, one of the most important one being by Kedāra 
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Bhatta (12-13th Century). We note also that in the Agni purāņa (|1|), 
chapters 327-334 give a summary of the Chandas Sāstra as expounded 
by Pingala, beginning with a description of prosody thus: 


chando vaksye mulajaistath pingaloktam yathakramam 


Beal gad oqpenped: Praet Tura | 

In Varahamihira’s Brhatsamhitā ([23]) in section 104, which deals 
with grahagocaradhyaya (movements of planets), verse 58, emphasising 
the rule of prosody (already found in the first chapter of Pingala’s Chan- 
das Sutra), reads: 


prakrtyapi laghuryasca vrttabāhye vyavasthitah 
sa yati gurutam loke yada syuh susthita grahah 


weeny ayes gas ataug: | 
a atta feat are gar eq: gferar Der: Ji 


Very much like the final syllable in a verse which is deemed long by 
the rules of prosody even if it is short, a person though of mean birth, 
and reprehensible in character, becomes respectable in this world, if the 
planets are favourable. — 


87. A brief discussion of Pingala's Chandas Sutra 


As we said earlier, Pingala's Chandas Sūtra contains 315 sutras dis- 
tributed over eight chapters. Among these, the sütras of the first three 
chapters and the first seven sūtras of the fourth are devoted to vedic 
metres. Ás mentioned before, the two basic building blocks of Sanskrit 
prosody are the guru (g) and the laghu (l). These correspond to the 
Greek syllables: thesis and arsts. From these, the following groups of 
disyllables can be built: 


g g — which in Greek is the disyllable spondee 
lg — " iambic 

g l — " trochaeus 
| l — " pyrrhic 
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Obviously, the number of trisyllables is eight and are as written 
below: 


Trisyllable Greek name Sanskrit name 


999 molossus magana 
lgg bacchius yagana 
glg amphimacer ragana 
Ilg anapaestus sagaņa 
ggl antibacchius tagana 
lgl amphibrachys jagana 
gli dactylus bhagana 
lil tribrachys nagana 


In the first chapter of his work, Pingala gives the mnemonics ma, ya, 
ra, sa, ta, ja, bha, na to the set of trisyllables written above. Any trisyl- 
lable is called a gana, so that the trisyllables are denoted, respectively 
by magana, yagana, ragana, sagana, tagana, jagana, bhagana, nagana. 
These are referred to in the Pingala’s Chandas Sutra as astau vasava iti. 
Pingala remarks that these ganas along with the guru and laghu form 
the basis of all prosody. 


Many works on prosody, like Vrtta Ratnakara of Kedara Bhatta 
(1150 A.D.), the commentary of Yadava Prakasa (circa 1050 A.D.) and 
many other commentators of Pingala’s work have the following couplet 
which expresses poetically the pre-eminence of the above ten units of 
prosody: 


myarastajabhnagairlantath ebhirdasabhiraks araih 
samastam vanmayam vyaptam trailokyamiva visnuna 


aed: WATER TAT: | 
aae repu sare ener. WEIST i 
The world of speech is enveloped by the ten units ma, ya, ra, sa, ta, 


ja, bha, na, g and l, like Lord Visnu permeating the three worlds. 


(The same statement is also made by Sadgurusisya in his commentary 
of Rksarvanukramani.) We quote another sloka given by Kedara Bhatta 
in his Vrtta Ratnakara, which gives a mnemonic for the eight ganas: 


adimadhyavasanesu bhajasa yanti gauravam 
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yarata laghavam yanti manau tu guru laghavam 


ATĒAATTATĀS WaT UTPed MTs | 
aar aad rfe Art g Tears | 
A rough translation in to English of the above sloka reads: 


The guru moves into the first, middle and the last position in bha, 
ja and sa. The laghu moves into the first, middle and the last positions 
in ya, ra and ta. ma and na represent all gurus and all laghus. 


There are many features of Sanskrit prosody which distinguish it 
from the Greek. Greek prosody had its origin in music and dance, 
whereas in India, prosody began with the vedic chants. Also, whereas 
in Greek prosody, scanning is achieved though the analysis of the posi- 
tion and nature of disyllables, in Sanskrit, it is through the analysis of 
trisyllables and the two single syllables g and l. 


. We include at this point a few facts on vedic as well as classical 
prosody. In general, metrical music deals with three factors: the sound 
value of a syllable, syllabic quantity and the time taken for the utterence 
of a syllable. In vedic metres, the music depends only on the modulation 
of the voice in the pronunciation of the syllables; the essential features of 
the syllables, namely whether they are short or long do not matter. On 
the other hand, the music of classical metres depends on the essential 
features of the syllables, their variations and their order of succession. 
Hence, in classical prosody, a single letter could not be the unit of a 
metrical line as in vedic metres. A mere mention of the number of syl- 
lables which are all independent units sufficed to give an idea of the 
metrical line in the vedic metre and there was no need to give the es- 
sential features of the letters nor was it necessary to say how they were 
related to each other. But both these points required to be stated in the 
case of classical metres. Hence a method had to be found for scanning 
classical metres. Units of two syllables and their fourfold combinations 
are a choice and such a choice was indeed tried out by a Jain prosodist, 
as has been pointed out by H. D. Velankar in his book Jayadāman([13|). 
But these were found to be inadequate to express the basic constituents 
of the music of a metre, especially in the case of longer verses. So a 
new unit had to be found by the classical prosodists, which was neither 
too long nor too short. In ancient India, the number 3 was the least 
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number which denoted multiplicity; the number 2 did not really signify 
plurality and indeed enjoyed too special a status. This is perhaps one 
of the reasons why, as H. D. Velankar suggests in his Jayadaman(]|13]), 
groups of three syllables were chosen by the ancient prosodists of India 
for scanning classical metres. 


The second chapter of Pingala's Chandas Sutra introduces and dis- 
cusses various aspects of the seven basic vedic metres: gāyatrī, usnik, 
anustup, brhatī, pankti, tristup and jagati. Gayatri consists generally 
of three padas of eight syllables each and hence has 24 syllables in all, 
and from then on, the number of syllables in these metres increases by 4 
at a time, so that usnik has 28 syllables, anustup has 32, brhati has 36, 
pankti has 40, tristup has 44 and jagatī has 48. Eight different varieties 
of these metres, are also discussed. Thus the seven basic vedic metres 
are divided into eight forms each, and totally there are 56 different kinds 
of metres. 


In the third chapter, the notion of a pada (foot) in Sanskrit prosody 
(which is very different from the notion of a ‘foot’ in Greek prosody) 
is discussed. Rules regarding filling of a pada are also discussed. For 
example, in the gāyatrī when the number of syllables falls short of the 
required number of eight syllables, as in the following: 


tatsaviturvarenyam 


aofaga 


where there are only seven syllables, one should scan it as: 


tatsaviturvareniyam 


changing y to y. 

In this chapter, nine forms of the gayatri metre in terms of the 
number of pādas are described. To give an example, one could have 
a gayatri stanza containing four padas with six syllables each, which is 


called catuspāda gāyatrī. Halayudha, in his commentary gives such an 
example from the Atharvaveda, Kāņda 6, Sūkta 1.1 (|4]). 
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It is interesting to note that a non vedic catuspāda gāyatrī stanza 
(attributing it to the Parcalas) is also quoted in the Nidana Sutra 
(prapāthaka 1, Chando viciti)({16]), whose meaning is unclear. 


It is also interesting to note that in $16 of the Rkpratisakhya (|20]), 
there is an example of such a stanza (stanza 7), which is given by 
Saunaka. The stanza runs as follows: 


indrah Sacipatir balena vilitah 
duscyavano vrsā samatsu sasahih 


ao: watatat ada athe: | 
waar FV aAcy arate: od 


This stanza is also found in the Nidana Sutra (prapathaka 1, Chando 
viciti)([16]). A small part of this stanza occurs in the Rgveda (Eighth 
Mandala, 19;20) namely: 


yena samatsu sasahah 


dar WHGI ATS: 
(Yadava Prakasa in his commentary of Pingala Chandas Sūtra notices 
this fact). 


Similar forms of other metres are also discussed in this chapter. Men- 
tion is made of a class of those metres whose first and last verses have 
correct number of syllables, but whose middle verses have smaller num- 
ber of syllables. Such metres are called pipilika madhya that is, with 
a middle like that of an ant! For example, there are gāyatrī stanzas in 
which the first and the last padas have eight syllables but whose middle 
pada has only three syllables. A general rule states that the number of 
syllables in the first pada determines the metre. 


To the seven basic metres are sometimes associated the seven svaras 
of music : namely sadja, rsabha, gandhara, madhyama, pancama, dhai- 
vata and nisāda (respectively); also the following colours: sita (silvery), 
sāranga (variegated), piganga (brown), krsna (black), nila (blue), lohita 
(red) and gaura (white); and to the seven rishis: Agnivesya, Kasyapa, 
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Gautama, Āngīrasa, Bhāradvāja, Kaušika and Vāsistha. These identifi- 
cations are intended as alternate methods to identify these metres, in 
case there is a confusion! 


In chapter 4, after discussing fifteen kinds of vedic metres from utkrti 
to jagati, Pingala introduces the cryptic statement ‘from now on classical 
metres' and from then on, he deals only with classical metres till the end 
of the book. He in fact deals in the rest of this chapter with the so called 
mātrā vrttas, that is those metres of classical Sanskrit based on the 
syllabic instants (a syllabic instant being the time taken to pronounce a 
short syllable: a long syllable takes twice as much time and is therefore 
said to constitute two syllabic instants). He discusses, in particular, 
the Arya and the Vaitālīya metres. (We note, incidentally, that the 
Āryabhatīya of Aryabhata is written in the Arya metre.) 


In the fifth chapter, Pingala discusses the so called vrtta chandas. 
He classifies stanzas with four pādas into three types: sama, ardhasama 
and visama. Samavrttas are those which consist of the same number of 
syllables in each pada, while ardhasamavrttas have the same number of 
syllables in the first and the third padas, as well as in the second and 
the fourth pādas. visama vrttas are those in which all the pādas have 
unequal number syllables. 


The aim of the sixth chapter of Pingala's Chandas Sutra is principally 
to define the notion of yati (caesura). The sütra which describes yati 
is yati vicchedah. The word vicchedah signifies ‘resting place’. It is the 
mechanical pause introduced in the middle of the verse. As against the 
irregular pauses in the vedic metres like tristup and jagatī, it is regularly 
admitted in classical metres. While the origin of yati can be traced to the 
need for the ease of recitation, it evolved into an art and ornamentation 
in classical poetry. The concept of yati has been discussed at length 
by all the later prosodists and has become a regular feature of classical 
vrttas. The effectiveness of yati in classical Sanskrit poetry, is best 
illustrated in the beautiful verses of the exquisite Meghadūta of Kālidāsa 
(in the slow-moving, majestic metre of mandakranta, a classical metre, 
with seventeen syllables, with pauses at the end of the fourth and tenth 
syllables in each pada). 


In the seventh chapter, Pingala describes and discusses metres ati- 
jagatī, sakvarī, atisakvari, asti, atyasti, dhrti, atidhrti, krti, prakrti, 
ākrtt, vikrti, samkrti, abhikrti and utkrti which are the so called atichan- 
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das (hyper metres) containing 52, 56, 60, 64, 68, 72, 76, 80, 84, 88, 92, 
96, 100 and 104 syllables respectively. At the end of the chapter, he also 
explains the metre dandaka. 


The eighth chapter which is the concluding chapter of Pingala's book 
begins with the sütra, atranuktam gatha; Pingala's idea is to include in 
this chapter those metres which had not been mentioned in the earlier 
chapters. 


The last fifteen sutras of this chapter (sutras 20 till 35) are the most 
interesting ones from the point of view of mathematics and deal with 
binary arithmetic and combinatorial questions arising out of the study 
of prosody. We shall discuss these in the next section. 


88. Pingala's sutras and binary arithmetic 


Since prosody deals with two symbols l and g and their repetitions, it is 
rather an easy niatter for us (who live in this computer age) to guess! 
that the study of prosody should naturally lead to questions on binary 
arithmetic. Indeed, the study of prosody did lead the ancient Indian 
mathematicians to binary arithmetic and combinatorics, as is evidenced 
by the sūtras 20-35 in the eighth chapter. As is usual with Pingala, 
these sūtras are cryptic to the point of being obscure. However, as 
is customary with the ancient Indian system of preserving knowledge, 
the later commentators of Pingala's Chandas sūtra have provided ample 
explanations of the sutras (|17], |22]). 


The sūtras 20-23 deal with the construction of the so called prastara 
of a metre, which can be translated roughly into English as a matrix or 
an array of syllables. The laghus and gurus in a metre of a given length 
are listed horizontally as rows (or lines) in a prastāra. This device of 
a prastara can be thought of as a table written either on the ground 
or on à board. The rules for the construction of a prastara, for metres 
of length one, two or three are given in these sutras. For example, the 
prastara for a metre of length 1 is obtained by first writing the symbol 
g (for guru) and beneath it the symbol l (for laghu). The prastāra for 


"One remembers the words of Schiaparelli, the Italian historian of Early Greek 
Astronomy who wrote in the introductory section of his paper on the work of Eudoxus 
on Astronomy: "Tutto il nostro merito sta nell'esser venuti al mondo piu tardi": 'Our 
sole merit consists in having come to the world a little later’. 
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a metre of length 2 starts with a horizontal row with two gurus: g g. 
We begin the next row , by writing l (for a laghu) below the first entry 
g of the first row and write g below the second entry g of the first row, 
so that this row reads | g. In the third row, we begin with a g and 
write a l beneath the next entry g of the second row so that, the third 
row reads g l. We begin the fourth row with an l and write a | below 
the the next entry l of the third row. The prastara for a metre with two 
syllables is now complete and is the array of four horizontal rows 


g 
l 


g 
l 


~ om OH 


1 
2 
3 
4 


consisting of two syllables each. The general rules for constructing the 
prastaras of metres of a given length n are similar and explained by 
the sutras. Namely, we start with a horizontal row consisting entirely 
of n gurus. The rest of the rows of the prastara are constructed by 
using the following rule: Start any row and continue filling the row with 
gurus until we see for the first time a guru in the previous row. Then 
write a laghu as the entry for this row below this guru and from then 
on, copy the rest of the syllables from the previous row. We continue 
filling rows this way until we reach a row consisting of all laghus, where 
we stop. ^ This method applied to two syllables gives obviously the 
prastara of two syllables we have written above. The prastāra for a 
metre of three syllables, using the rule described above gives the table 
for the eight ganas (trisyllables) we wrote down in the beginning of the 
previous section. 


The sūtra 23 reads vasavastrikah, which simply enumerates the num- 
ber of trisyllables as eight! (there are eight vasus according to the vedic 
lore!) 


? As has been kindly pointed out by Professor M.G. Nadkarni, this rule applied 
to infinite sequences of zeros and ones (g = 0, | = 1) gives rise to a transformation 
on the space of sequences of zeros and ones. It is a very basic object in ergodic 
theory called dyadic adding machine or odometer transformation, and when viewed 
as a transformation of the unit interval, it is called von Neumann transformation, a 
name given by Kakutani. This transformation plays a very important role in orbit- 
equivalance theory and related areas. 
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Let us also add one more fact regarding the construction of the 
prastāra. We number the rows of a prastara serially with the first row 
of the prastara consisting of all gurus being numbered as 1. 


Before discussing the rest of the sutras, it is perhaps convenient to in- 
troduce a stanza which lists the various techniques, termed as pratyayas, 
by which some arithmetic questions related to metres can be analysed. 
This stanza is found in text books on prosody subsequent to Pingala's 
work. For instance, it is found in Kedara Bhatta's vrtta ratnakara, ([25]) 
Yādava Prakāša's commentary of Pingala's Chandas Sutra, Hemacan- 
dra's chandonusasana, and in many other works on prosody. The stanza 
in question (|25], p. 187) reads as follows: 


prastaro nastamuddistam ekadvayadi lagakriya 
sankhya caivadhvayogasca sadete pratyayah smrtah 


weary asafes usare ATT | 

Gg àrann Wed wera: UIT: | 

As we said, the above stanza enumerates the various components of 
some of the arithmetic aspects of prosody, namely: (i) prastara (whose 
meaning we just now explained), (ii) nastam, (iii) uddistam, (iv) ekad- 
vayadilagakriya, (v) sankhya, (vi) adhva yoga. 

The following stanza ([25], p. 188) summarises what we said already 
about the way a prastara is constructed: 


pade sarvaguravadyallaghum nyasya guroradhah 
yathopari tathasesam bhūyah kuryadamum vidhim 
une dadyad gurūneva yāvat sarvalaghurbhavet 
prastaro yam samākhyātah chandovicitivedibhih 


We Saya IET TTU: | 

ITT ATR yar: Hated fafaa i 

Ka GTG eda uTqcddenpidd | 

samsa AATEITA: wenn: n 

We shall describe now each of the other aspects listed above re- 


lated to the arithmetic of prosody. Sutras 24 and 25 of chapter eight of 
Pingala's Chandas Sütra, which read: 
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(24) Vardhe 
and 
(25) saike g 


refer to the process of nastam and this word means ‘vanishing’ or ‘dis- 
appearance’. Suppose that the prastara of the metre (which is usually 
written on the sand) has been erased by mistake. The process described 
shows how to recover the metre only through the knowledge of the num- 
ber of the row in which the particular metre had appeared. This process 
is illustrated by the following example: Suppose that we know that a 
certain metre with a fixed number of syllables say 6, occurs as the 44th 
row in the prastara, how does one write down the corresponding me- 
tre? The answer is given by the two sūtras above as elaborated further 
by the following stanza in Vrtta ratnakara (|25], p.192), which explains 
the process nastam. (There are similar explanations of these sūtras in 
Halayudha's and Yādava Prakāša's commentaries.) 


nastasya yo bhavedankastasyārdhe rdhe same ca lah 
visame caikamadaya tasyārdhe rdhe gururbhavet 


TEC al Ndagareumdsd da TT: | 
few eren ogegrdsu eter |gd 


The procedure indicated is best explained by applying it to the ex- 
ample mentioned above: the number 44 being divisible by 2, we write 
an l (for laghu) and divide 44 by 2 to get 22. The number 22 being 
still divisible by 2, we append an / to the earlier laghu and divide 22 by 
2, to get 11. Up to this point, the procedure is indicated by sütra 24 
which says if it is possible to halve, then an l. When we, however, hit 
the number 11 which is odd, sutra 25 takes over and it says otherwise 
add 1 and a g. Now add 1 to 11 and write a g (a guru). The number 
now is 12, which is divisible by 2; and we divide by 2 to get 6. Now 6 
being divisible by 2, sutra 24 applies, we write an l and divide 6 by 2. 
We get 3 which is odd. Sütra 25 tells us that we should add 1 and write 
a g. We now get 4, which we divide by 2 to get 2. We write an | and 
divide 2 by 2 to get 1 as quotient and we stop here (since the metre has 
6 syllables) and the metre we are looking for is 
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This is also the general rule given in the sūtras 24 and 25 (and 
explained in the stanza) for writing down a metre, given the number of 
its row in the prastāra. 


The process uddistam is indicated by two sutras of the Chapter 8 of 
Pingala’s Chandas Sutra which read: 


(26) pratilomaganam dvirladyam 
and 


(27) tatogyekam jahyat 


and expanded upon in the following couplet of Kedara Bhatta ([25], 
p.194): 


uddistam dvigunadyadyuparyankansamalikhet 
laghustha ye tu tatrankastath saikairmisritairbhavet 


ses farmari mmm ma | 
ager T g qargred: URBIS | 


These sütras, as interpreted by the couplet above, answer the follow- 
ing question: Suppose that one is given a metre with a certain number 
of syllables what is the number of the row representing this metre in the 
prastara? 


The process uddistam is thus the converse of nastam and can be 
translated as ‘determination’; it gives a method of determining the num- 
ber of the row representing a metre with a certain number of syllables. 


The answer, as given by the couplet is the following: We make the 
number 1 correspond to the first syllable from the left and from then 
on, make powers of 2, namely 2,4,8,... correspond to each succeeding 
syllable. Ignoring the powers of 2 corresponding to the gurus of the 
metre and adding the powers of 2 corresponding only to the laghus of 
the metre and increasing this sum by 1 gives the requisite number of 
the line in the prastara. (Put in the mathematical language, one thinks 
of the metre as a mnemonic for a dyadic expansion by. thinking of the 
laghus as representing 1 and the gurus as representing 0!) Let us consider 
as an example, the metre 
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as above. Then the number in question is 1 + 2 +8 + 32 = 43 increased 
by 1, that is 44. 


It should be remarked at this point that the sutras 26 and 27 as stated 
by Pingala do not suggest the above procedure outlined by the couplet. 
The sūtras themselves have been interpreted by Halayudha in a different 
way and this interpretation is also found in the commentary of Pingala's 
Chandas sūtra by Yadava Prakāša. We shall discuss this presently. But 
before doing this, let us note that the processes of uddistam and nastam 
described above, together give a one to one correspondence between 
non-negative integers and their dyadic expansions, via, metres. In fact, 
given any metre we get an integer by the process described above, (by 
assigning the value 1 to a laghu and 0 to a guru and assigning the 
value 2*7! to the syllable which occurs at the ith position from the left; 
summing these numbers and adding 1 to it we get the number of the row 
corresponding to this metre in the prastāra). Conversely, sūtras 24 and 
25 (explained further by the process of nastam) assign to every integer 
a metre. These two processes are obviously inverses of each other. We 
further note that the metre which consists only of gurus corresponds to 
the dyadic expansion of 0 and since this is the first row of the prastara, 
the number of the row corresponding to any metre is one more than the 
number given by the corresponding dyadic expansion. 


We shall now give the interpretations of Halayudha and Yadava 
Prakasa of the sutras 26 and 27 of Pingala, which give a very interesting 
method of computing the number represented by a dyadic expansion. 


We shall explain this principle now, mainly through examples, and 
then state the general principle without proof (the proof is easy to es- 
tablish). 


Consider for example the string of syllables: 


l g l 


The rule given by the sūtras (and explained by Halāyudha and Yādava 
Prakāśa in their commentaries), applied to the above metre says that we 
first look at the syllable on the extreme right. Noting that this syllable 
is a laghu, we attach the value 2 to it. We next look at the syllable to 
its immediate left. Noting that this is a guru, we attach to it the value 
3 which is one less than twice the number 2, attached to the previous 
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syllable. We then look at the next syllable to the left which is a laghu. 
To this we attach twice the value attached to the previous syllable and 
this is 6. The number of the row representing this metre in the prastāra 
is 6! 


We note that according to our earlier computation, the above row of 
syllables represents the number 1 + 4 increased by 1 which is 6 again! 


As we shall remark presently, the above process applies, in general, 
to all metres of a given length n and the number associated to the 
first syllable is indeed the number of the row of the given metre in the 
prastāra of metres of length n. 


We look at the gāyatrī metre, considered earlier, as another example. 


We assign the value 2 for the laghu on the extreme right, the value 
4 — 1 = 3, for the next syllable on its left which is a guru and then 6 for 
the next which is a laghu, then 11 for the next syllable which is a guru 
and 22 for the next syllable which is a laghu and finally 44 for the first 
syllable on the extreme left which is a laghu. This is the number for the 
gāyatrī row in the prastāra for a metre of six syllables! 


The general rule can now be formulated: If we take a metre of any 
length, and wish to find out what its number is as a row in the prastāra 
of metres of this length, we start by giving the value 2 or 2—1 — 1 to the 
syllable on the extreme right, according as it is a laghu or a guru. We 
multiply this number by 2 and attach this number to the next syllable 
on its left, if it happens to be a laghu or attach this number decreased by 
] if this syllable happens to be a guru. Keep on repeating this procedure 
till we reach the beginning syllable of the metre. The number attached 
to this syllable is the number of the row in the prastara. 


It is easily verified that the number obtained by the procedure indi- 
cated above coincides with the number given by the dyadic expansion 
(by assigning the value 1 to a laghu, 0 to a guru. increased by 1). 


Thus, the above is another method of finding a number through its 
dyadic expansion and this does not use addition of terms (as the earlier 
one did) and is more algorithmic, suited to the computer. In this sense, 
this ancient method is as modern as that of the computer! Actually, the 
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sūtra 26 says that we first reverse the metre and carry the process from 
left to right. | 


We now turn to the sūtras 28 to 32 and 34, 35 of Pingala, which deal 
with the combinatorics given rise to by the study of metres. The sūtras 
in guestion are: | 


(28) dvirardhe; 
(29) rüpe šūnyam; 
(30) dvi šūnye; 
(31) tavadardhe tadgunitam; 
(32) dvirdyünam tadantanam; 
(34) pare pürnam; 

and 


(35) parepürnamiti. 


The questions asked and answered are: How many metres with a 
given length have gurus ocurring once, twice etc? How many metres 
are there with a given length? 'l'hese questions which naturally arise in 
the study of prosody, obviously deal with the theory of permutations 
and combinations. We shall see that in this connection, the so called 
Pascal triangle, from which one can read off the binomial coefficients 
was already constructed by the ancient prosodists of India. 


These topics are covered under the headings ekadvayādilagakriyā and 
sankhya by the later prosodists like Kedara Bhatta and others. (As a 
matter of fact, Pingala's Chandas Sutra deals with these topics in the 
reverse order.) Pingala's sūtras 28-32 treat sankhya and 34 and 35 with 
the computation of number of metres of a given length with prescribed 
number of gurus and laghus in it, through the combinatorics of what is 
now known as the Pascal triangle.) The two verses in Kedāra Bhatta's 
work ([25], p.196) which describe the first process is the following: 


varnan vrttabhavān saikan auttaradharya tah sthitan 
ekadikramatascaitanuparyupari nikstpet 

upantyato nivarteta tyajennekatkamūrdhvatah 
uparyadyat gurorevamekadvayādīlagakriyā 
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amia gaat Sart sx: ferm | 
werfemeeser eque ffe i 


IATudt Prada marae: | 
gata Terme m li 


The method to find the number of metres of length n in which gurus 
and laghus occur once, twice etc, as suggested in the above verse, is the 
following: 


We start with a row of length n + 1 consisting of the number 1. (In 
what follows we assume for simplicity that n — 6 and the next figure 
illustrates the procedure for n — 6.) 


1 1 1 1 1 11 
12 3 4 5 6 
1 3 6 10 15 

1 4 10 20 

1 5 15 

1 6 

1 


We start the second row with a 1. For the next position we take 
the sum of the number which precedes it in the row (which is 1 in our 
example) and the number of the previous row in the position above it 
(which is 1 again in our example), and the sum here is 2. We choose the 
next number of the row to be once again the sum of the two numbers, 
one which is in the preceding position in the row and the number in the 
position above it in the previous row. 


Hence, in this case, we take 2--1—3 as the next number in the second 
row. The third number in the second row is chosen similarly and we 
continue this procedure, and end the second row with the number of 
entries one less than that of the first row. In our example, the second 
row has therefore 6 entries, the last entry being 5 + 1 = 6. We start 
the third row once again with a 1; choose the number for the second 
position of the row the sum of the number in the row in the position 
preceding it which is 1 in our case and the number in the position above 
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it in the second row which is 2 so that we take 1+2=3 as the second 
number of the third row. We stop this row once again with the number 
of its entries one less than the second row, which is five in our example, 
the last entry being 10+5=15. We continue this process until we stop 
with the (n + 1)th row which has just one entry namely 1. 


The number of metres with n syllables in which guru appears only 
once is given by the last number of the second row, which is n. This 
number is obviously also the number of metres of length n, in which the 
laghus appear n — 1 times. The number of metres of length n in which 
guru appears exactly twice is given by the last number of the third row 
which is seen to be n(n — 1)/2. More generally, the number of metres of 
length n in which the guru appears i-times is given by the last term of 


the (i + 1)th row, and which is (5 


Thus, the array constructed with the specifications of the two verses 
above gives a computation for the binomial coefficients and is the so 
called Pascal triangle, (with its base tilted by 45 degrees) which was 
constructed by Pascal in 1654. This device had however been used 
by the Indian prosodists, under the name meru prastāra, at least two 
thousand years earlier, in connection with the study of metres. 


It is interesting to note that Bhaskaracarya II, the mathematician, 
who lived in the 12th century A.D, in his famous book of problems 
called Līlāvatī, has the following verse (|8]) which asks for the number of 
metres with a prescribed length and with a specified number of gurus or 
laghus (and the commentary provides a very simple algorithm for finding 
these.) The verse in question (for the gāyatrī metre), for example, is the 
following: 


prastare mitra gayatryah syuh pade vyaktayah kati 
ekādi guravascasu kathyatam tatprthak prthak? 


wedrv fep ! maser: FY: We ag: aft | 
Vatersay waa acy YUM ? 


The figure below gives the solution: We begin a row with the length 
of the metre as its first entry. The succeeding entries of the row are those 
gotten by decreasing this number successively by one at a time, the last 
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entry of the row being 1. Below this row, we start a new row beginning 
with 1, the succeeding numbers in this row being those obtained by 
increasing the numbers successively by one, the last entry of this row 
being the length of the metre. We fill in a new row above these two rows 
by the following numbers. The first entry in the new row shall be the 
number obtained by multiplying the first entries of the two rows below, 
so that we get as the first entry of the row above as 1 x 6 = 6. The next 
entry of the new row is obtained by multiplying the first two entries of 
the first row and dividing it by the product of the first two entries of the 
second row, so that we get in our example, the number in the new row 
to be ox = 15. The third entry in the new row shall be the product of 
the first three entries of the first row divided by the product of the first 


three entries of the second row, which for our example is the number 


6x5x4 __ 
1x2x3 20. 


We continue the process, till we get the last entry of the new row 
which is 1. 


6 15 20 15 6 1 
6 5 4 3 2 1 
1 2 3 4 5 6 


More generally, for any metre with length n, we get, as the first 


entry of the new row, the number n = n-1 = „the second entry 


n 
1 
to be aD — (2) and, more generally, for the ith entry the number 
n:(n—1):(n-i+1) [M 
1.2.3 "dj: 
These, as we know, give the number of metres of length n, in which 
the guru (and similarly the laghu) occurs exactly once, twice, ...,i- 


times. In particular,in the example of the gāyatrī metre, the numbers 
are 6, 15, 20, 15, 15,6. 


Lilavati (|8|, Appendix p. 48) has another problem on the deter- 
mination of the number of sama, ardhasama and visama vrttas in the 
metre anustbh, which is preceded by a general rule valid for any metre, 
given below. 


padaksaramitagacche gunavargaphalanjaye dvigune 
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samavrttānām sankhyā tadvargo vargavargašca 
svasvapadonau syātāmardhasamānānca visamāņām 


erates qure fap og 
SATA WEIT Wu quU | 
aeaa egre wHrRTS FA ATT ii 


The number of syllables in the four verses of the vrtta in anustup, 
being 32 (the anustup, has 8 syllables), the number of arrangements 
of the long and short syllables of all the padas is 2** = 4294967296. 
Evidently, the number of arrangements where the padas are all alike is 
the number of arrangements of the syllables in a single pāda and is hence 
25 — 256. The number of arrangements occuring as ardhasama vrttas 
is 219 — 256 = 65280. The number of visama vrttas which is the total 
number of all the arrangements ‘minus’ the number of possibilities where 
two pādas are alike is 2** — 216 = 4294967296 — 65536 = 4294901760. 


We discuss finally sankhya. As we remarked earlier, this has been 
discussed in the Pingala’s sutras 28-32. Kedāra Bhatta ([25], p.201), on 
the other hand, has the following verse describing sankhyā. 


lagakriyankasandohe bhavetsankhya vimisrite 
uddistankasamaharah saiko va janayedimam 


maaga wacreat fafafaa | 
Jf&ETEWHTETC: Gar ar SPIAÍSHTH I 


As the verse says, there are two methods of computing the number 
of metres of length n. One can either sum up the numbers (obtained 
by the process of lagakriya) which count the number of metres in which 
the gurus occur once, twice, etc. (These numbers are the entries on the 
extreme right in the meru prastara we constructed earlier.) In other 
words, one is here summing up all the binomial coefficients of n and 
therefore one gets (5) + (1) e (5) = 2", which is obviously the 
number of metres of length n. 


Otherwise, one can use the process of uddistam. We note that the 
required number is the number of metres in the prastara of the metre. 
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The length of the metre being n, as we have remarked earlier, the last 
row of the prastara consists of n laghus, and then we know that it cor- 
responds to the dyadic expansion 1 + 2! +2? +...+2%! = 2" — 1, and 
the number of rows of the prastara is gotten by adding 1 to it, so that 
one obtains 2". 


Pingala's sūtras, mentioned above, give a somewhat elaborate 
method of arriving at this number, which we shall not discuss, since, 
in any case, it is simple combinatorics. 


The sutra 33 of Pingala reads ekona adhva, which deals with the 
space required on the sacrificial ground for writing the prastāra of a 
metre of a given length. Since there is no mathematics involved in it, 
we shall pass over this sūtra and its explanation given by Kedāra Bhatta 
in his Vrtta Ratnakara. 


89. Concluding remarks 


To summarise,our aim in this article has been to highlight the con- 
tributions of Pingala to Sanskrit prosody with a special emphasis on 
the combinatorial aspects. As we mentioned earlier, the influence of 
Pingala on the later prosodists has been profound. Particularly inter- 
esting is the development of Prakrit prosody with emphasis on mātra 
vrttas. One of the greatest of the later prosodists is Hemacandra whose 
name we already have mentioned. The construction of the prastara and 
the other devices mentioned in the earlier section can be extended to 
mātra vrttas too, as has been explained by Kedara Bhatta [25]. The 
work of Hemacandra ([8], |2]) has a complete chapter on the combina- 
torics of prosody with special reference to matra vrttas (in particular, to 
the Arya metre). We do not discuss these here. 
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Abstract 


Numerous authors over the centuries have puzzled over what 
has been called the Buddhist paradigm of catuskoti. A classic 
example: the four statements, considered both mutually exclusive 
and jointly exhaustive, 

(i) the Tathàgata exists after death; 

(ii) the Tathāgata does not exist after death; 
(iii) the Tathāgata both does and does not exist after death; 
(iv) the Tathagata neither does nor does not exist after death. 


We offer some linguistic gedanken-experiments illustrating ev- 
eryday situations in which appropriate analogues to the above four 
statement-forms are entirely plausible as mutually exclusive or 
jointly exhaustive alternatives; and we offer a framework, based 
on the logical paradigms of locale or topos theory, illustrating how 
forms (iii) and (iv), in particular, need be neither contradictory, 
nor paradoxical, nor even mutually equivalent. 


1 Foreword 


As an exemplary model — what in German might be called a Vorbild or 
Musterexemplar — of catuskoti or tetralenma, one would be hard-pressed 
to find a more quintessentially perfect instance than the following, taken 
from verse XVIII.8 of the Mūlamādhyamakakārikā by Nagarjuna, as 
kindly rendered into English by the generous referee: 
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Anything is either true, 
Or not true, 

Or both true and not true, 
Or neither... . 


This fragment provides what a mathematician of a certain bent might 
call a universal example of catuskoti in all regards — form and content, 
structure and message — without a single superfluous word or restriction. 


Of course, to the reader steeped in the bivalent logical tradition 
prevalent in the West from the time of Aristotle, or even before, through 
the time of Boole, and beyond, already the first two lines of this frag- 
ment would seem to cover all the bases, with the last two being quite 
superfluous, little more than incomprehensible, contradictory, mystify- 
ing mumbo-jumbo, if not downright misleading mystical nonsense. 


The very modest aim of the presentation that follows will be to 
tease out of the catuskoti any lingering fiber of paradox, conundrum, or 
mysticality, so as to allow such a reader to recognize, in each of the four 
alternatives that the catuskoti sets forth, a familiar, viable, and relevant 
state of affairs. The means by which to accomplish this aim will number 
but two: suitable models of (nonstandard) logical systems (cf. [R] for 
a thorough if technical introduction to such ideas), and examples from 
everyday language. 


The reader expecting anything more will, alas, come away disap- 
pointed. Neither the history of the catuskoti, nor the role of catuskoti 
in Indian philosophy, nor any critical analysis of their many commenta- 
tors, nor any sensitive comparisons or contrasts of those commentators, 
or their comments, one with another — no such scholarly discourse - will 
be found here. For such material, the reader is better advised to visit 
the pages of [B], [C], [G], or [Si], or, even better, the many works cited 
therein. 


Nor will the reader find any attempt to provide information as to the 
nature of Truth, or Reality, or what it means to be Valid, or to Exist — 
here again, for etymological as well as for epistemological enlightenment, 
our advice would be to consult articles like [K] and [S6], or to browse 
through the pages of [JIPR]| and of its subsequent sister volumes, where 
similar articles have appeared. 
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2 Taming the Terrible Catuskoti 


What the extract from Nagarjuna cited in the foreword suggests, as 
regards the catuskoti quoted in the abstract (to be found as item /1/ on 
page 28 of [B]), is that, writing P for the proposition that the Tathagata 
exists after death, the four propositions 


(i) P 
(i^) =P (not-P) 
(iii) P&-P (P and not-P) 


(iv) 4P&-4P (neither P nor not-P) 


(corresponding to (i)-(iv)) are mutually exclusive and cover all possibil- 
ities. What sort of logic can be at work here? 


Classically, of course, at least in the western tradition, where P 
and ~P are complementary and ^P = P, the last two formulations 
are identically trivial and the first two already cover all possibilities 
(principle of excluded middle, or tertium non datur). 
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In the intuitionistic logic of a topos, on the other hand - and, unlike 
in an earlier lecture [L], we shall refrain here from attempting to offer 
any introduction to the notion of topos, or to the sort of logic prevailing 
there, preferring to send the interested reader to such standard exposi- 
tions of those matters as [J] (especially Chapter 5, sections 1 and 2), or 
[L&S] (especially the marvellously informal overview of pp. 123-128), or 
[M&M] - the first two formulations are no longer complementary. They 
do remain mutually exclusive, however, and the last two, consequently, 
are still identically trivial. It is just that the first two need no longer 
cover all possibilities, that is, the principle of excluded middle need no 
longer hold (concrete illustrations of such state of affairs appears below). 


If, instead, we envision a logic dual to that of a topos, more like the 
logic of the lattice of closed subsets of a topological space, we finally 
reach a situation where both P&-P and ~P&——P may be non-trivial. 
But now P,-P, P&-P, and ^P&-^-P may well no longer be mutually 
exclusive. Indeed, at least for closed P, we have the order-inclusions 


< P&aP < P and 
< P&AP < -P, 


AaP&--AP 
4~P&AnP 


LA 


LA 


so that if P is “regular-closed”, say, that is, if P = ——-P, the last 
two formulations coincide and fall within both P and ~P (indeed, they 
constitute the boundary of P). 


Somehow, —P must not be getting treated purely as the negation of 
P. Let us write Q temporarily for this negation of P, and see what we 
can make of statements (i) through (iv) in such a setting. They become 


where the last formulation is logically tantamount to the negation of “P 
or Q (or both)", i.e., to the negation of what the first two alone jointly 
cover. Certainly the last item here excludes each of the earlier ones, 
and all are, in general, non-trivial. But if all four are to be mutually 
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exclusive, what (i") and (ii^) are implicitly intending to represent must 
surely be rather 


(i) P&-Q and 
uu") ~P&Q, | 


respectively. Then, at least classically, we obtain the four mutually ex- 
clusive, jointly exhaustive, atomic generators of the free Boolean algebra 
on the two free generators P and Q, viz.: 


(a) P&-Q = P0, 

(b) -P&Q = Q- P. 

(c) P&Q = P&Q, and 

(d) -P&-Q(- -((P - Q) V (Q — P) v (P&Q)) = «(P V Q)). 


But how is one now to make any sense of the hope that Q may stand 
for ~P? That is, how shall we maintain the mutual exclusivity and 
individual non-triviality of the four items 


(a^ P&--P, 
(b) AP&-P, 
(c) P&-P, and 
(d) =P84--P,, 


obtained from (a)-(d) by putting ~P in place of Q ? 


Let us simplify, for the moment, by assuming that —-P = P, so that 
the four conjunctions above become 


(a") P&P, 
(b^ =P&-P, 
(c") P&-P, and 
(d") AP&P. 
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P XxP 


Next, let us imagine that the second occurence of P in each of these 
four conjunctions is merely a homonym for the P that occurs first. 
Mostly, in living languages, homonyms are words that sound alike, but 
are spelled differently and have different meanings, like red, the color, 
and read, the past participle, or pear, the fruit, patr, the duo or couple, 
and pare, the verb meaning to peel (and perhaps also cut up) a fruit 
(perhaps even a pear) or vegetable. But there are homonyms also with 
both sound and spelling identical, like sucker, which can at once signify 
a person easily duped or taken advantage of, or a tendril on a vine. 


How may we realize the two occurrences of P in (a")-(d") as mere 
homonyms of each other? It would be enough, for example, were our 
lattice of propositions somehow spatial, that is, representable as some 
sort of subsets of some particular space X, to place ourselves in the 
Cartesian product X x X of the space X with itself. For now, corre- 
sponding to P, there arise two clearly distinguishable homonyms of P 
in X x X: one, the “vertical cylinder" P x X over the P in the first 
spatial factor X; the other, the “horizontal cylinder" X x P alongside 
the P in the second factor X (cf. Figures 1 & 2). 


If we now simply treat each first occurrence of P in the forms (a")- 
(d") as instances of the vertical cylinder P x X, and each second occur- 
rence as the horizontal one X x P, then our four conjunctions correspond 
to the four rectangles in Figure 3 in the following page ( P&P being in- 
terpreted, for example, as the intersection, P x P, of P x X with X x P, 
etc.). 


For what it is worth, we exhibit a topos whose internal logic has 
system of truth values inherently of this form. Indeed, where S is any 
of the very classical topoi of absolutely standard sets — say, made up of 
the sets in Gódel's constructive hierarchy - the topos S x S of ordered 
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A 
Í 
P X 
Figure 5 


pairs of such sets is such a topos. Its truth value object is the ordered 
pair (2, 2) consisting of two copies of the usual two-element Boolean 
algebra formed from the ordinal number 2 = {0,1}, and this has exactly 
four global elements: (1, 1) and (0, 0), playing the roles of True and 
Not True, and serving as counterparts of P&P and ~P&-P, respectively; 
and (1, 0) and (0, 1), playing the roles of BothTrueAndNotTrue and 
Neither TrueNorNot True, counterparts in turn of P&—=P and ~P&P. 


Not every topos whose truth value object has exactly four global ele- 
ments has them arranged quite in this way, however. For example, if we 
topologize the ordinal number 3 (whose points are the smaller ordinals 
0, 1 and 2) by declaring open exactly those subsets of 3 that happen 
themselves to be ordinal numbers (viz., Ø (the empty subset), {0}, (0,1) 
and all of 3), then the topos of sheaves on this space 3 has truth value 
object whose global elements likewise number four, but correspond ex- 
actly, even as to their ordering, to the four open subsets of 3 that make 
up the topology just described. Here, between True and NotTrue (or 3 
and the empty set) we have two intermediate truth values, each neither 
True nor NotTrue, but one “more true", as it were, and “less not true", 
than the other: 


NotTrue = Ø < (0) < {0,1} < 3 = True. 


To within isomorphism, this topos may also be depicted as the topos 
of double-transitions among sets, that is, as configurations of the form 
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A-3 —/>2 


4 
i 


made up of three sets and two functions, as depicted. The truth value 
object for this topos is the configuration above, where 4, 3, and 2 are 
the ordinal numbers 4 = {0,1,2,3},3 = {0,1,2}, and 2 = {0,1}, and 
the functions f, and f_ both carry 0 to 0 and 1 to 1, but f_(2) = 1, 
while f,(2) = f,(3) = 2, as depicted above. 


The four global elements here are simply the four length-two paths, 
or orbits, seen to emanate from the various members of 4, the upper- 
most and lowermost of which it seems plausible to accept as playing the 
roles of True and NotTrue, respectively, while the remaining two paths, 
clearly neither True nor NotTrue, somehow represent the values “more 
True than NotTrue” and “more NotTrue than True”. Or perhaps the 
catuskotian expressions “both true and yet not true” and “neither true 
nor yet not true” better convey the sense of these intermediate truth 
values, though we suspect this is not an illustration of the classical 
paradigm the catuskoti had in mind. 


But in fact, the logic of this topos does realize the way apparent 
contradictions are commonly used in everyday speech. A daiquiri made 
with far too much lime juice, for example, and a little too much sugar, 
may well be called both sweet and not sweet; a coffee prepared with just 
barely not enough sugar for the taste of a particular coffee-drinker may 
be disparaged as neither sweet nor not sweet. If the best student to pass 
through your department in the past ten years has an uncanny knack 
for getting arrested at student political demonstrations, you will be apt 
to wonder whether your department should once again post bail for this 
student who is both really very bright and yet not really very bright. 
Or, of another student, not quite so bright — generally dealing very well 
with the more difficult problems and readings, but sometimes inexplica- 
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bly failing utterly when faced with far simpler ones — and yet having an 
investment acumen that is simply uncanny, you may well think, some- 
what perplexedly, this student is neither really all that bright, nor not 
really all that bright. 


There are, of course, also everyday linguistic settings in which the 
last two catuskoti options (iii) and (iv), far from being mutually exclu- 
sive, coincide completely. This state of affairs corresponds, perhaps, to 
the Trairasika viewpoint (cf. [B], p. 35). A grape-fruit, for example, 
sour, to some extent, like all its kin, but remarkably less so than most, 
you might be equally happy to describe as both sour and not sour, or 
as neither sour nor not sour. Would you like a topos whose truth value 
object epitomizes just this situation, not envisioned in the catuskoti, of 
the last two options (iii) and (iv) coinciding? The Sierpinski topos, as 
it is known, is a case in point. 


The objects of the Sierpinski topos are shortened versions of the con- 
figurations shown above: only two sets, B and C , rather than three, 
and only one function g. The truth value object is the right-hand frag- 
ment of the truth value object shown above, and has only three global 
elements, namely the three one-step paths emanating from the various 
elements of 3, which have reason to be thought of as True, Neither- 
Wholly TrueNorNotWhollyTrue, and NotTrue (taken from top to bottom), 
respectively, though the middle value may equally well be thought of as 
TruelnT heLongRunEvenlfNotTrueAtTheOutset. This middle truth value, 
in other words, is at once Both TrueAndNot True and NeitherTrueNorNot- 
True, and is the only alternative to the extreme values True and Not True. 


3 Afterword 


As a final topic, perhaps not worthy of even this passing mention, let 
us take up one objection on the part of some commentators to the 
tetralemma paradigm, namely, that there should by rights be yet a fifth 
alternative, something like NoneOfTheAbove, to the classical four. The 
Buddha himself, after all, is reported in one instance to have rejected, 
each in its turn, all four alternatives of one particular quadrilemma, 
indicating that the truth lay somehow elsewhere. 


There are indeed topoi, readily described, whose global truth values 
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Figure 4: 


easily realize the ideal of being five in number. For that matter, that 
ideal can be realized in three wholly different ways. In all cases, how- 
ever, the lattice of global truth values must, for purely topos-theoretic 
reasons (that is, by virtue of what has been called generalized abstract 
nonsense), be what is known, to those in the lattice trade, as distributive. 
That requirement rules out the last two lattices depicted in Figure 4 
above. The remaining five-element lattices number three: they too ap- 
pear in Figure 4, as the first three on the left: they are all distributive, 
but none is Boolean. 


And just which of their intermediate members (between True at the 
top and NotTrue at the bottom) should be interpreted as BothTrueAnd- 
NotTrue, as NeitherTrueNorNotTrue, or as NoneOfTheAbove, I leave as 
my parting conundrum to you. 


Bibliography 


[S& RS | Sanskrit and Related Studies (Proceedings of the International 
Conference, September 23-26, 1993), Cracow Indological Studies 
1 (1995). Institute of Oriental Philology, Jagiellonian University, 
Cracow (Poland), 1995. 


[JIPR | Journal of Indian Philosophy and Religion 1 (1996). Society 
for Indian Philosophy and Religion, Calcutta, 1996. 


[B | Balcerowicz, Piotr: Formal Analysis of Catuskoti—A Buddhist An- 
ticipation of Multiple- Valued Logic?, in |S&RS], pp. 27-43. 


[C] Chakrabarti, Chandana: The Dialectic of Negation in the Vedantic 


Tetralemma Conundrums 73 


and the Platonic Traditions, in |JIPR], pp. 135-147. 


[G] Garfield, Jay L.: Emptiness and Positionlessness: Do the 
Madhyamika Relinquish all Views?, in [JIPR], pp. 1-34. 


[J | Johnstone, Peter T.: Topos Theory, London Mathematical Society 
Monograph No. 10, Academic Press, London, New York, San 
Francisco, 1977. 


[K | Kudelska, Marta: Etymology of the Word ‘satyam’ in the Light of 
the Concept of Brahman, in [S&RS], pp. 179-188. 


[L| Linton, F.E.J.: Time, Truth, and Topoi. SIPR conference offering, 
Calcutta, 1997. 


[L&S] Lambek, Joachim, and Phil J. Scott: Introduction to Higher- 
Order Categorical Logic, Cambridge Studies in Advanced Mathe- 
matics 7, Cambridge University Press, Cambridge, London, New 
York, Sydney, 1986. 


[M&M | Mac Lane, Saunders, and Eike Moerdijk: Sheaves in Geometry 
and Logic: A First Introduction to Topos Theory, Universitext 
series, Springer- Verlag, New York, Berlin, Heidelberg, 1992. 


[R | Rasiowa, Helena: An Algebraic Approach to Non-Classical Logics, 
PWN, Warsaw (Poland), and North-Holland, Amsterdam, 1974. 


[Si | Siderits, Mark: Do Persons Supervene on Skandhas?, in |JIPR], 
pp. 55-76. 


[S6 | Sóhnen-Thieme, Renate: On the Concept and Function of satya 
(‘truth’) in Ancient Indian Literature, in [S&RS], pp. 235-244. 


Il 


CLASSICAL AND MEDIEVAL PERIOD 


Brahmagupta's Bhāvanā: Some 
Reflections 


Amartya Kumar Dutta 
Stat-Math Unit; Indian Statistical Institute; 
203, B. T. Road; Kolkata 700108 
amartyaQisical.ac.in 


Abstract 


We shall present Brahmagupta’s treatment of the indetermi- 
nate equation Dz? + 1 = y^ highlighting some ideas of modern 
algebra that are implicit in this ancient work of 628 CE and dis- 
cuss the consequent pedagogic potential of Brahmagupta’s results. 


1 The Bhavana — An Introduction 


Mathematics in India attained one of its highest peaks during the 7th 
century CE with the arrival of the versatile astronomer-mathematician 
Brahmagupta (born 598 CE). His major work Brahma Sphuta Siddhanta 
([B]), comprising over 1000 verses in 24 chapters, was composed in 628 
CE. Two of these chapters (12 and 18), dealing exclusively with math- 
ematics, were translated into English by Colebrooke in 1817 (|C]). 


Brahma Sphuta Siddhanta is probably the first ancient Indian text 
having a separate chapter (18) on algebra. A substantial portion of this 
chapter is devoted to solutions of indeterminate equations of the first and 
second degree. This includes partial solutions of the celebrated Pell’s 
equation. Brahmagupta is the earliest known mathematician to have 
systematically investigated integer solutions of Da? +1 = y^. In the 
process he discovered significant results on the more general eguation 
Dz? + m = y? called varga-prakrti (square-natured) in ancient India. 
In the Preface of his treatise on history of number theory, L.E. Dickson 
made a special mention of this work ([Di], p. xi): 
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It is a remarkable fact that the Hindu Brahmegupta in the 
seventh century gave a tentative method of solving ax? + c = 
y^ in integers, which is a far more difficult problem than its 


solution in rational numbers. 


All the results of Brahmagupta on this topic are clever applications of 
a certain law of composition called *bhavana ”. This principle can be 
formulated, in modern language and notations, as follows: 


Theorem 1 (Brahmagupta's Bhāvanā) 
The solution space of the equation Dr? + m = y? admits the binary 
operations 


(z1, y1, m1) O (72,92, m2) = (z1yo + zoy1, Dzi22 + y1yo, mim»). 


In other words, if (1,91, m1) and (x2,Y2,m2) are solutions of Dx? + 
m — y*, then so are (zx1yo + z2y1, Dzx1z2 + Y1Y2, mim3) and (7192 — 
221, Dziz3 — yiye, m1m2). 


'The consequent identities 
(yi? — Dzi?)(y?? — Daa”) = (Dziz2 + Y1Y2)" — D(ziyo + 2231)? 


are now called Brahmagupta’s identities. The result was rediscovered 
by Euler during the middle of the 18th century. Euler highlighted the 
result in his writings as “theorema eximium" (a theorem of capital im- 
portance), “theorema elegantissimum” (a most elegant theorem), etc.! 


For brevity, we shall adopt a notation suggested by Weil ([W2], p 21). 
For a given positive integer D, (p,q; m) will denote a triple of numbers 
satisfying Dp* + m = q^. Thus Theorem 1 states: 


(p, g; m) O (r, s; n) = (ps + qr, Dpr + gs; mn). 


Ancient Indian algebraists had realised the importance of the two laws 


and used the special technical term bhavana (composition) — the for- 


mula obtained by taking the positive sign was called the samāsabhāvanā? 


t (TW2], p 284-285; [Se], p 168). 

*From the Vedic era, addition has been called samāsa (“putting together") and 
the sum obtained samasta (“whole”, “total”, etc) — see [D3], p 226. Note that the 
prefix sam (together) is used like the Latin con expressing “conjunction”, “union”, 
etc. 
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or yoga-bhavana (additive composition) and the one obtained by tak- 
ing the negative sign was called the visesa-bhavana or antara-bhavana 
(subtractive composition). In the special case of equal roots and inter- 
polators, the rule was called tulya-bhāvanā (composition of equals); the 
general case was called atulya-bhāvanā (composition of unequals).? 


The sheer beauty apart, Theorem 1 has a technical power, a glimpse 
of which can be felt from the way it can be used to solve a difficult 
indeterminate equation like 92x* + 1 = y? in a few steps. This example 
is mentioned in ([C], p 364) immediately after the verses describing 
Theorem 1. 


Example 1 (Brahmagupta) Solve the equation 92x* + 1 = y^, in 
integers. 


Solution. One readily observes that 92 x 1? + 8 = 107. Composing 
the triple (1, 10; 8) with itself (by samāsa-bhāvanā), and dividing the 
resulting triple (20, 192; 8?) by 8*, one obtains the triple (2,24; 1) which, 
when composed with itself, gives the integer triple (120, 1151; 1). Thus 
(120, 1151) is a solution of 922? +1 = y?. m 


It is interesting to note that after stating this problem, Brahmagupta 
had used the phrase kurvannāvatsarād ganakah — "One who can solve 
it within a year (is truly a) mathematician." 


The Pedagogic Issue 


What strikes à modern algebraist reviewing Brahmagupta's inge- 
nious treatment of the equation Dz? + m = y? is an incredible sophisti- 
cation in the very attitude towards an algebraic problem. Fundamental 
concepts and principles of modern algebra are implicit in the bhavana 
and its applications. But though the ideas are modern, the presentation 
does not involve the elaborate language of modern abstract algebra. This 
aspect of Brahmagupta’s work makes it particularly relevant for the al- 
gebra training of “would-be creative mathematicians”* among students 
(at higher-secondary or first-year college level) who have already demon- 
strated their skill in high-school algebra. 


See ([Sh] p 5—8; [C] p 170-172; [DS] p 146-148). 
*Modification of a phrase from Weil ([1], p 228). 
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It is generally agreed that for a fuller realisation of one's creative 
potential, *One should learn from the (works of the) Masters”. But 
does a higher-secondary student have an immediate, realistic and rapid 
access to any of the Masters embodying, even partially, the spirit of mod- 
ern algebra? We suggest that Brahmagupta's results and applications 
can be utilised to promote the mathematical maturity and creativity 
of a bright student who has completed high-school algebra and is on 
the verge of making the sharp (and rather abrupt) transition from the 
“classical algebra" of school mathematics to the “modern algebra" or 
“abstract algebra" of college mathematics. 


Arrangement 


Some readers would be well-informed about ancient Indian results 
on indeterminate equations, some might not be. Again, while the pro- 
fessional algebraist knows the subtleties involved in the bhàvana, the 
richness and depth of the result might not be apparent to all histori- 
ans. Keeping in mind the possible diverse background of the readers, 
the paper has been arranged as follows. 


In Section 2 we highlight certain features of modern algebra implicit 
in the bhavana and its applications. Section 3 proposes the central theme 
of the paper — the pedagogic potential of aspects mentioned in Section 
2 in the context of “abstract algebra". 


The applications of Theorem 1 are revisited in Sections 4 and 5 
chiefly from the pedagogic perspective: Section 4 describes the immedi- 
ate applications of the bhaàvana, mostly by Brahmagupta himself, while 
Section 5 traces its influence on the cakravala. Section 6 touches an- 
other thought-provoking topic for the students: the possible genesis of 
the bhavana. | 


Section 7 discusses the possible motivation for investigation of the 
equation Dz?-- 1 = y*. Section 8 contains a few miscellaneous historical 
remarks on the bhāvanā. 


To convey to the readers some flavour of the original “composi- 
tion" (pun intended!), Appendix presents the transliteration of Brah- 
magupta's verses describing Theorem 1. For readers uncomfortable with 
Sanskrit, these verses are followed by a translation. As Brahmagupta's 
language is somewhat cryptic, a more lucid version of Theorem 1, due 
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to Bhāskara II, has also been included in Appendix. 


2 Bhavana and Modern Algebra 


André Weil asserted ([W1], p 231-232): 


An understanding in depth of the mathematics of any given 
period is hardly ever to be achieved without knowledge ex- 
tending far beyond its ostensible subject-matter. More often 
than not, what makes tt interesting ts precisely the early oc- 
currence of concepts and methods destined to emerge only 
later into the conscious mind of mathematicians; the histo- 
rian’s task is to disengage them and trace their influence or 
lack of influence on subsequent developments. 


The entire section of Brahma Sphuta Siddhanta on the Varga-Prakrti 
demonstrates a phenomenal wizardry in classical algebraic manipula- 
tion at an early stage in the history of symbolic algebra. But more 
exciting is the implicit occurrence of some of the simple but powerful 
ideas which characterise modern algebra. We mention below three re- 
lated concepts that are embedded in the bhāvanā: binary composition, 
the multiplicativity of the norm function, the composition and prop- 
erty of a binary quadratic form. If we leave aside the set-theoretic 
language, the principle of binary composition is quite explicit — in 
fact, in ancient Indian mathematics, bhavana means “composition”! We 
shall also analyse Brahmagupta’s methods and highlight in his approach 
the dynamic anticipation of a certain mathematics culture that even- 
tually evolved much later, albeit on a more broad and firm founda- 
tion. 
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Binary Composition 


Theorem 1 defines an intricate binary operation (samāsa-bhāvanā) 


(£1, Y1; m1) © (£2, yo, m2) = (L1y2 + z2y1, Dz122 + Y1Y2, MM2) 


on S = ((z,y,m) € Zx Zx Z| Dz? + m = y^) where Z denotes 
the set of integers. This sophisticated idea of constructing a binary 
composition on an abstractly defined unknown set is the quintessence 
of modern “abstract algebra”. The idea occurs in Brahmagupta’s work 
in a fluid amorphous form — it had not been crystallised in a precise 
set-theoretic framework. 


Brahmagupta did not present the collection S as a single entity. But 
he had envisaged the key ingredient of à modern abstract structure: 
binary composition. If we exclude the four elementary arithmetic op- 
erations on usual numbers, the bhāvanā is perhaps the first conscious 
construction of a binary composition. Further, the binary operation 
is quite a complicated one: it involves two integral triples of unknown 
roots. Recall that even basic symbolic computations with unknown roots 
— treating them as if they were known quantities — is a fairly modern 
approach that emerged during the investigations on the general polyno- 
mial in one unknown. | 


Norm Function 


The bhavana laws © have an elegant interpretation in terms of the 
norm function — a very important concept in modern mathematics. Let 
A = Z[VD] (= (b +aVDļa,b € Z}). The norm function on A is the 
map V: A + Z defined by 


N(y + zv D) = (y+xVD)(y ^ zvD) = 4? — z?D. 


Brahmagupta's identity can be reformulated as the statement: 


The norm function N is multiplicative, i.e., 


N(aB) = N(a)N(B) Vo, € A. 


Consider the bijective maps f,g : Z x Z + A defined by f(x,y) = 
y + zv D and g(x,y) = y — zVD. Then the set S = ((z,y,m) € 
Z x Z xZ | Dz?- m = y?) is simply the graph of each of the functions 
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N o f and Nog. Let p: Zx Z x Z + Z x Z denote the map defined 
by p(z,y,z) = (x,y). Then pls is a bijection from S to Z x Z and 
hence ¢ = fopļs and  — go pls are bijections from S to A. The 
multiplicative structure bhavana on S is essentially the multiplication in 
the ring A: the samāsa-bhāvanā on S is obtained by transferring the ring 
multiplication on A via ¢ and the antara-bhāvanā is obtained through 
the conjugate v. 


It is possible that Brahmagupta discovered the identity through an 
algebraic manipulation which was, in essence, the verification of the 
structure preserving property of the norm function — the natural mul- 
tiplication in A providing the precise formula (see the last paragraph of 
Section 6). 


Binary Quadratic Form 


y? — Dz? is a binary quadratic form with discriminant D. In the 
language of quadratic forms, Brahmagupta's identity says that two such 
forms (say y? — Daz?,v? — Du?) can be composed to yield another such 
form with discriminant D in a new pair of variables (rv t yu, yv + Dzu). 
Again recall that the term bhavana means "composition"! The theory 
of composition of quadratic forms, an important and rich topic initiated 
by Gauss and Dirichlet, is still an active area of research. 


Here one may also recall that Fermat's researches in number theory 
led him to a deep study of the binary quadratic form y^ — 2g? which 
must have resulted in his realisation of the far-reaching importance of the 
equation y? — Dz? = 1. As is well-known, Fermat not only investigated 
Pell's equation but also inspired others to take interest in the problem. 


Before mentioning another aspect of Theorem 1 in the context of 
quadratic forms, we recall a few definitions. Two quadratic forms f(z, y) 
and g(x,y) over an integral domain K are defined to be equivalent if 
there exists a homogeneous linear change of variables which takes the 
form f to the form g; more precisely, if there exists an invertible matrix 
A with entries in K such that g(x) — f(Ax) where x denotes the vector 
(x,y)!. Thus f and g are equivalent if if there exist a,b, c, d in K such 
that g(x, y)=f (ax + by, cx + dy) and ad — bc is a unit in K. 


An element c in K is said to be represented by a binary form f(z, y) 
if the value c is attained by f, ie., if there exist a,b € K such that 
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c = f(a,b). A quadratic form f is said to be strongly multiplicative if f 
is equivalent to cf for every unit c represented by f. 


Theorem 1 can be viewed as the result: 


The binary form y^ — Dz? is strongly multiplicative (over 
rationals). 


For, if f denotes the form y^ — Dz?, c a non-zero number represented 
by f, say c = b? — Da?, and g = cf, then g(x,y) = (b? — Da?)(4? — 
Dz?^) Now Brahmagupta's identity prescribes the substitution that 
has to be made to obtain g(x,y) = f(u,v): namely, the homogeneous 
linear transformation given by u = br + ay,v = Dax + by which is 
invertible (since the determinant of Brahmagupta's transformation is 
c #0). This version of Theorem 1 was generalised in 1965 by A. Pfister 
using, what are now called, “Pfister forms". Pfister’s discovery opened 
up new directions in the theory of quadratic forms. 


In his recent research monograph ([0]) in this area, Manuel Ojan- 
guren begins Chapter 5 by quoting Brahmagupta's original Sanskrit 
verses describing Theorem 1; the chapter itself is titled Also sprach 
Brahmagupta?. The first result in the chapter (Lemma 5.1) states: 


If K is a field of characteristic different from 2, and c is a 
non-zero element of K represented by the quadratic space 
< 1,a >, then < 1,a > is isometric to < c >< 1, a >. 


Readers familiar with the relevant terminology can see that Lemma 5.1 
is a version of the fact that y^ — Dz? is strongly multiplicative. M. 
Ojanguren referred to Lemma 5.1 as “Brahmagupta’s lemma" ([O], p 
55).9 Theorem 5.2 in ([O], p 55) states the generalisation of Lemma 5.1 
by Pfister: Pfister forms are multiplicative. 


In English: “Thus Spake Brahmagupta”! 

?Just before the statement of Lemma 5.1, Ojanguren writes ([O], p 54): “In [5, 
Ch.18] Brahmagupta proves, in the slightly different formulation quoted above, the 
following lemma.". With a quiet humour characteristic of Ojanguren, Item 5 is 
listed in “References” as: 5. Brahmagupta: Brahmasphutasiddhanta, Bhīnmāla, 
628 (preprint). 
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Quest for General Algebraic Principles 


One profound message of modern algebraic research is that an iso- 
lated problem can often be handled more effectively by viewing it as 
part of a larger set-up. A deep understanding of the general picture 
not only generates additional techniques for the special situation, it 
also leads to new creations and discoveries whose overall impact could 
be of much greater value than à mere solution to the original prob- 
lem. This realisation has heralded a new attitude in algebra: the search 
for general principles. Lagrange (1770 CE) pioneered the trend. The 
culture of generalisation has been diligently pursued in 20th century 
algebra. 


Now let us consider certain aspects of Brahmagupta's ancient work 
in this light. The example D = 92, mentioned in Section 1, serves as an 
illustrative model. 


(i) While trying to solve a specific hard problem Dz? + 1 = y^ (in two 
variables), Brahmagupta undertook a bold and farsighted exploration of 
the general picture: the solution space of Dz? + m = y? (in three vari- 
ables). In the process he discovered and extracted an important general 
and abstract principle (Theorem 1), and made a clear enunciation of 
this principle for posterity. It is amazing that in an attempt to solve an 
indeterminate equation in two variables, a seventh-century mathemati- 
cian thought of constructing, what amounts to, an intricate abstract 
structure on the solution space of an equation in three variables. This 
is an original attitude in mathematics the like of which was not to be 
seen for the next 1000 years. 


(ii) The power of the general principle can be seen from the deceptive 
ease with which it immediately provides the solution of a difficult equa- 
tion like 92z? + 1 = y? (Recall Example 1). 


(iii) Apart from providing partial solutions to the original problem (see 
Section 4), the samāsa-bhāvanā principle contained the key to the the 
subsequent complete solution (see Section 5). 


(iv) In retrospect, one realises that the samāsa-bhāvanā had also opened 
up new possibilities discussed in Section 2. However, it was far too 
ahead of the times to have immediate fruition beyond the solution of 
Pell’s equation. Its true potential began to be harnessed only after its 
rediscovery in the 18th century. This general principle turned out to be 


86 Amartya Kumar Dutta 


“a theorem of capital importance” and even a starting point of an area 
in algebra. 


A Caveat 


Sometimes the brilliance of an algebraic research lies in its opening 
up of new and unexpected horizons with immense possibilities through 
surprisingly simple innovations. lronically, the very simplicity of the 
work tends to hinder or distract later generations from a deep percep- 
tion of its true worth. A casual observer could very well fail to fully 
appreciate the richness and magnificence of the ideas encapsuled in the 
construction of a mere 2-step solution of 927? + 1 = y?. Further, once 
the mathematical community gets accustomed to an original idea like 
the bhāvanā, it becomes all the more difficult to fathom the greatness 
of the discovery. Historians need to be aware of this intrinsic risk of 
missing the real depth and significance of Brahmagupta's work on the 
Varga- Prakrt. 


3 Pedagogic Potential of Bhavana 


We first clarify the aspect of mathematics education which we shall 
be addressing. Our target is the (potentially) research-oriented higher- 
secondary or first-year college student who is about to learn modern 
algebra. We focus on two related aspects: (1) promotion of a culture of 
creativity in the introduction to abstract structures and (2) promotion 
of "the art of discovery". 


Training in Abstract Algebra 


During his first encounter with “abstract algebra”, the student of 
mathematics is suddenly confronted with a formidable edifice of ax- 
iomatic structures. He learns systematically, but more or less passively, 
a large number of definitions and basic properties. For the student, 
this “algebra” has not much apparent connection with the manipulative 
high-school algebra that he hitherto enjoyed. In fact, with passage of 
time, he even tends to lose his classical manoeuvring skill as his train- 
ing usually focusses, almost exclusively, on understanding of abstract 
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structures. During this transitional period, the student has hardly any 
chance to mentally particīpate in the process of discovery of the basics 
of modern algebra — he has to patiently learn a radically new approach 
to mathematics suspending his creative impulse. The situation is all the 
more grave for the large number of students who do not have scope for 
interaction with creative algebraists. 


The current group-ring-field approach of abstract algebra is undoubt- 
edly neat, elegant and has enormously simplified mathematics. But sim- 
plicity tends to hide mathematical subtleties. Abrupt introduction to 
abstract structures, completely divorced from their original contexts, 
could stifle the natural growth of thought-process and promote a sort of 
mechanical pursuit of forms missing the substance. The achievement of 
extreme elegance and simplicity, therefore, has a potential risk for new- 
generation learners. They tend to approach algebra with a mechanised 
mindset for too long.’ 


Is it possible to present before a high-school student a non-trivial but 
accessible algebraic work of a mathematical genius which can creatively 
orient him to the principles of modern algebra through the language of 
high-school algebra? 


We affirm that, before the student gets lost in the elaborate maze 
of groups, rings, fields, vector spaces, etc, Brahmagupta's results can 
be used to informally introduce him to the essence of abstract algebraic 
ideas. An imaginative and effective use of Theorem 1 and Example 1 
can convey to the fresh student the power of "binary composition" much 
more deeply and rapidly than any of the standard pedagogic approaches. 
It could be inspiring for him to realise that the simplicity of the solution 
to Example 1 has its secret in the monoid structure of (S,(9) of Sec- 
tion 2 which in turn has its root in the natural ring structure of the set 
A in Section 2. He could be excited by the observation that, through 
samāsa-bhāvanā, the set ((z,y,m) € Q x Q x Q|Dz? +m = y^) forms a 
group or the later realisation that {(z,y) € N x N|Dz* +1 = y^) forms 


T As the inevitable perils are gradually emerging, there is now an increasing trend to 
supplement the organised and rapid presentation of abstract algebra in its generality 
with some discussion on the genesis of the subject. It is a welcome sign that attempts 
are being made in recent texts to impart some familiarity with the original approach 
of Galois supplementing the standard 20th century presentation. But considerable 
preparation is needed before one can get introduced to fragments of the thought- 
process of a Lagrange or a Galois. 
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a cyclic monoid. What is more, the unexpected invocation of abstract 
algebraic technigue for a concrete problem by an ancient mathematician 
could infuse in him a dynamic and creative vigour in his formal study of 
abstract algebra. Thus, through this deep but easily accessible work of 
a Master, the perceptive student can get an early exposure to modern 
sophistication, see a natural application of abstract algebraic principles, 
develop a flair for exploring worthwhile generalisation, and truly imbibe 
the spirit of the abstract algebra culture without getting swept away by 
its formalism. 


The Art of Discovery 


In his plenary lecture at the ICM (1978), André Weil quoted the 
following statement of Leibniz on history of mathematics: 


Its use ts not just that History may give everyone his due 
and that others may look forward to similar praise, but also 
that the art of discovery be promoted and its methods known 
through illustrious examples. 


Weil added ([W1], p 229): 


Deviating only slightly from Leibniz, we may say that its first 
use for us is to put or to keep before our eyes "illustrious 
eramples” of first-rate mathematical work. 


For our target students, the developments on Diophantine equations 
in ancient India — the kuttaka of Aryabhata and his successors, the 
bhāvanā of Brahmagupta and the cakravala of Jayadeva-Bhaskara — 
could be utilised to promote the “art of discovery". Especially, Brah- 
magupta’s bhāvanā would serve not only as an “illustrious example of 
first-rate mathematical work” but also as an early example of modern 
methods and techniques and of the harmonious blending of the classical 
and modern algebra styles. It would help students realise how the seeds 
of various abstract structures lie in earlier classical algebra. 


Brahmagupta’s bhāvanā is the first known instance of an involved 
abstract algebraic thinking. Its pedagogic value stems from the fact 


ŠBoth the original and the above translated version occur in ([W1], p 227). 
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that it is a self-contained gem. When the same ideas resurfaced in 
Europe after more than a thousand years, they came as part of big 
theories developed by a large number of mathematical giants. The raw 
student needs a long time to assimilate even the subsequent simplified 
versions of these theories. By contrast, the applications and influence of 
bhāvanā (discussed in next two sections), especially the cakravāla, are 
ready-made materials for promoting the art of discovery. The student 
need not have prior preparation and the volume of work he has to dwell 
on is well within à manageable limit. 


Note that the solution of Pell's equation is taught quite neatly in 
several texts on classical algebra and elementary number theory. But 
those presentations offer a finished product to the students. Continued 
fraction is defined, its properties are systematically established and, in 
due course, the solution of Pell's equation is described. The approach 
has its usefulness but does not serve the purpose alluded to by Leibniz 
and Weil. 


To look at the pedagogic aspect from another angle, a research scholar 
gets trained from two sources: text books, research papers. They serve 
complementary purposes. By and large, school and college students have 
access only to the former. Can one give them some material which fulfils 
one aspect of the role played by research papers at a later stage? 


We affirm that robust expositions on the kuttaka, bhavana, cakravala, 
etc, in the style of modern expository research papers, can play that 
role. A preliminary attempt was made in that direction by the present 
author in ([Dul], [Du2]) for a journal on science education.” Each of 
these articles contained an introductory part meant to excite or inspire 
the student on the topic; but the major part of the articles tried to give 
some flavour of research culture. 


Besides, to use a phrase of Weil ([W1], p 231) made in a slightly 
different context, the students could also gain by the encouragement to 


recognize mathematical ideas in obscure or tnchoate form, 
and to trace them under the many disguises which they are 
apt to assume before coming out tn full daylight. 


?The pedagogic usefulness of bhāvanā was also perceived by M. Ojanguren. After 
receiving a draft of ([Du2]), Ojanguren mentioned in an e-mail to the author that he 
thought of using the results in an elementary course for school teachers. 


90 Amartya Kumar Dutta 


4 Immediate Applications of Bhavana 
by Brahmagupta 


Brahmagupta's presentation of the results on Varga-Prakrtt resembles a 
typical modern arrangement where one first develops the fundamental 
theory or principle that emerges out of the investigations into a problem, 
and then records the solution to the original problem(s) as one applica- 
tion of the basic theory. Thus, after announcing Atha Varga Prakrtih, 
Brahmagupta immediately states Theorem 1 — the cornerstone of the 
section on Varga-Prakrti — in Verses 64-65 of ([1], Ch. 18). This is 
followed by a few general results on the varga-prakrti which are useful 
offshoots of Theorem 1: construction of infinitely many rational solu- 
tions of Dz? + 1 = y? (Verse 65), generation of infinitely many integer 
solutions of Dz? + m = y? from a given one (Verse 66), derivation of 
solutions of Dz? +1 = y? from solutions of Dz? +4 = y? (Verses 67-68), 
etc. The results are then illustrated by several concrete numerical ex- 
amples. The example D — 92 (Example 1) is mentioned in Verses 71-72. 


Application 1: Rational Solutions of Dz? +1 = y*. 


The verses 64-65 in ([1], Ch. 18) contain, apart from Theorem 1, 
the following two corollaries (see Appendix). 


Corollary 1 (Brahmagupta) 
If Dp? + m = q^, then D(2pq)? + m? = (Dp? + g*)*. 


Corollary 2 (Brahmagupta) 

If (p,q) is a root of Dz?-c = y?, then (22, Dp^*q^) is a root of Dz?--1 = 
2 

y*. 


In fact, immediately after stating their respective verses describing 
Theorem 1, Brahmagupta, Jayadeva ([Sh], p 8) and Bhāskara II ([Ba], 
p 23) describe non-trivial rational solutions of Dx? + 1 = y?. 


This is actually an easy application — the full strength of Theorem 
1 is not really needed. One can always choose a positive integer p (for 
instance, p = 1) and a positive integer g such that g* > Dp* and put 
m = g* — Dy? to get Dp? + m = q? and then apply Corollary 2. The 
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latter needs Corollary 1 which could be discovered directly. In fact, 
finding a non-trivial rational solution of the Pell's equation could itself 
be set as a reasonable challenge to the student inciting him to directly 
discover Corollaries 1 and 2. 


Brahmagupta simply made a terse statement amounting to Corollary 
2 (see Appendix) but did not bother to give the trivial explanation as 
to how to obtain some integer-triple (p, q; m). As in modern times, one 
cannot always expect the Masters, who have to offer volumes of original 
materials, to spell out all obvious details. (See Remark 4 in Appendix.) 


But as the history of algebra from the 1870s will testify, clarity of 
exposition can do wonders for the rapid progress of a subject. In an- 
cient Indian algebra, the terseness of Brahmagupta was balanced by 
the clearer accounts of later expositors. For instance, Sripati (1039) 
described the method for obtaining rational solutions as follows: 


“Unity is the lesser root. Its two squares [set at two places] are [each] 
multiplied by the prakrti [and the product is] decreased [by the prakrti 
and] increased by a [suitable] interpolator whose square-root will be the 
greater root. From these two, two roots are obtained by bhavana. There 
will be an infinite [set of two roots]." 1° 


In other words, applying Brahmagupta's bhavana on two copies of 
the identity 
D.1* -- (gd? — D) 2 q^, 


one gets a rational solution 


2q q^ +D 


Tt = = = > 


of Dz? +1 = y?. Infinitely many roots can be obtained by varying q 
(also by repeated use of bhāvanā). 


The above solution was also described by Bhāskara II (1150), 
Nārāyaņa (1350) and later writers like Jūānarāja (1503), Krsna (1600) 
and Kamalākara (1658). To quote Bhāskara II: 


"Divide twice an optional number by the difference between the 
square of that optional number and the prakrti. This [quotient] will 


1? Verse 33 of Chapter 14 (on algebra) of the astronomy treatise Siddhantasekhara; 
quoted (in translation) in ([Si], p 40; [DS], p 153, 150). 
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be the lesser root [of a varga prakrti| when unity is the additive. From 
that [follows] the greater root." !! 


Now the application of bhāvanā on the identity D.1*+g* — D = q? to 
obtain rational solutions might appear to be a relatively minor feat in the 
history of Indian algebra. But the clear formulation of this identity, the 
display of the action of bhāvanā on it, and explicit mention of division 
by q^ — D might have facilitated the invention of the cakravāla (see 
next section). We can also expect that, during actual computation, 
there would be a tendency to choose g so as to avoid division by large 
numbers. This leads to a g for which |q* — D| is the minimum — another 
component of the complex cakravāla. In this connection, one is reminded 
of Weil's caveat ([W1], p 235): 


It is also necessary not to yield to the temptation (a nat- 
ural one to the mathematician) of concentrating upon the 
greatest among past mathematicians and neglecting work of 
only subsidiary value. ... historically tt can be fatal, since 
genius seldom thrives in the absence of a suitable environ- 
ment, and some familiarity with the latter is an essential 
prerequisite for a proper understanding and appreciation of 
the former. Even the textbooks in use at every stage of math- 
ematical development should be carefully examined $n order 
to find out, whenever possible, what was and what was not 
common knowledge at a given time. 


However not enough of historical materials have been found to ascertain 
the actual sequences in emergence and flow of ideas. (See Section 8.) 


Application 2: Generation of Infinitely Many Roots 
Verse 66 in ([B], Ch 18) can be stated as: 


Theorem 2 (Brahmagupta) If the equation Dz? + m = y? has one 
positive integral solution, it has infinitely many. 


The general equation Dz? + m = y? need not have any integral 
solution (students could be encouraged to find simple examples like 


ll Verse 73 of Bijaganita ([Ba], p 23); quoted (in translation) in ([DS], p 154). 
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D = 3,m = 2). However, when it does have an integral solution, Brah- 
magupta's verse 66 prescribes the samāsabhāvanā to use that solution 
and a non-trivial integral solution of Dz? +1 = y? to generate infinitely 
many integral solutions of Dx*+m = y^. In particular, from one positive 
integral solution of Dz? + 1 = y?, one gets infinitely many. The verses 
65—66 tacitly describe infinitely many rational solutions of Dz? +1 = y?. 
This consequence is mentioned explicitly in Sripati (quoted earlier) and 
Bhaskara II. 


It would be interesting for students to observe that the method for 
generating arbitrarily large solutions of Dz? + 1 = y? was useful for 
determination of rational approximation to VD. If Da? + 1 = b?, then 


a(b+avD) a(b+avD) 


b b? — Da? 1 
D- U 

a . 

b 
^a 
mation for VD. This application was explicitly stated by the algebraist 
Narayana around 1350 ([D2], p 187-188). By that time, the cakravala 
method for determination of one (in fact, the minimum) positive integral 
solution had already been invented —- Narayana himself was an expos- 
itor of both the bhavana and the cakravala. Narayana illustrated the 
method for successive approximations of surds by two numerical exam- 


Thus, for a sufficiently large solution (a,b) will be a good approxi- 


ples: V10 and Vi . For v10, he mentioned the rational approximations 


19 721 27379 E 
so 554 and geg.» For D = 10, since 9 is the nearest square, one has the 


initial triple (1,3; —1). Now, 


(1,3; —1) © (1,3; — 1) = (6,19; 1), 
(6, 19; 1) © (6, 19; 1) = (721, 228; 1), 
(6, 19; 1) O (721, 228; 1) = (27379,8658; 1) 
and hence the three successive fractions of Narayana. The case of Vi is 


similar. This method of getting successively closer approximations was 
restated by Euler in 1732 ([D2], p 188). 


Application 3: Integer Solution of Dz? +1 = y? (Partial) 


Verses 67-68 in ([B], Ch 18) give the following consequences of the 
samasabhavana. 
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Theorem 3 (Brahmagupta) 


(i) If Dp? +4 = g”, then (Sp(q? — 1), $q(q? — 3)) is a solution of 
Dr? +1 = Yy”. 


(ii) If Dp! —4 = g?, andr = 3(q?-+3)(q?-+1), then (par, (q? -2)(r —1)) 
is a solution of Dx? +1 = y*. 


Since (+1)? = 1 and (+2) = 4, it follows that from any positive 
integer solution of Dz? + m = y?^, where m € {—1,+2, +4$, one can 
derive a positive integer solution of Dz? + 1 = y? by repeated use of 
the samasabhavana. This consequence was explicitly recorded by Šrīpati 
([Si], p 40 ;[DS], p 157). Brahmagupta applied it to numerical examples. 
We quote two of them ([B], Ch 18, Verses 71—72, 75). 


Example 2 (Brahmagupta) Solve, in integers, 13x? + 1 = y. 


Solution. 13x1%—4 = 3%. Now Theorem 3 yields the solution (180, 649). 
B 


Brahmagupta mentioned the equations 13z? + 300 = y? and 132? — 
27 — y?. By inspection, one has solutions (10,40) and (6,21) respec- 
tively. Composing with (180,649) one gets larger solutions for the two 
equations. 


Example 3 (Brahmagupta) Solve, in integers, 83x? + 1 = y*. 


Solution. 83 x 1? — 2 = 92. (1,9; —2) © (1,9; —2) = (18,164; 4). As the 
quantities are all even, dividing by 2^, one gets the triple (9,82; 1), i.e., 
the solution (9, 82). = 


Brahmagupta stated the formulae for D = +4 in a generality re- 
quired for the harder case: p odd. Students could be encouraged to 
deduce Theorem 3 from Theorem 1 and to find simpler formulae when 
p is even as also the formulae for D = —1 and D = +2. They should be 
able to discover results like (p,q; —1) = (2pq,2q* + 1;1), (p,q; +2) > 
(pq, q^ + 1;1); and, for p even, (p,g;4) = (p/2,g/2;1), (p,g;—4) = 
(pq/2, q* /2 +1;1). Brahmagupta used these simple formulae in his ex- 
amples though he did not state them explicitly. 
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Theorem 3 already enabled Brahmagupta to solve various difficult 
cases like D = 83 or D = 92. In the next section, we shall see, with the 
example of the famous case D = 61, how it accelerated the subseguent 
cakravāla algorithm. 


5 Role of Bhāvanā in Cakravāla 


Brahmagupta attained partial success in his attempt to solve Da? +1 = 
y^. His results can directly be applied only to those specific values of D 
for which one gets some integer triple (p, g; m), where m € (+1,+2, +4), 
through inspection or clever manipulations. Even when such a triple 
becomes available for a special D, the methods lead to some positive 
integral solution of Dz?--1 = y? — but not necessarily the minimum and 
hence although the samāsabhāvanā would fetch infinitely many integral 
solutions, it might not fetch all integral solutions. For instance, for 
D = 3, an application of Brahmagupta's formula (for m = 4) on the 
simple identity 3 x 2? + 4 = 4? yields the triple (15,26; 1); but the 
minimum triple (for D — 3) is (1,2; 1). 


But Brahmagupta's partial solution, apart from being a remarkable 
landmark by itself, was also a significant step towards the celebrated 
cakravàla algorithm — a perfect method (free from trial-and-error) for 
obtaining, for any D, all positive integral solutions of Dr? +1 = y*. 
Actually the set of positive integral solutions of Dx? + 1 = y^ forms 
a cyclic monoid under the operation samāsabhāvanā and the cakravala 
method fetches the minimum solution, i.e., the generator of the above 
monoid. Thus, after the application of cakravala, the samasabhavana 
generates all integral solutions from the minimum one. 


Historians have paid glowing tributes to the cakravala. H. Hankel 


exclaimed!?: 


It is beyond all praise; it is certainly the finest thing achieved 
in the theory of numbers before Lagrange. 


More recently, Selenius!? opined ([Se], p 180): 


127ur Geschichte der Mathematik in Alterthum und Mittelalter (Leipzig, 1874), p 
202; quoted in ([Bg], p 28; [Se], p 170). 
ác. O. Selenius gave a formal justification of the cakravāla in terms of his gener- 
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The old Indian cakravala method for solving the mathemati- 
cally fundamental indeterminate varga-prakrti equation [Dz* 
+1 = y^] was a very natural, effective and labour-saving 
method with deep-seated mathematical properties. ... More 
than ever are the words of Hankel valid, that the cakravala 
method was the absolute climax (“ohne Zweifel der Glanz- 
punkt") of old Indian science, and so of all Oriental math- 
ematics.... no European performances in the whole field of 
algebra at a time much later than Bhaskara’s, nay nearly up 
to our times, equalled the marvellous complexity and inge- 
nuity of cakravala. 
The earliest known author on the cakravāla is Acarya Jayadeva.!* 
His verses on cakravāla have been quoted in ([Sh]). Bhāskara II ! (1150) 
too described the algorithm in ([Ba], Verse 75).!* 


The underlying idea of this brilliant algorithm can be put as follows: 
From a triple (Pn, qn; mn) such that |m,| is “small”, one has to construct 
a triple (pn41,9n413 mn41) with |mn+1| “small” eventually arriving at 
(p, q; 1). 

As we remarked in the preceding section, triples of the type (1, y; y? — 
D) seem to have been “in the air” among Indian algebraists who ex- 
pounded on Brahmagupta's work. The authors of cakravāla begin with 
an initial triple (po, qo; mo) of this type: po — 1, qo à number for which 
lgo2 — D| is minimum, and my = qo? — D. 


Now having arrived at an integer triple (px, Qn; mn), it would be nat- 
ural to compose it with the (variable) triple (1, y; y? — D) and explore the 
outcome. The samasabhavana yields an integer triple (pny + dn, DPn + 


alised continued fraction expansion. He gave a talk on it in a Short Communications 
session of the “Algebra and Theory of Numbers" section of the 1962 ICM at Stock- 
holm. 

14 Jayadeva's verses on the complete solution of the indeterminate equation Da? + 
1 = y? have been quoted in the text Sundarī of Udayadivākara composed in 1073 
CE. This text itself was discovered only in 1954 by K.S. Shukla. Nothing is known 
so far about Jayadeva except for the obvious fact that he lived before 1073 CE. The 
algebraist Jayadeva is not to be confused with the Vaisnava poet of the 12th century 
who composed Gita-Govinda. 

15 Also known as Bhāskarācārya. 

16Bhāskara's version has been quoted in the paper “Algorithms in Indian Mathe- 
matics” by M.S. Sriram in this volume. - 
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dnY; ma (y? — D)). Dividing by mpn’ (another natural idea given the ear- 
lier emphasis on methods for obtaining rational solutions) one obtains 
a rational triple (Pn+1, qn41; Mn+1) = (Pautgn  Dpn tony VD), Now 
the above triple would be an integer triple if y can be so chosen such 
that pn+1 (and hence gn+1,Mn+1) becomes an integer. This amounts 
to finding integer solutions of the equation m,z — pny = qn. The lin- 
ear indeterminate equation had been extensively discussed by Indian 
algebraists from the time of Aryabhata (499 CE) and they knew the 
complete solution to the problem. Now among the infinite solutions, 
one would obviously choose the solution for which |y? — D| would be 
minimum so that |mj444| is minimised (as desired). And that is pre- 
cisely the prescription of the cakravala! André Weil's remark can hardly 
be bettered ([W2], p 22): 


As is the case with many brilliant discoveries, this one [cakra- 
vàla] can be seen in retrospect as deriving quite naturally 
from the earlier work [samasabhavana]. 


Weil had written in a different context ([W1], p 231): 


...in large part the art of discovery consists in getting a firm 
grasp on the vague ideas which are “in the air”, some of them 
flying all around us, some (to quote Plato) floating around 
in our own minds. 


It would be instructive for the students to see that Brahmagupta’s novel 
ideas contained the key to the discovery of the cakravāla and that the 
astonishing algorithm was possibly the result of a marvellous interplay 
between the two great preceding works — the kuttaka and the bhavana 
— perhaps catalysed by the clarity brought about by expositions on 
lesser results like rational solutions of varga-prakrts. 


Selenius expressed doubt ([Se], 176-177) whether the original in- 
ventors of cakravāla actually thought in terms of the bhavana. In the 
absence of historical details, one can never be sure regarding the chain 
of thoughts involved in the discovery. But this reconstruction is, in 
any case, useful for our pedagogic purpose. It is historically plausible 
given that the verses on cakravāla, in both Jayadeva and Bhaskara, are 
preceded by verses on the bhavana; and that the bhāvanā was highly 
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regarded by Indian algebraists including Jayadeva and Bhāskara — 
Jayadeva remarking that the bhavana pervades numerous algorithms. 
The alternative interpretation of Selenius, in the framework of contin- 
ued fractions, too has its pedagogic merits in promoting the culture of 
creativity. 


In retrospect, the original cakravala can be simplified by avoiding the 
kuttaka.! Denote by (an, Yn) the solution of Mpz — pny = qn for which 
ly? — D| is minimal. Then Yn+1+Yn = 0 (mod mn). Thus the sequence yn 
can be inductively constructed as follows: having constructed yn, Yn+1 
is defined to be an integer y satisfying the simple congruence y = —y, 
(mod mx) for which |y? — D| is minimal. 


Simplifications are observed after initial breakthroughs. For the pur- 
pose of promoting the art of discovery, it is desirable to highlight the 
initial thought-process which actually achieved the breakthrough and 
which tends to get camouflaged in later simplifications. There is a cer- 
tain richness of thought in the cute approach through the blending of 
kuttaka and bhāvanā which would be good for the students to imbibe. 
Of course, they should also see the subsequent simplification which too 
serves a lesser, but still important, pedagogic purpose. 


The bhavana also aids the cakravāla in rapidly arriving at the minimum 
solution. Let us recall the famous example of Bhaskara ([Ba], Verse 76): 


Example 4 (Bhāskara II) Solve, in positive integers, 61x* +1 = y?. 


Solution. As 64 is the perfect square nearest to 61, we have the initial 
triple (1,8;3). Now one finds positive integer y for which viš is an 
integer and |y? — 61| is minimised. Clearly y = 7. Now 


2 
T8 SOT 8xXT 39,7 61 — 


3 3 3 


—4. 


Thus we have the second triple (5,39; —4). Now rather than continuing 
the cakravala, one can apply Brahmagupta's formula (Theorem 3) on 
the triple (5,39; —4) to immediately get the minimum positive solution 
(226153980, 1766319049) of 61z? + 1 = y2. m 


'7This observation is mentioned in the pioneering work of A.A. Krishnaswamy 
Ayyangar ([K], p 234). | 
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As displayed in the two tables in Sriram's paper in this volume, the 
Brouncker-Euler algorithm needs 22 steps while the cakravāla algorithm 
(without the bhavana) needs 14 steps. Thus, although the *cyclic” char- 
acter of cakravala gets destroyed (making theoretical justification more 
complicated), the bhavana provides a very effective short-cut for the 
purpose of practical numerical computations. 


In 1657, Fermat, in an effort to arouse the interest of contemporary 
mathematicians to number theory, issued a few challenge problems with 
special emphasis upon the problem of finding integer solutions to the 
equation Dz^--1 = y^, unaware of the works of Brahmagupta-Jayadeva- 
Bhaskara. Regarding the challenge, André Weil remarked ([W2], p 81- 
82): 


What would have been Fermat's astonishment if some mts- 
sionary, just back from India, had told him that his problem 
had been successfully tackled there by native mathematicians 
almost six centuries earlier! 


It is interesting to note that Fermat specifically mentioned the case 
D — 61 which was used by Bhaskara to illustrate the cakravala. 


6 Possible Genesis of the Bhāvanā 


It would also be useful for a budding researcher to try to imagine, in 
retrospect, how a great mathematician could possibly have arrived at 
his discovery. Even if the actual thought-process had been completely 
different, meaningful speculations can serve an important purpose by 
providing fresh mathematical insights to students. We briefly summarise 
the discussion on the genesis of bhāvanā made in this light in ([Du2], p 
20-21). 


It is well-known that the Vedic fire-altar construction problems often 
involved the so-called Pythagorean triples — integer triples (z, y, z) sat- 
isfying z^ +y? = z?. The Šulba Sūtras mention several such triples. It is 
possible that the Sulba authors were aware of the formula (2mn)*+(m?— 


n?)? = (m?--n?)?.1* Tt is likely that, while handling Pythagorean triples, 


I*'This identity can be obtained from the algebraic formulae pg = (241)? — (P52)? 
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ancient Indians investigated the more general indeterminate eguation 
z = x? + y^ and discovered the algebraic formulae!’ 
(zi + yi?) (22? + yo”) = (z122 + i2), + (2192 F 22y1). (+) 
Now Brahmagupta explicitly gave the integer solution (2mn, m? — 
n?, m? + n?) of the equation z^ + y^ = z? ([B], Chap 12, Verse 33; 
[C], p 306). It is thus possible that Brahmagupta had also examined 
z^ + y^ = c, arrived at the result (+) and, then, while considering the 
more difficult Dz? + m = y?, he could have been on the lookout for 
analogous formulae! 


Brahmagupta’s identity readily follows from (+) by replacing zı by 
z1 v —D and x2 by z2V—D. Weil remarks ([W2], p 14) that “this could 
not have been fully realized until the eighteenth century". Complex 
numbers appeared in formal mathematics only in the 16th century CE 
and its vigorous use can be seen only from the 18th century. 


True, that validity of complex numbers had not been recognised in 
ancient Indian mathematics. But it is still possible that Brahmagupta 
might have heuristically used them as a secret trick — an inspired “rough 
work" — for guessing the magic identity which could then be verified 
by recognised algebraic manipulations.” 


Brahmagupta's identity (y? — Dz?)(t? — Dz?) = (yt+ Dzz)? — D(yz+ 
tx)? may also be obtained by splitting the terms y^ — Dz^, t? — Dz’, 
observing the identity (y-- zv D)(t4-zV D) = (yt+ Dzz) -- (yz zt) D, 
and multiplying this identity by the conjugate identity (y — zv D)(t — 


as well as ka? = (511)?a? — (45+)?a? (putting p = m?^,q = n’; a = n?^,k = m^[m? 


and clearing denominators); and these two formulae are involved in the Sulba trans- 
formation of a rectangle into a square (of equal area) and Katyayana’s ingenious rule 
for combining k squares into a single square. (See [D3], p 133—136.) 

19This surmise finds some support from parallel developments in Greek mathemat- 
ics. The Greeks too were fascinated by the Pythagorean triples — both Euclid (300 
BCE) and Diophantus (c. 250 CE) gave the general solution to the Pythagorean 
equation — and there are indications that Diophantus was familiar with the identity 
(*). For, Diophantus mentioned that 65 is expressible as sum of two different squares 
in two different ways since 65 is the product of 13 and 5, each of which is a sum of 
two squares ([W2], p 10-11). 

20 To give an analogy, recall the non-commutative ring-theoretic result: “If 1 — ab is 
invertible, then so is 1 — ba." and consider the effective trick of guessing the inverse 
of 1 — ba through power-series expansion of (1 — ba)! even when the latter does not 
make formal mathematical sense. 
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zv D) = (yt + Dzz) — (yz + zt)V// D. This was the approach of Euler 
([W2], p 15). One wonders if Brahmagupta's thought-process too had 
taken a similar route! That would amount to an implicit handling of 
the norm function mentioned in Section 2. 


7 Possible Motivation for Varga-Prakrti 


Pell's equation is the most famous Diophantine equation after z? 4- y? = 
27. Its importance in the study of binary quadratic forms and real 
quadratic fields is well-known. But what prompted Brahmagupta's vig- 


orous pursuit of Dz? + 1 = y? in the seventh century? 


Different explanations can be offered on the basis of the scarce his- 
torical materials available — each instructive in its own way. 


(i) Astronomy 


In Laghu-Bhaskariya (Chap 8; Verse 18) of Bhaskara I, there is a 
problem from astronomy involving the simultaneous equations 


8: +1=y, Ty 41-227. 


By inspection, one readily gets an integral solution y = 3,z = 8 for 
the second equation. Did such problems provide the original motivation 
for exploring a systematic method of determination of integer solutions 
to the general varga prakrti? Possible. In his commentary (Sundarī) 
on the Laghu-Bhaskariya, Udaydivakara (1073) prescribes Jayadeva's 
general method for solving 7y^ + 1 = 2* ([Sh], p 4). 


But the central problems in the vast canvas of ancient Indian astron- 
omy do not seem to seriously involve the Pell's equation. It is true that 
the examples of Brahmagupta on varga prakrti (as also on other topics 
in algebra) are put in the language of astronomy. Given the exalted 
status of astronomy, it was natural to put the illustrative examples in 
a glamorous astronomy framework for greater impact. But consider- 
ing the prevailing interests in astronomy, it looks more likely that these 
examples were invented to illustrate the rules; rather than the rules hav- 
ing emerged from an attempt to solve those examples. Astronomy alone 
might not have provided sufficient impetus for the sustained effort that 
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would have gone into the partial (and later the general) solution to such 
a difficult problem. 


(ii) Rational Approximation to VD 


Aryabhata's method for computing VD, when D is a perfect square, 
is well-known ([DS|, p 170-175) — a modified version of his algorithm 
is taught in school arithmetic. But right from the Vedic times, there 
have also been efforts to obtain convenient, reasonably accurate, rational 
approximations to VD when D is not a perfect square. In the Sulba 
Sutras (c. 800 BCE), the most ancient mathematics treatises available, 
f, E, m have been used as approximations for V2 ([D3], p 202; [Di], 
p 341; [Sa], p 18). These three fractions may be interpreted as arising 
out of solutions of 2x? + 1 = y?; for 2.5? — 1 = 7*, 2.12? +1 = 17? and 
2.408? +1 = 577°. ^! In fact, they are respectively the third, fourth and 
eighth convergents of the simple continued fraction expansion of 4/2. ?? 


It is possible that, at some stage, Indians noticed that a sufficiently 
large integer solution (a,b) of Dz? +1 = y^ (or even Dz? +c = y? where 
c is a relatively small positive integer) will give a good approximation b 
for VD and that this realisation triggered a quest not only for a method 
of solving the varga-prakrti but also a device for generating arbitrarily 
large solutions from a given one. The hypothesis may have a pedagogic 
usefulness, but there does not seem to be any concrete evidence so far to 
indicate that this was indeed the original motivation for Brahmagupta. 
Nàràyana, who explicitly used the varga-prakrti for approximating VD 


*1O ne may recall here that Archimedes (287-212 BCE) gave the approximations 
259 a and 1251 for V3 and that, in his commentary on Archimedes, Eutocius (700 CE) 
mentioned the relations 265? —3x 153? = —2 and 1351? —3 x 780? = 1 as a verification 
of the validity of the approximations ([W2], p 16). 

7 "To cite two other examples of rational approximations: Sridhara (750 CE), 
Aryabhata II (950), Sripati (1039), Narayana (1350) and Munīšvara (1603) gave 
the rule VD = DBR for a conveniently chosen large integer N ([Bg], p 98—99). 
Jüanaraja (1503), his son Sūryadāsa (1541), and Kamalākara (1658) gave a method 
of successive approximation ([D2], p 193-194) which may be expressed as follows: 
Let ao = a = [VD] and ai+1 = 1(ai + 2); then a; x VD and each a; is a better 
approximation than the previous a;-1. The case ag x VD was mentioned earlier 
in the ancient Bakhshali Manuscript in the form VD ~ a + a — 


dE. where 
r = D — o? ([D1], p 11-12). The Sulba fractions 17 and 277 are respectively the a» 
and a3 for D = 2. 
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(see Section 4), lived more than seven centuries after Brahmagupta. It 
is however possible that Indians did have an early realisation of this 
application of large solutions of varga-prakrtt but did not mention it in 
any major text till the discovery of a general algorithm for finding a 
non-trivial solution of Dx? + 1 = y? for any D. 


(iii) Pursuit as Pure Mathematics 


The mathematical chapters of Brahmagupta's treatise ([B]) reveal 
the mind and spirit of à great pure mathematician. Many of Brah- 
magupta's discoveries show his enthusiastic pursuit of results from a 
feel for their intrinsic mathematical worth rather than the requirements 
of immediate applications. One may cite, for instance, his theorems (Ch 
12, Verses 21, 28) on the area and diagonals of a cyclic quadrilateral 
(rediscovered by W. Snell in 1619) and his ingenious construction (Ch 
12, Verse 38) of a cyclic quadrilateral whose sides, diagonals, circum- 
radius and area are all rational and whose diagonals are perpendicular 
to each other (which drew the admiring attention of M. Chasles and 
E.E. Kummer in 19th century). 


Now Āryabhata had already presented a cryptic solution to the lin- 
ear indeterminate equation ax — by = c. This problem probably arose 
from, and certainly had applications in, Indian astronomy. Subsequent 
algebraists, including Brahmagupta, brought clarity and made refine- 
ments on Aryabhata’s pioneering work. Having successfully dealt with 
the linear case, the pure mathematician's impulse might have driven 
Brahmagupta to take up the harder problem of the quadratic indeter- 
minate equation. The peculiarity of the varga-prakrtt would have come 
out from his investigations. He would also have recognised the funda- 
mental nature and importance of the equation Dz? + 1 = y? on which 
he clearly focussed considerable attention. 


The achievements on Pell's equation tend to overshadow the fact 
that, at least from the time of Brahmagupta, Indian algebraists had 
produced a large bulk of work involving ingenious solutions of various 
types of indeterminate equations. Most of these equations were clearly 
investigated for their own sake. This zest for exploration of higher degree 
indeterminate equations (after the application-oriented linear case) fits 


?3See [DS] for some examples. 
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into the general spirit of the era — the “Classical Age" of Indian history 
— when any department of knowledge or sphere of activity, once taken 
up, was pursued to its extreme. — 


Brahmagupta's. penchant for pursuing problems in algebra for the 
sheer joy (and glory) is explicitly recorded towards the end of his chapter 
on algebra, i.e., Kuttāka ([B], Chapter 18, Verses 99-100; [C], p 377): 


sukhamatramami prasnah prasnanyatsahasrasah kuryāt 
anyairdattatprasnanuktairva sadhayetkaranaih 


jana samsadi daivavidam tejo nāšayati bhanuriva bhānām 
kuttakarapra$naih pathitairapi kim punarjnataih 


“These questions are stated simply for delight. One may devise a 
thousand others; or may resolve the problems proposed by others, by 
the rules given here. 


“As the sun eclipses the stars by his brilliance, so will an expert 
eclipse the glory of other astronomers’ in assemblies of people, by the 
recital of algebraic problems, and still more by their solution.” | 


While stating concrete examples, especially those involving the varga 
prakrti, he often used the phrase kurvannavatsarad ganakah — “One 
who can solve it within a year (is truly a) mathematician." Clearly he 
revelled in the challenge posed by the varga prakrtt, the determination of 
a solution of which was described by Jayadeva ([Sh], p 14-15) as being 
“as difficult as setting a fly against the wind”: 


prakatitamatigahanamidam marutimukhe maksikākaraņam - 


24 daivavid means “destiny-knowing” or “astrologer” ([Mw], p 497). In this con- 
text, “astronomer” seems more appropriate. As some of the great mathematical 
astronomers (like Varāhamihira) were also famous for their knowledge of astrology, a 
sharp distinction was not always made. In the quoted line, the word daivavid might 
have been preferred to a standard term for astronomer for greater impact. Apart from 
the nuance of “godly” in daiva, the word seems to create a powerful sound-effect in 
that line. 
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8 Historical Context 


In the history of indeterminate equations in India, the three greatest 
achievements are the kuttaka, the bhāvanā and the cakravala. The 
kuttaka algorithm occurs in Āryabhatīya (499 CE). In the absence? 
of evidence to the contrary, one may regard Āryabhata as the pioneer 
of kuttaka. 


Brahmagupta (628 CE) flourished a century after Āryabhata. A 
truly original idea, the bhavana has the unmistakable stamp of Brah- 
magupta’s genius. One does not see any seed of the bhavana in the trea- 
tises of his predecessors Āryabhata and Bhāskara I or in the Bakhsālī 
manuscript. None of the results in these remarkable texts come close to 
the algebraic sophistication shown by Brahmagupta's research on Pell's 
equation. In fact, in several results of Brahmagupta, one discerns a 
similar abrupt jump in the mathematical maturity level. 


Brahmagupta was born in an era when symbolic algebra was at its 
infancy. He himself established some of its seminal features — he intro- 
duced the concept of zero as an integer in algebra, formulated the rules of 
arithmetic operations involving negative numbers and zero, contributed 
to the evolution of convenient notations and terminology (like the use 
of distinct letters for several unknowns) and the formation and handling 
of equations; and so on. It is astonishing that an ancient scientist, who 
had to develop such basic principles in algebra, could have taken the 
leap into investigation of a topic like Pell's equation -— and that too 
with the mind and approach of a modern algebraist.*% 


The bhavana influenced, directly and indirectly, subsequent research 
on indeterminate equations by Indian algebraists. For tracing the pos- 
sible flow and development of ideas, it is desirable to have some clar- 
ity regarding the knowledge and achievements at various time-points. 
However, due to the absence of certain crucial historical documents, the 


* Hardly any complete post-Vedic mathematics treatise, prior to Āryabhatīya, has 
survived. | 

*°The achievement appears all the more startling when contrasted with the gen- 
eral evolution of algebraic thought: till the 16th century CE, Arab and European 
mathematicians struggled with problems involving equations of the type ar +b = c 
(a,b,c positive numbers) as shown by the prevalence of the cumbrous "rule of false 
position". | 
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modern historian faces some difficulties. 


Now some of the crucial unresolved guestions are: Who invented the 
cakravāla and when? What was the progress in indeterminate equations 
during the intermediary period (between Brahmagupta and the inven- 
tion of cakravala) and how were the results presented? 'To what extent 
had the awareness of this discovery spread among the mathematicians 
in the course of time? One has to remember the caveat of Weil ([W1], 
p 234) that “one should not invariably assume a mathematician to be 
fully aware of the work of his predecessors". 


Perhaps one has to await the discovery of the lost algebra treatises 
of Šrīdhara, Padmanābha, Jayadeva, Šrīpati and other algebraists who 
flourished during the 5 centuries between Brahmagupta (628 CE) and 
Bhāskara II (1150 CE), or at least come across relevant guotations from 
these texts. 


So far, the earliest author who refers to cakravāla is Udayadivākara 
(1073 CE) who quotes Jayadeva's verses on cakravāla. But we have 
no idea regarding the dates or other results of Jayadeva. Given the 
brilliance of the work, it is surprising that Jayadeva is not mentioned 
by Bhaskara II — he does not seem to have been referred to by most of 
the mathematicians. 


The earliest extant original expositor?” of the cakravāla (so far) is 
Bhāskara II (1150 CE) who attributes the name of the method (and 
hence the method) to earlier writers without specifying any name. Be- 
ing a gifted algebraist himself, Bhaskara II would have undoubtedly 
realised the greatness of this work. Now, at the end of his algebra 
text Bijaganita, he makes a general acknowledgement of Brahmagupta, 
Sridhara and Padmanābha as his sources. There is then a strong possi- 
bility that Šrīdhara or Padmanābha invented, or at least wrote on, the 
cakravāla. But none of Padmanabha’s works has been found. There is 
no clue as to his dates. Sridhara’s date is estimated to be around 750 
CE. But his algebra treatise is no longer extant. Some of its content, 
like the method of *completing the square" in quadratic equations, is 
known from references by Bhāskara. Another relevant missing text is 
the Bijaganita (algebra) of Sripati (dated 1039 CE). 


?'By original expositor we mean here one who is presenting the result in his own 
language and not quoting his predecessor(s). 
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If a book specialises on the most advanced topics of the time, or is 
too difficult, it is likely to be published in fewer numbers with fewer 
editions. Perhaps, for a similar reason, there was not enough circulation 
of the exclusively algebra treatises of the 8th-11th centuries. 


Appendix: Original Verses on Brahmagupta's 
Bhavana 


Theorem 1 (in Section 1) was stated by Brahmagupta in Verses 64-65 
of Chapter 18 (titled Kuttakādhyāyah**) of Brahma Sphuta Siddhanta 
([B]) in the following form: 


Atha Varga Prakrtih 


mülam dvidhestavargad gunakagunadista yutavihinacca 
ādyavadho gunakagunah sahantyaghatena krtamantyam 
vajravadhaikyam prathamam praksepah ksepavadhatulyah 


In symbols, the first line states: 
If] w-vDz?-m, i=1,2 


while the second and third line taken together mean: 


28 Kuttakādhyāyah= Kuttaka (algebra) + adhyāyah (chapter). The subject algebra 
was called kuttaka-ganita before the use of the current Sanskrit term bijaganita. The 
term kuttaka (pulverisation) indicates that it was regarded as the science of solving 
problems by a process of simplification — by breaking quantities (for instance, the 
coefficients or solutions of a given equation) into smaller pieces. The term, reminis- 
cent of Fermat's descent, was particularly appropriate for the solution of the linear 
indeterminate equation pioneered by Āryabhata ([Dul], p 10—22). 
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[hen y = Dzirzotyiyo, T = 7192 + LY, m = mm? 
satisfy y? = Dz^-4 m. 
(Mention of y = Dz1x2 + Y1Y2 and x = z1y» + z2y1 is explicit; mention 
of y = Dzī172 ~ Y1Y2 and x = z1y» ~ T241 also seem implicit.) 


A literal translation of Line 1 would be: “[Given] the square roots [y; 
for i = 1,2] of [the following] two [quantities]: the [two] desired squares 
[r;?] multiplied by the guņaka [D] and increased or decreased by the 
desired [cj]. ^ Thus y; = V Dzj?-cj, where c; are positive integers; 
ie. yi = v Dzj? + mj, where mj are integers. Another literal transla- 
tion could begin as follows: *|Consider following] two [integral/rational 


quantities] which have square-roots [i.e., are perfect squares y;*]: =”, 
i.e., yi? = Dz; + mj (i = 1,2). 


A literal translation of Line 2: ^T'he product of the [given] initial (i.e., 
first) roots [x], £2] multiplied by the gunaka [D] together with the prod- 
uct of the [given] final (i.e., second) roots [y1, y2] yields a [new] final (i.e., 
second) root [y] [of the equation y? = Dz? +m].”, i.e., y = Dr1v2+9Y19Y2 
or y = Dzizo + yiyo. | 


A literal translation of Line 3: *Cross-multiplication [yields new] first 
[root of the above equation]; [new] interpolator is equal to the product 
of the previous interpolators." 


Theorem 1 was also stated in verse form by Ācārya Jayadeva, 
Bhaskara II (1150), Narayana (1350), Jnanaraja (1503) and Kamalakara 
(1658). | 


Remark 1 


As pointed out by Datta-Singh ([DS], p. 146), the word dvidhā in 
Line 1 has two-fold implication: | 


(i) Consider two triples satisfying Dz? + m = y*. 


(ii) Consider two copies of a triple satisfying Dx? + m = y*. 
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Thus (ii) is a special case of (i) and, together with the next two lines, 
indicate Corollary 1: If Dp? +m = q?, then D(2pq)? +m? = (Dp? +q’)?. 


That the audience is also expected to read the implication (ii) in 
Line 1, and therefore Corollary 1 in Lines 1-3, is confirmed by the very 
next Line 4: 

praksepasodhakahrte mule praksepake rupe 


“On dividing the roots [obtained] by the [original] additive or sub- 
tractive, [roots for the] interpolator unity [will be found]." OR “On 
dividing [the roots obtained] by the square root of the [new] additive or 
subtractive, [roots for the] interpolator unity [will be found].” 


Thus, we have, Corollary 2: If (p,q) is a root of Dz? +c = y?, then 
(24, Dp +4") is a root of Dz? +1 = y*. 


Line 4 is in harmony with the previous lines if the implication (ii) is 
also considered; otherwise the language used might appear abrupt. 


Remark 2 


Both the additive and subtractive versions of Theorem 1 seem to 
find simultaneous mention in Brahmagupta’s verses through the expres- 
sions saha and aikyam with the ambiguous sense of “combining” Dz172 
with Y1Y2 and 2, y2 with z2y1. The word “combining” certainly includes 
the implication “adding”. Thus the reference to the more important 
additive principle (producing new roots Dz1r2 + y1yo and 712 + £241) 
is obvious. Presumably, “combining” also includes “taking difference” ; 
the subtractive principle (generating Dz1x2 ~ Y1Y2 and 1192 ~ 1291) is 
unlikely to have been overlooked by Brahmagupta. (Also see Remark 
4 below.) In any case, Jayadeva, Bhāskara II and subseguent writers 
clearly describe the two principles successively in separate verses. 


Remark 3 


Theorem 1 in the Introduction was stated in three equivalent forms. 
Brahmagupta's verses (quoted above) seem to resemble best the second 
form. But the perception of Theorem 1 in the first form (i.e., in terms 
of an operation O) comes out in the applications by Brahmagupta and 
others, in the version of Theorem 1 due to Bhaskara (quoted below) and, 
above all, in the choice and use of the term bhavana (composition). 
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Remark 4 


During our literal translation, we had to insert several brackets ‘[ | 
to include expressions which are implicit in Brahmagupta's verses. The 
3 lines, conveying Theorem 1, could appear obscure for a person not 
already familiar with the essence of the result. Cryptic brevity is a gen- 
eral feature of the original treatises of the earlier greats like Aryabhata 
(499 CE) and Brahmagupta (especially the former). The verses were 
meant to indicate broad hints — not complete details. There used to be 
emphasis on the use of a learner's own intellect for filling up the details. 
Here one may point out that most modern mathematicians feel that a 
researcher eventually gains more insight into his area from a terse text 
than from a clearly spelt-out text, from an obscure important paper 
than from a lucid one. 


Besides, conciseness was also a practical necessity. Palm-leaf manu- 
scripts do not last long. Thus a treatise could be preserved only through 
memorisation or through repeated copying. In either case, the more con- 
cise the work, the better its chance of survival through faithful memo- 
risation or copying. Brevity would have been particularly indispensable 
for an ancient author with enormous output. One can appreciate Brah- 
magupta's compulsions when one considers that, in spite of its oppressive 
terseness, the number of verses in Brahma Sphuta Siddhanta exceeds a 
thousand. 


With passage of time (and improvement of writing materials), the 
later treatises, even by stalwarts, give more and more elaborate versions 
of the results of the predecessors. Jayadeva's verses on the bhāvanā 
([Sh], p. 4-8) have greater clarity than Brahmagupta's, Bhaskaracarya's 
version (quoted below) is still more lucid. 


Detailed expositions on the works of the Masters were meant to be 
orally transmitted through the guru-sisya (mentor-disciple) link. The 
commentaries too try to clarify the implications of the passages of the 
original treatises. Brahmagupta's verses are explained by Prthūdaka 
Svami (860 CE); Bhaskara's verses by Krsna (1600) and Sūryadāsa 
(1541).29 


Brahmagupta’s result, once stated, is not difficult to prove. Proofs 


*°The footnotes in [C], p 170-172 and 363-364 contain excerpts from these com- 
mentaries on Brahmagupta’s and Bhaskara’s verses describing the bhavana. 
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of such results are not to be expected in the original treatises (where 
even the statements of main results are terse). They were communicated 
orally and sometimes recorded in the later works. A proof of Theorem 
1 is described by Krsna in his Bījapallava (1600) — see ([DS], p 148—149). 


The version of Bhaskara II 


Bhaskaracarya’s version ([Ba], p 22) of Brahmagupta’s bhāvanā oc- 
curs in the section “Varga Prakrti" of his text “Bijaganita” (Verses 
70—71). We present below the transliteration followed by a translation. 


istam hrasvam tasya vargah prakrtya ksunnau yukto varjita và sa yena 
mūlam dadyāt ksepakam tam dhanarnam mūlam tacca jyesthamulam 
vadant 


hrasvajyestha ksepakan nyasya tesam tananyanva'dho nivesya kramena 
sadhyanyebhyo bhavanabhirbahuni mūlānyesām bhavana procyate’tah 


vajrabhyasau jyesthalaghvostadaikyam hrasvam laghvorahatisca prakrtya 
ksunna jyesthābhyāsa yug jyesthamulam tatrābhyāsah ksepayoh ksepakah 
syat 


hrasvam vajrābhyāsayorantaram vā laghvorghato yah prakrtya vinighnah 
ghato yašca jyesthayostadviyogo jyestham ksepo 'trāpt ca ksepaghatah 


«[Consider] the desired lesser root [z]. Its square, multiplied by 
prakrti [D], is added or subtracted by some quantity [c] such that it [the 
sum or difference Dx? +c] gives a [integer] square root. The interpolator 
[m = +c], positive or negative, is called the ksepa; the square root |y] is 
called the greater root. 


“Set down successively the lesser root [x1], the greater root [yı] and 
the interpolator [m;]. Place under them, the same or another [triple 
£2, Y2, M2], in the same order. From them, by repeated applications of 
the bhāvanā, numerous roots can be sought. Therefore, the bhāvanā is 
being expounded.?! 


307 and y in Dz? +m = y?, which were called ādya (initial or first) and antya 


(final) respectively by Brahmagupta, were named hrasva (lesser) and jyestha (greater) 
respectively by Bhāskara II; the guņaka D of Brahmagupta was called prakrti by 
Bhāskara II. 

31The last sentence comes from the phrase bhāvanā procyate'tah which can also 
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^[Consider| the two cross-products of the two greater and the two 
lesser roots. The sum [7192 + z2yi] of the two cross-products is a lesser 
root. Add the product of the two [original] lesser roots multiplied 
by the prakrti |D] to the product of the two greater roots. The sum 
[Dx172 + y1yo] will be a greater root. The product of the two [previous] 
interpolators will be the [new] interpolator. 


“Again the difference between the two cross-products is a lesser root. 
The difference between the product of the two [original] lesser roots 
multiplied by the prakrt? and the product of the two greater roots will 
be a greater root. Here also, the interpolator is the product of the two 
[previous] interpolators." 


We mention here that Bhaskaracarya referred to Brahmagupta as 
ganaka cakra cūdāmaņi** (jewel among mathematicians). 


Acknowledgement. The author sincerely thanks Prof. Sitanath Goswami 
for verifying the accuracy of the Sanskrit-English translations and ac- 
companying notes, and Professors Amit Roy, Kalyan Mukherjea and 
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Abstract 


This paper presents the karaņī, a mathematical construction 
to use integers to make calculations with square roots. Indian 
mathematicians invented new operations for this purpose (e.g. 
(V2 + V8)? = 2+8+2V2x8 = (V18)? for the sum of what 
they call the karaņī 2 and 8, the sum of which is the karaņī 18). 
This construction seems to be sophisticated, even useless, but we 
can find an explanation in a commentary (17th century): if all 
the calculations on square roots are made with karani, and the 
approximate value is taken only at the end, the result is more ac- 
curate than if approximate values are taken at the beginning of 
the calculation. 


This paper intends to present a mathematical construction made 
by Indian mathematicians in order to use integers in the calculations 
involving square roots: these mathematical objects are called karani. 


To begin with, it may be useful to introduce the authors and the 
texts on which this paper is based. According to the Indian tradition, 
knowledge develops and is transmitted through a fundamental text and 
the commentaries written on it. Here, the main text is the Bijaganita 
of Bhāskarācārya, and two commentaries are used: the Sūryaprakāša by 
Sūryadāsa ([1]) and the Bījapallava by Krsnadaivajna ([2]). 


116 Frangois Patte 


There are two Indian mathematicians by the name of Bhāskara: one 
who lived in the 7th century and is often referred to as Bhāskara I 
and one who lived in the 12th century and is known as Bhāskarācārya 
(Bhāskara-ācārya: Bhaskara the master) or Bhāskara II; in this paper, 
his name will be shortened to Bhāskara because there is no ambiguity 
here: we shall never use the works of the first Bhaskara. In the same 
way, Krsnadaivajna, is abbreviated as Krsna. 


1 The author: Bhaskara 


Bhaskaracarya was born in 1036 $aka, which is 1114 A.D., as he puts 
it himself at the end of the third part of his main work, the Siddhanta- 
Siromani([3]): “I was born in the year 1036 of Saka kings, during my 
thirty-sicth year I composed the Siddhantasiromani”.! 


Then, he gives the name of a town and its location, the name of 
the gotra he belongs to and the name of his father: “There was at 
Vijjadavida, a town located in the Sahya mountains. . . a twice-born from 
the Sandilya lineage... the virtuous Mahesvara..., born from the latter, 
the clever poet Bhāskara... ”* 


What remains a mystery up to now is the exact name and location of 
the town: Vijjadavida. The Sahya mountains are located in the northern 
part of the Maharashtra state and hold the well-known sites of Ajanta 
and Ellora; in these mountains, an inscription was discovered about 
1850 in the basement of a temple at Patnadevi, a small place near the 
modern Chalisgaon; this inscription gives Bhaskara’s genealogy from the 
10th to the 13th century, approximately, and was engraved to celebrate 
the foundation by his grandson of a school dedicated to the studies of 
Bhaskara’s works in this very place. The name of Vijjadavida is not 
quoted in this inscription which explains that king Jaitrapala, from the 
Yadava dynasty, made Bhaskara’s son, Laksmīdāsa, his astrologer and 
took him from “this town” to his capital; at that time, the capital of 
the Yadavas was Devagiri which has been identified as Daulatabad near 


!rasagunapürnamahisamasakanrpasamaye 'bhavan mamotpattih | rasagunavarse- 
na maya siddhantasiromanih racitah I 

?àsit sahyakulācalāšritapure... vijjadavide $àndilyagotro dvijah... mahešvara- 
krti...tajjas... suddhīh kavir bhaskarah | 
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Aurangabad and is not that far from Pātnādevī. 


1.1 Bhāskara's works 


The main work of Bhāskara is the Siddhantasiromani; it is composed 
of four parts: the first two are mathematical ones, the last two are as- 
tronomical ones. The two mathematical parts are respectively entitled: 
Līlāvatī and Bijaganita. 


Let us briefly explain the title Siddhāntastromant: “The Diadem on 
the Siddhānta”. Siddhānta means "settled opinion". In India this name 
was given to the fundamental astronomical works; there were five major 
Siddhantas but there remains only one of them: the Suryasiddhanta, 
“The Siddhanta of the Sun”, thus called because it is assumed to have 
been revealed by the god Sun. The work of Bhāskara is based on it. 


The Lilavati is a treatise of elementary calculus; numeration, oper- 
ations, rules of proportions, calculation of areas, volumes and so on; it 
belongs to the class of pati-ganita or vyakta-ganita. pati means method, 
ganita means calculus and vyakta means manifested; this is a “method 
of calculus" or a “calculus on manifested numbers”. 


We can find the name of the title at the end of the first stanza of the 
Līlāvatī which describes the method (pati): “(...) I proclaim with soft 
and correct words, using short syllables, a method of good computation, 
which causes great satisfaction, which is clear and possesses the grace 
of the play.” * | 


The Moghul Abū al Fayd Faydī reports a legend about this title, 
which is also a name given to a girl in India, in his translation of this work 
into Persian, in 1587. He says that Lilavati is the name of Bhāskara's 
daughter to whom this book was dedicated. We did not find anything 
about this in Sanskrit commentaries; commentators merely explain the 
formation of the word llā-vat: “that which possesses the play, that 
which is like a game". 


Bījagaņita: this is the generic name for algebra. Bīja means seed, 
so Bījagaņita is calculus on seeds, the seeds which potentially contain 


*(...) pātīm sadganitasya vacmi caturaprītipradām prasphutām | samksipta- 
ksarakomalamalapadair lālityalīlāvatīm |l 
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calculus on manifested numbers; another name for this is avyakta-ganita: 
calculus on non-manifested numbers. We can find in the commentaries 
some parallel with the vyakta and avyakta worlds, the manifested and 
non-manifested worlds of the Sāmkhya philosophy, the non-manifested 
world containing the manifested world before the creation. 


The B:aganita expounds calculus on negative and positive num- 
bers, calculus on unknown quantities — these are the avyakta, the 
non-manifested numbers which contain the possibility of making "real 
computations" if you replace them by numbers (manifested-numbers); 
another name for unknown quantities is varna: color, letter — and it ex- 
plains resolution methods of equations: linear, Diophantine, algebraic... 
The fourth chapter, following the chapter on unknown quantities, is 
devoted to the karani. 


The two astronomical parts of the Siddhantasiromani are entitled: 
Grahaganitadhyaya, “Lesson on the Computation of Planets", and Go- 
ladhyaya, “Lesson on Spheres”. This part contains some trigonometry: 
calculation of additions of sines etc. 


The Siddhantastromani was written in verse, as is usually done for 
this kind of treatises, and it is often difficult to understand without 
the help of commentaries. Here, we shall use two commentaries on the 
Bijaganita: one is the Sūryaprakāša by Sūryadāsa, composed around 
1530; the other is the Bījapallava by Krsnadaivajna, composed around 
1604. 


The other Bhāskara's known works are: a commentary on his Sid- 
dhantasiromani, the Mitaksara “Having Measured Syllables” or Vāsa- 
nabhasya; these are the names given for small commentaries to explain 
works very briefly. The Karaņakutūhala: “The Wonder of Astronomical 
Calculations” is a practical treatise on astronomy. It is dated 1183 by 
Bhaskara himself; this is the last date that is known about him and, 
for this reason, some people think that he died about 1185. We do not 
know exactly when and where. Some think that he was in charge of the 
astronomical observatory in Ujjain and that he died there, but there are 
no texts and no inscriptions to support these facts. The astronomical 
instruments that we can see nowadays in Ujjain were erected in the 
18th century by the maharajah of Jaipur, Jai Singh II. The last work 
is a commentary on a mathematical work by Lalla, an astronomer from 
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the 8th century: the Sisyadhīvrddhidatantra: “A Treatise to Increase 
the Understanding of Students". 


2 The commentators: Sūryadāsa and 
Krsnadaivajna 


2.1 Süryadasa 


We do not know much about Sūryadāsa. As is usually the case, he 
belonged to a family of astronomers and, very likely, lived in the west- 
ern part of the Godavari valley during the first part of the 16th cen- 
tury. He is known for two commentaries: one on the Lilavati, entitled 
Ganitamrtaküpika, “The Well of Nectar which is The Calculus”, and one 
on the Bijaganita: the Sūryaprakāša, “The Brightness of the Sun”; this 
title is a play on words: his own name, Suryadasa, but also the name of 
Bhāskara, which also means the Sun, as does the word sūrya. The name 
of his father is also known, Jnanaraja. He wrote an astronomical trea- 
tise too: the Siddhantasundaraprakrti or “The Charming Foundation of 
the Siddhanta”, and a mathematical work, in imitation of Bhaskara’s 
Bījaganīta: the Siddhantasundarabija. 


2.2 Krsnadaivajna 


Krsnadaivajna was born in a family of astronomers who had settled in 
Varanasi at the end of the 16th century. He was a protégé of the Moghul 
emperor Jahangir (1605-1627). His commentary on the Bījagaņita, the 
Bījapallava or “The Sprout of the Seed”, is dated Saturday, the fourth 
tithi of the dark fortnight of the Caztra month, in the year 1523 of 
the saka era, namely: Tuesday, March 12th, 1602. He also wrote some 
examples (udaharana) using the horoscopes he made about members of 
the Moghul dynasty and he may have composed a commentary on the 
Līlāvatī. Unlike the others, Bhāskara and Sūryadāsa, he seems to have 
had as a guru, not his own father, but a nephew of Ganesa, another 
great Indian mathematician. 
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3 The karaņi 


3.1 The “concept” of karani 


The word karaņī means producer. It is in the feminine for, in Sulbasūtra 
texts, “The Aphorisms on the Rope", it was originally in relation to 
the word rajju, or rope, which is feminine too. This rajju karaņī has 
been used to produce geometric squares, that is a right angle; there are 
some aphorisms in the Sulbasütra explaining how to place some marks 
on a rope, at the distance of 3, 4 and 5, in order to produce a right- 
angled triangle and hence a square. So, the word karaņī was used to 
designate the side of a square and because of that, it can mean the 
square root of a number. From the 5th century before the common era 
to the 17th century, the word karan: seems to have had many meanings 
related to squares and square roots and consequently it is not easy to 
translate. Moreover, the mathematical concept expressed by this word 
in this papaer, has no equivalent in modern mathematics. For this reason 
we will not translate it. One common translation into English is surd. 
The word surd is ambiguous, for it means either irrational number or 
square root; there is no idea of irrational numbers in karani, no idea of a 
number which cannot be expressed by a ratio, by a fraction of integers. 
As for the meaning “square root", this is not a correct translation for 
karanī, as karani are not merely numbers, but numbers with à set of 
operations. 


Bhaskara does not give any definition of karan?; the first rule, “sutra” 
as this kind of stanza is called in Sanskrit, deals straight with the rules 
of addition and multiplication, but we can find some information in the 
commentaries. Here is what Sūryadāsa says about this first sūtra*: 


“Now, [the author] who examines the nature of these karanis, under 
the pretezt of explaining the rule of multiplication, says: *vargena". 


One will multiply a square vargena by a square number; likewise, 
one will divide a square by a square only; on the contrary, one will not 
multiply or divide a square by a number. It ts pointed out by this, that 
what is of the nature of karani by name is of the nature of a number 


^We will see the sūtra itself later on. The transliteration of all quoted texts is 
given at the end of the article, see page 133. 
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accepted with the quality of square; this is said by Nārayaņa: 


*The name of karani will be for that [number] the square root 
of which must be taken.” " 


We shall examine the first part of this text later, and use now only 
the underlined part. What is important here is that if you consider 
the number two as a karanī, you must accept that this number is a 
square; this is reinforced by the above quotation from Narayana who is 
a mathematician from the 14th century. A karan? is a number for which 
you have to compute the square root, so you must think that it is a 
square, you must think of a mental squaring operation. 


Here is now what Krsna says as an introduction to his commentary 
on this chapter: 


“Now are commented the six operations on the karaņī. In this mat- 
ter, one should understand that the siz operations on karaņī, are six 
operations done through the squares of two square root quantities. Be- 
cause the origin of these six operations is preceded by a state of square, 
therefore, [there will be] also the use of the expression "state of karaņī”, 
in relation with these six operations, for a quantity producing a square 
root; this usage will not be possible if the calculation proceeds with the 
state of square root as the first step. The technical word “siz operations 
on karaņī” must be understood because of the necessity of such calcula- 
tions about square root numbers; in this [case], that quantity for which 
a square root without a remainder ts not possible, when its square root 
is required, is a karaņī, but this is not merely a quantity which does not 
produce a square root; if it were so, there would always be the use of the 
expression “state of karani” for two, three, five, siz, and so on. 


— Let it be so! 


No! If the operations were done on that basis, for instance, eight 
added to two would be eighteen, etc." 


This commentary requires some explanations. Note that the “siz 
operations” are the operations which are studied in the Bījagantta, 
whatever the objects (negative numbers, unknown quantities, karaņī), 


* Quoted by Sūryadāsa from Narayana’s Bijaganitàvatamsa. 
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namely: addition, subtraction, multiplication, division, squaring and 
square root. First, we recognise the same idea as in the commentary by 
Sūryadāsa: a karan? is a number which is the square of its square root. 
Of course, this is a truism. For a modern mathematician, every number 
is the square of its square root; but at the time of Bhaskara, and his 
commentators, it was not so obvious that a number which was not a 
square could have a square root; we can see that in this text: Krsna 
speaks of a quantity producing a square root, the Sanskrit compound 
müla-da (which gives a root) is used by Indian mathematicians to des- 
ignate a perfect square. Here, we are told that a square can be called 
a karan: but — and it is the second fact to be noticed — “in relation 
with these str operations", that is to say that we cannot separate, for a 
number, the state of being a karant from the class of operations defined 
for them. 


This becomes clearer with the end of the text: Krsna explains that 
a “quantity for which a square root without a remainder is not possible, 
when its square root is required, is a karani but this is not merely a 
quantity which does not produce a square root”. Indeed! For if we keep 
in mind that every number which is a square could be called a karani, 
every integer should be a karaņī. The explanation comes right after, 
taking the form of a small dialogue, as is often the case in Sanskrit 
commentaries: an opponent argues "Let it be so!”: and what if we take 
this definition for granted? Krsna answers: "If the operations were to be 
done on that basis, for instance, eight added to two would be eighteen." 
So we cannot call a number a karanī without thinking of how to make 
operations with it. 


3.2 Rules of computation 


We can now analyse the text of Bhaskara and see why “eight added to 
two would be eighteen"; here are the two first rules of this chapter: 


Let us fiz the mahatī as the sum of the two karaņīs and the 
laghu as twice the square root of their product, the sum and 
the difference of these two are as for the integers. One will 
multiply and divide a square by a square. -1- But the square 
root of the larger [number] divided by the smaller [number], 
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plus one or minus one, multiplied by itself and by the smaller 
[number], will also be respectively, the sum and the difference 
of these two |karams|. One will leave them apart if there ts 
no square root. -2-9 


These sūtras give two ways of calculation for the sum and the dif- 
ference of two karanis: in the first one, two new objects are defined: 
the mahatī, the greater, which is the sum of the two karaņīs, that is 
to say the sum of the two integers which measure the two karanis; the 
second object is the laghu, the smaller, which is twice the square root of 
the product of the same integers. The names chosen for these technical 
words are obvious, for the sum of two integers is always greater than 
twice the square root of their product. Once the mahatī and the laghu 
have been calculated, the two integers produced are added and the re- 
sult is the karan: sum of the two karanis, that is to say: the square of 
the sum of the square roots of the two integers measuring the karani. 


If the difference of the mahat? and the laghu is computed, the result is 
the difference of the two karanis. There is a problem with this definition: 
the difference between two karanīs is the same whether you compute the 
difference between the greater one and the smaller one or the smaller 
minus the greater. 


Before going deeper in the explanations of these rules, let us see the 
example given by Bhāskara, and its solution by Sūryadāsa. 


Say the sum and the difference of the two karaņīs measured 
by two and eight and by three and twenty-seven and after 
a long while, if you know the six operations on karaņī, say, 
dear, [the sum and the difference] of these two measured by 
three and seven.” 


Now the commentary by Sūryadāsa: 


$yogam karanyor mahatim prakalpya ghatasya mülam dvigunam laghum 
cal yogantare rūpavad etayoh sto vargena vargam gunayed bhajec ca ll laghvyā hrtāyās 
tu padam mahatyah saikam nirekam svahatam laghughnam | yogāntare stah kramašas 
tayor và prthaksthitih syad yadi nasti mulam Il 

" dvikāstamityos tribhasamkhyayos ca yogāntare brühi prthak karanyoh | trisap- 
tamityo$ ca ciram vicintya cet sadvidham vetsi sakhe karanyāb Il 
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In this case, putting down ka 2 ka 8, by: "Let us fix the mahatī as 
the sum of the two karanis”, the mahatī is 10. 


Now, the product of these two karaņīs ts 16, tts sguare root 4, when 
multiplied by two, the laghu ts produced: 8. 


“The sum and the difference of these two are as for the integers”: 18 
and 2; these two karaņī: ka 18 and ka 2 are the sum and the difference. 


The solution of this exercise put forward by Bhaskara is clear. We 
can observe how the mathematicians proceeded to differentiate a simple 
number and a number which must be considered as a karaņī: they wrote 
the first syllable of the word karan: before the number: ka 2 and this 
means that this “2” is the square of the square root of 2, so, in this 
addition we have to find out the square of the square root which is the 
sum of the square root of 2 and the square root of 8; with our modern 
notations, we have: 


(V2 4- V8)? =2+8+2V2x8= (V18)? 


If we could mix our modern formalism with the ancient Indian one, 
we would write that the set of karaņī is a set of numbers with this 
particular addition: 


ka a Œ ka b = ka (a +b + 2/ab) 


It is obvious that this addition (and subtraction) is only defined 
if the product of the two integers measuring the karani is a square. 
What happens if this is not the case is expressed by the last sentence of 
Bhaskara's rule: "One will leave them apart if there is no square root.” 
This situation is illustrated by the third example given: the sum of the 
karani measured by three and seven is impossible because 21 is not a 
square, so the solution of this exercise is merely: ka 3 ka 7. 


This creates an extension of the meaning of karaņī. In Sanskrit texts 
there are some statements like: “Let the karaņī be measured by 2, 3 and 
5” as if a karanī was also a composition of several karanis the sum of 
which is not possible but which can be used for other calculations. 


The second way for adding, or subtracting, the karaņīs given by 
Bhàskara (see page 122) is very simply derived from the first one and 
there is no need to comment upon it: 
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(V8 + V2)? = (341)? -f > 


Let us focus on the sentence of the rule: “One will multiply and divide 
a square by a square.” We have seen how one of the commentators, 
Suryadasa, had explained it (page 120) in order to put forward the 
nature of square of the karani. 


Here is now what Krsna says about it: “vargena vargam gunayed 
bhajec ca”: here is what is said: when you want to multiply karanis, 
if there ts the state of multiplicand or the state of multiplier for some 
integer — or if you want to divide karanis, if there is the state of divi- 
dend or the state of divisor for some integer — then, having squared the 
integer, the multiplication and the division can be performed, because a 
karani has the nature of square.” 


Another idea springs from this commentary: how to “embed” the 
integers in the karani set; if we want to make operations mixing integers 
and karaņī, we have to square the integers in order to give them a state 
of karaņīs and this will change the general rules given for the operations. 
For instance, the rule for squaring the integers given in the Līlāvatī uses 
the identity (a+b)? = a? +b? +2ab. So Krsna explains afterwards: “for 
the square also, the fulfilment is in like manner because it (the square) 
is a kind of multiplication according to its nature of product of two equal 
[numbers]. Or, according to the method stated for the manifested num- 
bers: “The square of the last [digit] must be placed and [the other digit 
must be] multiplied by the last one increased two times...”°, there will 
be a fulfilment [of this method] for the squaring of the karani also but, 
as has been said: “One will multiply and divide a square by a square”, 
when it ts said: “multiplied by the last increased two times", we must 
understand: "multiplied by the last increased four times." 


Let us now make a digression. Notice the extreme degree of con- 
ciseness of Sanskrit works such as the Bijaganita: in one single rule, 
Bhaskara describes four of the six operations: addition, subtraction, 
multiplication and squaring. Although he describes the addition and 


Šsthāpyo 'ntyavargo dvigunantyanighnah | svasvoparistāc ca tathāpare 'nkās 
tyaktvantyam utsārya puna$ ca rasim — Līlāvatī 
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the subtraction, by giving two methods, because these operations differ 
from the same operations applied to numbers or unknown quantities, a 
simple sentence 1s enough for him to say how to handle the multiplication 
and consequently, the squaring. 


'This method of exposition is usual in the fundamental works of San- 
skrit literature and the works of Bhāskara are of this kind; they were 
used for centuries as a basis for mathematical teaching: students learned 
them by heart, then their masters composed commentaries which be- 
came original lectures. In order that they may be easily remembered, 
they were composed in verse, “using short syllables”, as seen earlier 
(page 117), and any unnecessary rule was avoided. So, in this chapter 
on the karani, there will not be any proper rule for multiplication: once 
it is understood — with the help of the commentator — that for any 
“simple” karani? the multiplication is merely given by: 


(V2)* (V8) = (V2 x 8)” 


the general rule for karan? measured by more than one integer has al- 
ready been given in a preceding chapter, the chapter on unknown quan- 
tities: 


One must think here, in like manner, of the rule of multipli- 
cation by parts stated for manifested numbers, in the case of 
the square of non-manifested numbers and tn the case of the 
multiplication of karanis.!? 


And even here, the rule refers to another rule given in the Lilavati 
which describes the property of distributivity of the multiplication with 
respect to the addition — the “multiplication by parts": 


(...) Or the multiplicand, equal in number to the number of 
parts of the multiplier, being placed under each of them, 1s 
multiplied by these parts and added up.!! 


?Let us call “simple” a karaņī measured by a single integer 
10 avyaktavargakaranīguņanāsu cintyo vyaktoktakhandagunanavidhir evam atra | 
llgunyas tv adho 'dho gunakhandatulyas taih khandakaih samgunito yuto và | 
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In fact, it is clear from the text of the Līlāvatī and its commentaries 
that the "parts" in question are either the result of splitting an integer 
into two (or more) parts in order to perform a mental calculation or the 
digits of the number with their decimal place value; so, this last rule can 
be used to perform calculations on polynomial-like quantities: a number 
considered in such a way being merely a polynomial in the powers of ten. 


Let us see now the example given by Bhāskara for the multiplication 
of the karant: 


Set the multiplier as the karaņī counted by two, three and 
eight and the multiplicand as counted by [the karani] three 
with the integer fwe; say the product quickly. Or the multi- 
plier is the two karanis measured by three and twelve less the 
integer five.!* 


and the solution given by Suryadasa: 


Here, the multiplier is: ka 2 ka 3 ka 8. 


In like manner, the multiplicand is counted by three with five units; 
in this multiplicand, there are: ka 3 ru 5. 


One notices an integer: after taking its square, the state of karani 
must be brought about because it has been said: "One will multiply and 
divide a square by a square". By so doing, ka 3 ka 25 are produced. 


Now, according to the method of the rule: “One must think here, in 
like manner, of the rule of multiplication by parts stated for manifested 
numbers, in the case of the square of non-manifested numbers and in the 
case of the multiplication of karaņī”, after multiplication, ka 54 ka 450 
ka 9 ka 75 are produced. 


The rule “One will leave them apart if there is no square root" is used 
in this example and we discover a new formalism to denote integers: rū, 
first syllable of the Sanskrit word rūpa, the meaning of which is “unity”, 
"integer". The commentator squares this integer to transform it into a 
karaņī before he performs the multiplication. 


"?^dvitryastasamkhyaà gunakah karanyo gunyas trisamkhyā ca sapaūcarūpā | va- 
dham pracaksvāšu vipaücarüpe guno 'thavā tryarkamite karanyau ll 
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According to Bhaskara’s rule for the multiplication “by parts" (see 
page 126), we could represent the way to do this multiplication with the 
following table: | | 


ka 2 ka 8 
ka 3 ka 25 | ka 3 ka 25 | ka 3 ka 25 
ka 6 ka 50 | ka 9 ka 75 | ka 24 ka 200 


ft oł 1 ļ 


The multiplier is split in to three parts, as stated in Bhaskara's rule, 
and placed in the first row; then the multiplicand is put under each part 
of the multiplier and the multiplication is performed in each cell of the 
table, the results being written in the third row. 


We have put an identical symbol under the karani for which the 
addition is possible. 


t: 6-24 4-2 /6 x 24 = 54 
i: 50 +200 + 24/50 x 200 = 450 


Once the addition is done, the result is the one given by Süryadasa. 


The second example raises a problem because there is no mathemat- 
ical notation for addition or subtraction; the Indians have developed for- 
malisms in some branches of knowledge like grammar and mathematics 
but there are no signs to denote the operations. In this chapter on the 
karani, putting two karanis.side by side indicates that it is the sum of 
these two karanī which is considered. This is the meaning of: “One 
will leave them apart if there is no square root”. For the subtraction, 
the notation is almost the same because it has been explained at the 
beginning of the Bījagantta that a subtracted positive number becomes 
a negative number, therefore, subtracting a number is only adding its 
opposite. There is a sign to denote negative numbers: a dot is placed 
over them; applying this notation to the karaņī leads to: 


ka 8 ka 2 


meaning that the karaņī 2 is subtracted from the karaņī 8. 


As long as only karanis are considered, no problems occur: the sub- 
traction rule applies as it is formulated: the difference is the karan? 


The Karanī 129 


measured by the number 8 + 2 —24/2x 8 = 2. But in his example, 
Bhāskara says: “(...) Or the multiplier is the two karani measured 
by three and twelve less the integer five" and according to the Indian 
notation system, we have to write: 


ka 3 ka 12 ra 5 


Because karani and integers are mixed in this multiplier, we have to 
square the integer in order to transform it into a karaņī and when doing 
this, we will loose the "negative sign" showing that the last component 
must be subtracted. 


To solve this problem, Bhāskara introduced a restriction to the gen- 
eral rule which says that the square of a negative quantity is positive: 


The square of negative integers will also be negative if it is 
calculated for the reason of a state of karam. Likewise, the 
square root of a karani the nature of which is negative will 
be negative for the reason of creation of a state of integer.!* 


With this rule, the multiplier becomes: ka 3 ka 12 ka 25. which 


can be simplified as ka 27 ka 25, by the addition of the karanis 3 and 
12 ($+12+2V3x 12 = 27). Now, the multiplication can be performed 
in the same way as in the first example; let us summarize this with a 
table: 


ka 25 ka 27 
ka 3 ka 25 ka 3 ka 25 


ka 75 ka 625 ka 81 ka 675 


Depending on the commentator, the result can be simplified in more 
than one way: noticing that 81 and 625 are sguares, we can give them 
back their state of integers and subtract one from the other, because the 


sguare root of the "negative sguare”, 625, remains negative according 
to the last given rule; we get ru 16. The two remaining karanis, ka 75 


'Sksayo bhavec ca ksayarūpavargas cet sādhyate 'sau karanitvahetoh | rņātmikāyās 
ca tathā karanyà mulam ksayo rūpavidhānahetoh ll 
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and ka 675 can be subtracted, for 675 x 75 = 50625 1s a sguare and we 
get ka 300. 


It may seem strange for a modern mathematician to state a general 
rule, such as: "the square of a positive or a negative number is a positive 
number", then to restrict its range of application by another rule which 
may even contradict the general one. Nevertheless this is found very 
often in mathematical Sanskrit texts because the paradigm of logic in 
Sanskrit scientific knowledge is grammar rather than mathematics. We 
can see an example of this here and this procedure repeatedly occurs 
in Panini’s grammar which is the fundamental text of Indian scientific 
tradition. 


There are two more operations to complete the six operations de- 
scribed in the Bījagaņtta: division and square root. 


Division is easy to perform — and Bhāskara does not give any rule for 
this, only examples — because the algorithm given for the multiplication 
is the same as the one given for the unknown quantities and thus, as 
is shown by the two preceding tables, the division is very similar to 
today's Euclidean division of polynomials: it is sufficient to read these 
tables in the reverse order, making the third row the dividend and the 
first one the divisor to find out that the middle row is the quotient of the 
division. All the examples given for the multiplication are used in this 
way to explain the division in both chapters: the one about unknown 
quantities and the present one on the karani. | 


The square root is rather difficult and we shall not discuss it in this 
paper. Let us just say that its algorithm is based on the identity: 


(a 4- b -- c)? =a? +b? +c? -- 2ab -- 2ac + 2bc 


which the mathematicians inverted in order to find out the quantities 
a, b, c from the left member of the identity. We have just written down 
three quantities, but there are some examples given by Bhaskara with 
more than three karanis. 
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3.3 The use of the karani 


What was the purpose of Indian mathematicians when they constructed 
these karanis? They knew perfectly well how to calculate the approxi- 
mate values of a square root VA, using the first two or three values of 
the sequence: 


1 A 
Let us consider what Krsna says about it (this text is the paragraph 
that follows the text quoted on page 121): 


"But tt may be argued that these are only words! Why, then, trouble 
yourself to study these operations on karanis for, in common practice, 
there is no use of karanis but only of the approximate values of their 
square roots and, with the use of six operations on numbers, these siz 
operations [on karanīs/ are meaningless. Moreover, even if the calcula- 
tion with karaņīs is done, in common use, [calculation] with approzimate 
square roots from the beginning 1s better than this and is preferable to it. 


— This is not correct. If a rough square root is taken from the 
beginning, there will be a big roughness in its multiplication and so on; 
but if the calculation of karanis, which is minute, is performed, later, 
when the approximate square root ts taken, there will be some difference 
but not very much; for this great distinction, the six operations with 
karanis must necessarily be undertaken. 


As already seen this justification for the construction of karaņī takes 
the form of a dialogue; an opponent develops the idea that this con- 
struction is useless and that only approximate calculations of square 
roots is enough for everyday transactions. He is told in return that if 
many operations are done with approximate values of square roots the 
final error is much bigger than if the calculations were done through the 
sophisticated construction of karan? and if the approximate value of the 
result is taken at the very end of the calculation. 


The next paragraph justifies the location of this chapter in the com- 
plete book of Bhaskara's mathematical works; in Sanskrit commentaries, 
it is mandatory to give the reasons why a particular subject is studied 
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and to justify its place in the succession of the topics developed by an 
author. 


“Although it is suitable that these [six operations on karaņī/ should 
be undertaken before the six operations on varna!*, because they are 
closer to the operations on manifested numbers, according to the maxim 
of the needle and the kettlel?, it is however suitable to undertake them 
immediately after the operations on varna for the reason that a great 
effort ts required by their examination and understanding." 


References 


[1] See, for instance, Bijaganita of Bhaskara with the commentary 
Sūryaprakāša of Suryadasa, vol. I, ed. Pushpa Kumari Jain, Gaek- 
wad's Oriental Series, No.182, Vadodara, 2001. 


[2] See, for instance, Bijaganita of Bhaskara with the commentary 
Bījapallavam of Krsna Daivajna, ed. T. V. Radhakrishna Sastri, Tan- 
jore Saraswathi Mahal Series No.78, Tanjore, 1958. 


[3] See, for instance, Siddhantasiromani of Bhāskara with Vasanabhasya 
and Vasanavarttika, ed. Muralidhara Chaturveda, Varanasi, 1981. 


Unknown quantities. 

This maxim is used to show that when two things — an easy one and a difficult 
one — must be done, the easier one should be first attended to just like when you 
have to prepare a needle and a kettle, you should first take up the preparation of the 
needle as it is an easier work compared to the preparation of a kettle. See Apte's 
Practical Sanskrit-English Dictionary. 
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Appendix: Sanskrit texts 


Sūryadāsa, page 120: 


athaitasyāh karanyā gunanavidhikathanavyājena svarūpam nirūpa- 
yann aha vargeņeti — 


vargena vargānkena vargam gunayet tathā vargeņaiva vargam bha- 
jen na param tu rūpeņa vargam guņayed bhajed vety arthah | anena 
karanitvam nàma vargatvenabhimatankatvam sūcitam bhavati tad uk- 
tam narayanena 


mūlam grāhyam rāšer yasya tu karaninàma tasya syat | 
iti 
Krsna, page 121: 


atha karanisadvidham vyakhyayate | atredam avagantavyam mūla- 
ra$yor vargadvara yat sadvidham tat karanisadvidham iti| asya sad- 
vidhasya vargatvapuraskarenaiva pravrtter ata evasmin sadvidhe mūla- 
darasav api karanitvavyavaharah karanitvapuraskarena ganitapravrttav 
ayam na syāt | karanisadvidham iti samjna tu karanirasav etasya ganita- 
syāvašyakatvād drastavyā | tatra yasya rāšer mūle 'peksite niragram 
mūlam na sambhavati sa karanī | na tv amūladarāšimātram | tathā sati 
dvitripancasadadisu sarvadā karanitvavyavaharah syat | 


— astu sa iti cet | 

na | tathā sati tatprayuktam karyam syāt | yathastau dvisamyutā 
astādašaiva syur ity adi ll 

Krsna page 125: 


“vargena vargam guņayed bhajec ca” itil etad uktam bhavati— 
karaņīguņane kartavye yadi rūpāņām gunyatvam gunakatvam va syāt 
karanibhajane và kartavye yadi rüpanam bhājyatvam bhajakatvam và 
syat tadà rūpāņām vargam krtvà gunanabhajane kārye | karanyà var- 
garüpatvad iti | 


Krsna page 125: 


vargasyapi samadvighatataya gunanavisesatvad uktavat siddhih | 
“sthapyo "ntyavargo dvigunantyanighna" ityadina vyaktoktaprakarena 
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vā karaņīvargasyāpi siddhih syāt kim tu "vargeņa vargam guņayed” 
ityuktatvad dvigunantyanighna ity atra caturgunantyanighna iti drasta- 
vyam | 


Krsna page 131: 


nanv astu paribhasamatram idam tathapi kim anena karanisadvidha- 
nirüpana$ramena na hy asti loke karanibhir vyavaharah kintu tadasanna- 
mulair eva tatsadvidham ca rüpasadvidhenaiva gatartham | kim ca krte 
'pi karaniganite tatas tadāsannamūlenaiva vyavaharah tadvaram prag 
eva tadadara iti cet |l 


maivam | prag eva sthilamilagrahane tadgunanadav atisthūlatā 
syāt krte ’pi sūksme karaniganite pascat tadasannamulagrahane kim 
cid evantaram syan na mahad ity asti mahan visesa iti karanisadvidham 
ava$yam arambhaniyam | 

tad yady api vyaktasadvidhantarangatvad varnasadvidhat prag evā- 
rabdhum yuktam tathapy etasya nirūpaņāvagamayoh prayasagauravat 
sūcīkatāhanyāyena varnasadvidhanantaram ārambho yukta eva | 
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Abstract 


The mathematicians of the school of Madhava in late me- 
dieval Kerala (South India) described various series expressions for 
trigonometric quantities. This paper examines the reasoning un- 
derlying two such formulas and the possible connections between 
them. 


1 Introduction 


The school of Madhava in fifteenth- and sixteenth-century Kerala is fa- 
mous for its brilliant mathematical discoveries in a number of areas, 
including astronomical modeling, trigonometric series, infinitesimals, it- 
erative functions, and solution of equations. Some of their best-known 
work involves expressions (attributed to Madhava himself) for the Sine 
and Cosine that are equivalent to what we now call Taylor series ex- 
pansions. The modern name can be misleading, however, since formulas 
that in modern mathematics represent essentially the same concept can 
differ widely in their original Sanskrit context. Exploring the apparent 
motivations of these rules, as suggested by their accompanying “yuktis” 
or rationales, provides a better understanding of their relationships and 
their underlying concepts of trigonometric series. 
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Most of the results discussed here date back to the time of Madhava 
himself or his student Paramešvara, but the yuktis explaining them in 
detail did not appear, as far as the existing texts indicate, until about a 
century later. It is not known how they originated: they may have been 
written along with the original results in texts now lost, or passed down 
orally from teacher to pupil, or devised by later members of the school 
to make sense of the enigmatic formulas, or some combination of all of 
these. 


2 The Sine and Cosine series in the sources 


We begin our examination of the Kerala power series by quoting their 
formulations as they appear in Sanskrit sources, translating them as 
literally as possible into modern mathematical notation, and showing 
their relation to the modern forms of these series. 


2.1 The *Madhava-Newton" power series 


The following statements about the Sine (here capitalized to indicate 
that it is scaled to a non-unity trigonometric radius R, instead of being 
scaled to 1 like the modern trigonometric functions) and Versine (the 
*versed sine", equal to the Radius minus the Cosine) are part of a yukti 
laid out by one Sankara in the first half of the sixteenth century. They 
form part of his commentary Yuktidipika (“Lamp of Rationales”) on 
an astronomical text called Tantrasangraha (“Epitome of Astronomical 
Treatises") written in 1500 by his teacher Nilakantha, who studied under 
the son of Madhava’s student Paramešvara. (See [12], 184—190, in which 
similar statements are attributed to a manuscript of the Tantrasangraha 
itself, [7], 169—173, and [9].) 


The yukti is derived from a Mālayālam exposition by Jyesthadeva, 
another of Sankara’s teachers, entitled Yuktibhasa or “Vernacular [Ex- 
position] of Rationales”. This part of Sankara’s commentary applies 
to the beginning of the second chapter, where the Tantrasangraha, like 
other Sanskrit astronomical treatises, introduces trigonometry. Sankara 
is explaining ([13], 118) a way to find accurate Sine and Versine values 
for a given arc Ó (measured in arcminutes): 
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| Yuktidipika 2, 440—441:| Having multiplied the arc and the 
results of each [multiplication] by the square of the arc, di- 
vide by the squares of the even [numbers] together with 
[their] roots, multiplied by the square of the Radius, in order. 
Having put down the arc and the results one below another, 
subtract going upwards. At the end is the Sine... ([3], 57) 


| Yuktidipika 2, 442—444:| Having multiplied unity and the 
results of each [multiplication] by the square of the arc, di- 
vide by the squares of the even [numbers] minus their roots, 
multiplied by the square of the Radius, in order. But divide 
the first [instead] by twice the Radius. Having put down the 
results one below another, subtract going upwards. At the 
end is the Versine. .. 


In the computation for the Sine discussed in verses 440-441, the initial 
“result” is 0 - 0%, the second 0 - 9? - 0%, the third 0 - 0? - 0? . 62, and so 
forth. For n = 1,2,3,..., the nth result is divided by R? times a term 
depending on the corresponding even number 2n: namely, (2n)? + 2n. 
Thus the sequence of results will be 


0? 0? 
R2(22 +2) m. 
0? 0? 
R4(22 + 2)(42 +4) R?-120' 

07 07 
LLL 1 
R*(2? + 2)(4? + 4)(62 + 6) — RS. 5040’ (1) 

and so forth. Since, for the nth such result, the denominator term 
n n 

LG? + 25) = [[Qi(2i + 0) = (2n +1)! (2) 


it follows that Sankara’s sequence of recursive subtractions of terms from 
the next higher term will give 


sind = 0- (Gra - (aa len «))). (3) 
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The Versine computation in the subsequent verses similarly gives 


62 6* 0 
Vers 0 = —— — | zx———-—— — | =a -... 
R-2 Ca — 4) (ara — 4) (6? — 6) )) 
e? o^ | 86 | 
"za (ra): (4) 
Since Kerala trigonometry uses the standard value for R of about 3438 z 
360 - 60/27, the division of 6) by R produces what we would call 0 in 


radians. This means that the above expressions are equivalent to the 
following modern series normalized to R = 1: 


zz) g r 
sin(z) = z- 4 + pr r t 
r? xt gê 
1—cos(t)= J pta (5) 


Other verses quoted by Sankara in this yukti ( Yuktidipika 2, 437-439: 
[13], 117-118), and elsewhere ascribed to Madhava, contain numerical 
values for the coefficients (up to the fifth-order term) of a slightly differ- 
ent form of the same series for Sine and Versine. Hence it is clear that 
these power series were known (and probably originally developed) by 
Madhava himself. 


2.2 Madhava and the “Taylor-series-like approximation” 


Near the beginning of its second chapter, the Tantrasangraha states a 
rule for determining the Sine of some arbitrary arc 0 by means of Sines 
and Cosines from a Sine-table. More detailed analyses of this rule, and 
of an elaboration of it recorded by Mādhava”s student Parame$vara, 
are given in [4], [5], and [10]. Briefly, choosing from the Sine-table the 
tabulated arc o closest to 0, and knowing the tabulated Sine and Cosine 
of o, we manipulate them as follows: 


[Tantrasargraha 2, 10cd-12ab:] Having set down the two 
composite Sines [i.e., the tabulated Sine and Cosine of the 
tabulated arc] closest to the [arbitrary| arc whose Sine and 
Cosine are sought, one should compute the arc [of] deficiency 
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or excess [depending on whether the desired Sine or Cosine 
is less or greater than the tabulated one]. 


And set down as a divisor 13751 divided by twice the arcmin- 
utes of that [difference arc], for the purpose of the mutual 
correction of those [quantities]. Having first divided [either] 
one [of the tabulated Sine or Cosine by that divisor|, add or 
subtract |the result] with respect to the other, according as 
the [difference] arc is excessive or deficient. 


Now in the same way, apply that [corrected quantity| times 
two to the other: this is the correction. ([13], 112) 


The difference (0 — a) is found in arcminutes, and used to compute 
a “divisor” D: 
13751 2 - 3437; 45 AR 
D = — = = B =. | 6 
2(0 — a) (0 — a) (0 — o) (6) 
The Sine and Cosine of o are *mutually corrected" after being divided 
by D, to give a first approximation to the Sine and Cosine of 0: . 


Cos a Sin a 
, Cos0 x C — 7 
D OS os a D (7) 
The sign of the correction term depends on whether the function of 0 
is greater or less than that of o. These approximate results are then 


doubled, divided by D, and applied in another *mutual correction": 


Sin 0 = Sina + 


, , Sina \ 2 
Sin x Sina + (Cosa - D ) D: 
, Cosa \ 2 
Cos 0 = Cosa — (Sina + D D: (8) 


Recalling that D ~ 2R/(0 — a), and again normalizing to R = 1 as for 
modern trigonometric functions, we get equivalent expressions with x 
and a in the place of 0 and o: 


sin(x) R sin(a) + cos(a) M (x _ a) _ sinto) . (x B a)?, 
cos(r) ~ cos(a) — sin(a) - (x — a) — costa) "(x —a)?. (9) 


Nīlakaņtha describes this method too as “spoken by Madhava” (|13], 
120). 
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2.3 The common equivalent in the modern Taylor series 


Both sets of Madhava’s Sine and Cosine rules, as represented in equa- 
tions (5) and (9), can be derived from the general Taylor polynomial 


f" a f" a 
f(x) = fa) + fa) (s — a) + (ea)? + (xa)? +... (10) 
where f(x) is the sine or cosine function whose value at x is sought. 
Eguation (9) gives the first three terms of the Taylor series, while egua- 
tion (5) is eguivalent to the corresponding Maclaurin series where a = 0. 


The Taylor and Maclaurin expansions per se, of course, are theo- 
retically and historically very closely intertwined. They emerged in the 
seventeenth and eighteenth centuries, in forms very similar to their mod- 
ern representation, as part of the early calculus toolkit for dealing with 
arbitrary functions in the form of polynomials. The Maclaurin series 
was from the beginning considered as a special case of the Taylor series. 


3 The series as explained in their yuktis 


It is clear that the context in which Madhava developed his “mutual 
corrections" of the Sine and Cosine or Sine and Versine was very different 
from the generalized techniques of successive differentiation employed 
by Taylor, Maclaurin, and their predecessors. What was the relation, if 
any, between Mādhava's two methods as perceived by the members of 
his school? 


3.1 Correcting Sines by Versines 


Sankara's exposition culminating in the "Mādhava-Newton” series is de- 
tailed and intricate, comprising nearly a hundred Sanskrit verses (|13], 
109-118). We can only touch upon its highlights here: more thorough 
summaries (though mostly without translations) of Jyesthadeva's ratio- 
nale, from which Sankara derived this explanation, may be found in [11], 
[7], [9], [12], and [14]. 


The foundation of the yukti is its division of a given arc into n unit 
arcs A0. Each unit arc is bisected by a radius. For each successive arc 
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| A6 


Figure 1: The quadrant with radius R, divided into unit arcs A0 


0; = 140, the Sine and Cosine line segments Sin; and Cos; are drawn, 


as are the “medial” Sines and Cosines at the bisection points, Sin; 5 and 
Cos; 5. 


As Figure 1 illustrates, the similar right triangles thus produced 
imply that the differences A Sin and A Cos between pairs of successive 
oines and Cosines can be found from the medial Cosines and Sines. 
Each triangle with hypotenuse R and vertical leg Sin 0; is similar to the 
smaller triangle with hypotenuse Crd A0 and horizontal leg A Cos; 5, as 
in the pair of shaded triangles in the figure. As Sankara puts it, 


| Yuktidipika 2, 349—352:| ... The change in the difference be- 
tween Sines produced from the junctions of the correspond- 
ing arcs should be [proportional] to the change in the Cosine 
produced from the center of the arc. [Likewise,] the differ- 
ence in Sine produced from the center of the arc is known as 
the change in Cosine-difference at the junctions of the corre- 


sponding arc. Thus the changes in difference are mutuallly 
dependent). 


Then divide the Sine produced to the junction of the first arc, 
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multiplied by the Chord, by the Radius: [it is] the difference 
of the Cosines in the centers of those arcs. 


In our notation, 


„ Crd Crd 
A Cos;41 = Sinis: RO A Sin;+1 = Cos;.5 R` 
A Cos;.5 = Sin; . =, A Sinj.5 = Cos; . =. (11) 


For any consecutive pair of, e.g., Sine-differences, their "second differ- 
ence" or “difference of the differences” AA Sin also depends on these 
quantities: 


| Yuktidipika 2, 352-354:] ... Having multiplied that [Cosine- 
difference, A Cos; 5] by the Chord, divide again by the Ra- 
dius. [That] should be the difference of the differences of the 
Sines produced to the junctions of the first and second [arcs]. 
Therefore, divide the first Sine, multiplied by the square of 
the Chord, by the square of the Radius. [The] quotient is the 
difference of the differences of the first and second [Sines]. 


[Yuktīdīpikā 2, 358-359:] ... In the same way, the division 
by the square of the Radius of every Sine multiplied by the 
square of the Chord should be similarly the difference of [its 
own difference and] the difference after that. 


That is to say, in terms of the relations from eguation 11, 


AA Sin; = A Sin; —A Sin, = (Cos;5_1 — Cos;5): = = A Cos;5 = 
_ Crd? ; 


Consequently, any desired Sine-difference A Sin;+1 (for i > 0) can 
be expressed in terms of the previous Sine-difference and the second- 
difference between them. But the previous Sine-difference itself can be 
expressed in terms of another second-difference, and so on, until we are 
left with a sum of second-differences. And each second-difference, we 
recall from equation (12), is dependent upon the corresponding Sine, as 
Sankara goes on to state: 
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| Yuktidipika 2, 361-363:| However many differences of [Sine- 
|differences there are, when the sum of that many, beginning 
with the first, is subtracted from the first difference, the 
desired difference is obtained. When it is desired to obtain 
the total of the differences of [Sine-|differences, (the quotient) 
from the sum of Sines multiplied by the square of the Chord, 
divided by the square of the Radius, should be the sum of 
the differences of the differences. 


A Sinj41 — A Sin; —AA Sin; 
= ASin;_; —AA Sin;_; -AA Sin; 


=A Sin; —AA Sin} —...-AA Sin; 


= A Sin; — Y: AA Sin, 


k=1 
‘Crd? 
= A Sin; — Yy Sing : RB (13) 
k—1 


From equation (13) we can see that if we were to add up 4 consecutive 
Sine-differences, the result would involve a sum of sums of Sines (or, al- 
ternatively, of Cosine-differences, which are equal to Versine-differences). 
But the sum of 2 consecutive Sine-differences is also just the ?th Sine it- 
self: 


| Yuktidipika 2, 367-371:| Therefore, many sums of Sines one 
below another, ending with the sum of the first and sec- 
ond, are to be made here successively. [The quotient| from 
the sum of all those [sums], multiplied by the square of the 
Chord, divided by the square of the Radius—which is the 
result produced from the sums of the Sines—is equal to the 
quotient |from division] by the Radius of the sum of [the 
successive sums of] the Versine-differences, times the Chord. 


However many differences are considered in the case of [any] 
desired arc, subtract that [sum of sums] from the first dif- 
ference times that number of differences. That should be 
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the Sine of the desired arc in the form of a sum of Sines of 
[arc-|portions. 


i-l k 2 
A Sin; +A Sing +... + A Sin; = 7A Sin; — ` ` Sinj Se 
k=1 j=1 
iI E Crd 
=iASin- V7 2 A Versi S” 
k=1 j=1 
= Šin;. (14) 


Šankara now simplifies the above expression by taking A Sin; to be 
approximately egual to the unit arc A0: 


[Yuktidīpikā 2, 375—376:| Because of the uniform smallness of 
the arc-portions, the first Sine-difference is assumed [egual 
to the unit arc]. That [ASinj] multiplied by the number 
of differences is the amount of the desired arc. Therefore, 
subtract from the desired arc the result produced as stated. 
The desired Sine remains there; it is [made] accurate by the 
rule to be stated [below]. 


So we can rewrite equation (14) as 


"P — c g; Crd? EP il E A Crd 
In; ~ p dR p Versj.5 =p; (15) 


The process of *making the desired Sine accurate" commences with 
several more simplifying assumptions: 


| Yuktidipika 2, 379-382:| ...Whatever is the sum-of-sums of 
the arcs—owing to ignorance of [the values of] the Sines—is 
to be considered the sum [of the sums] of the Sines. But in 
that case, the last Sine should be the desired arc... Because 
of the smallness [of the unit], those arc-portions are consid- 
ered [to be composed] with unity [ie., as integers]. So the 
integers in the desired arc are equal to that [arc]. Therefore 
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the sum of the Sines is assumed from the sum of the num- 
bers having one as their first term and common difference. 
That, multiplied by the Chord [between] the arc-junctures, 
is divided by the Radius. The quotient should be the sum of 
the differences of the Cosines drawn to the centers of those 
arcs. 


| Yuktidipika 2, 384—385:| The other sum of Cosine-differences, 
[those] produced to the arc-junctures, [is] the Versine. [But] 
the two are approximately equal, considering the minuteness 
of the arc-division. On account of considering the arc-units 
[equal] to unity because of [their] minuteness, the Chord too 
is equal to that [unity], which makes no difference in the 
multiplier. 


Sankara points out, quite rightly, that we cannot use a sum of ; — 1 sums 
of unknown Sines to compute an equally unknown ith Sine. He proposes 
instead taking the sum of i sums of the successive arcs, which (if we take 
A0 zz Crd A0 z 1) is just a sum-of-sums of successive integers, whose 
values are of course known. We will also assume that a sum of medial 
Cosine- (or Versine-) differences, which really equals a medial Versine, 
is roughly equal to the adjacent non-medial Versine. This gives us the 
following modified expression for Sin;: 


Sin; = i- y y E ~ iSS AVers 4 — R iS Ve . (16) 


k=1 j=1 k=1 j=1 


A brief detour then provides a general expression for sums of successive 
integers and their successive sums: 


| Yuktidipika 2, 386—387:| Whatever is the product of however 
many numbers beginning with the first-term and increasing 
[successively] by one, that [product] is divided by the product 
of that many numbers beginning with one and increasing by 
one. The results one after another are the sums-of-sums of 
those [numbers]. 


That is, for a sequence of “however many” (say, g) consecutive integers 
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beginning with any “first-term” p, Šankara notes that 


)- + 1)::: +g-—1 + — 1)! ja 2 
ppt hora“) gri y Y 


Jq-1=1 j2=lj1=1 


Yet another simplifying assumption follows: 


| Yuktidipika 2, 389-393:| Half that square of the arc should 
be the sum of the [consecutive] arcs. Because half the prod- 
uct of the first-term and the first-term plus one is a sum: 
therefore, from the cube and squared-square [etc.] of the de- 
sired arc, divided by the product of numbers beginning with 
one and increasing by one, there are many resulting sums 
one after another. 


So in this case, the first sum of the arc-portions... should 

be considered the sum of the Sines. But that sum of Sines, 

multiplied by the Chord and divided by the Radius, is the 
desired Versine. 


We know from the familiar rule for the sum of an arithmetic series that 
half the product p(p 4- 1) equals the sum of the first p integers. Sankara 
now assumes that, since the desired arc 1 z i + 1, the sum of the first i 
integers is approximately i? /2, and generalizes that assumption (relying 
on an earlier demonstration in his commentary) to conclude that 


y $^ ii-1)642) i x" 
17 U £3 — fS S 
j2=1j1=1 1-2-3 6 k=1 2 


1 J3 32 p M “4 i 3 
„_ft(t+1)((+2)(6+3) x k | 
dd A= 1-2.3.4 "au^ ig (18) 


J3=1 j2—1 J1=1 


etc. From this approximation and from eguation (16), we can assume 


that 
2 


i 
1 1 
» g^ Versi og (19) 


We can also make a substitution for the double sum of integers in 
equation (16): 
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| Yuktidipika 2, 401-403:| ...But the difference of the desired 
Sine and [its] arc is from the sum of the sum of the Sines. 
The square of the desired arc should be divided by the Ra- 
dius; thence is [found] the Versine. But thence whatever 
[results] from the cube of the same desired arc [divided] by 
the square of the Radius, from that the quotient with six is 
approximately inferred [to be] the difference of the arc and 
Sine... 


That is, 


iz. 1 d 1 
i- Sinix > i me A (20) 
k=1 j=1 


Now Sankara reminds us that this double sum of consecutive integers 
or arcs should really have been a double sum of Sines, so every arc in 
the sum needs to be corrected by the above expression for the difference 
between the arc and its Sine: 


| Yuktidipika 2, 406—408:| To remove the inaccuracy [result- 
ing] from producing [the Sine and Versine expressions] from 
a sum of arcs [instead of Sines], in just this way one should 
determine the difference of the [other] Sines and [their] arcs, 
beginning with the next-to-last. And subtract that |differ- 
ence each] from its arc: [those] are the Sines of each [arc]. Or 
else therefore, one should subtract the sum of the differences 
of the Sines and arcs from the sum of the arcs. Thence should 
be the sum of the Sines. From that, as before, determine the 
sum of the Versine-differences. . . 


[Yuktidīpikā 2, 417-419:] ...[W]hatever sum-of-sums is in- 
ferred from the determination of the Versine, the difference 
of the Sine and [its] arc is deduced from the sum-of-sums 
after that [one]. Thence in this case, the quotient from the 
product of the cube and square of the desired arc, [divided] 
by whatever is the product of five numbers beginning with 
one and increasing by one, [is] also divided by the squared- 
square of the Radius. The difference of the Sine and [its] arc 
determined in this way should be more accurate. 
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All the corrected consecutive terms must be re-summed to produce a 
more correct Versine, using the approximation for successive sums-of- 
sums in equation (18): 


"2 4 


vss (cu) a Ek Dow an ae OD 


And we can use the same sort of serm-by term correction to modify all 
the Versines composing the Sine in equation (16): 


i i 2 4 
— k=1 ° 
(28-348) 


{2 "n 


3? | SIRT 


(22) 


These recursive corrections of the Sine by the Versine and vice versa 
are then applied indefinitely to produce the general rules of equations (3) 
and (4). 


3.2 Correcting Sines by Cosines 


We turn now to the Tantrasangraha’s “Taylor-series-like approxima- 
tions” of equation (8) to see what we can glean of the reasoning be- 
hind them. Consider first of all that if we omit their final terms, we get 
expressions equivalent to the following: 
. , 2 , 2 | 
Sinü — Sina = Cosa: =, | Cosa — Cos0 x Sina: =, (23) 
D D 
or equivalently 
0—o _ Sin — Sina _ Cosa — Cos0 
2R ^. 2Cosa  2$Sina ` 
As discussed in ([10], 287-288), Šankara analyzes in a different com- 
mentary! on the same text (Laghuvivrti, or “Minor Commentary") an 


(24) 


1Sankara does not comment on this approximation in the Yuktidipika. Pm in- 
debted to the reviewer of this paper for the important observation that such a yukti 
is in fact provided in the Yuktibhāsa of Jyesthadeva. 
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approximation very close to the first of these, namely 


0 —a _ Sin — Sina 
IR ^ Cosa + Cos6' 


(25) 
as follows: 


[Laghuvivrti on Tantrasangraha 2, 14cd—15ab:| Here, where 
the divisor should be made from the Cosine of the medial 
arc, it is said [to be made] with the sum of the Cosines of 
both full [arcs], by assuming that that [sum] equals twice the 
medial Cosine. But in reality, the sum of the Cosines of the 
two full [arcs] is somewhat less than twice the medial Cosine. 
Because of the deficiency of that divisor, the result of that is 
somewhat too big. But actually, that is what is desired: for 
that result is really the Chord, which is a little less than its 
arc... 


In other words, if we considered the slightly smaller Crd(0 — o) rather 
than its arc, it would be more appropriate to write: 
Crd(6 0o) |  Sin0—Sino 


2R 2 Cos (s + =) 


(26) 


But this is essentially the same similar-triangle relation expressed in 
equation (11): it states the difference between two successive Sines in 
terms of a linear proportion involving the Chord of the arc-difference, 
the Radius, and the medial Cosine. This exact linear proportion is what 
validates the slightly adjusted one, using the arc instead of the Chord, 
in equation (24). The "Mādhava-Newton series" and the “Taylor-series- 
like approximation" are therefore ultimately based on the same Rule of 
Three derived from similar right triangles. 


Sankara does not explain here the reason for adding the second-order 
correction term, but he proposes the option of including several more of 
them (see [10], 292): 


[Laghuvivrti on Tantrasangraha 2, l0cd-14ab:] Although 
here, prior to that, the quotient from half the Cosine with 
that same divisor [can] be applied to the Sine—and prior 
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to that, the quotient-result from a fourth part of the Sine 
to the [half-|Cosine, and prior to that [the result] from an 
eighth part of the Cosine to the [fractional] Sine and [simi- 
larly, the result] from a sixteenth part of that [Sine] to the 
[fractional] Cosine—yet because of the smallness of that, it 
is to be considered negligible. 


That is, the approximations in equation (8) might be expanded (if the 


size of the correction made it worthwhile) to 


Cosa — Sing | Cos a 
2 4 8 


-Sna 1)1)1)1) 1) 2 
I6 D/D/D/D/D/D 
Sina (S E 

2 7 E 


Cosa 1\1\1\1\1\2 
* T6 -5)2)2)2)2)5 (27) 


Recalling that D = 2R/ (6 — a), we may rewrite these as 


Sin = Sina + ( Cos a — (Sina + ( 


Cos 0 = Cosa — (Sina + (Cosa — ( 


Sin a(0 — a)? Cosa(0 — a)? 


Sind ~ Sina + Cosa(0 — a) - —255— — — RS 
Sino(0 — a)? | Coso(0— a)? Sina(0 — o)? 
32R? 128R5 =  BI2R6 n 
šos 0 zz Cos a — Sina(0 — a) — T + mo 
Coso(0 —o)*  Sino(0— o)? Cosa(@—a)® 
32R4 3. 198)  512R6 


(28) 


And if we set a = 0 in order to compare these approximations with their 
counterparts in equations (3) and (4), they reduce to 


0? 0^ 
Sind x 0 — 8E + DBR” 
2 4 6 
Cos x R- + ý ó (29) 


oR | 32H83 512R5' 
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3.3 Conclusion: the same or different series? 


These commentaries of Saükara contain almost the last known treat- 
ments within Mādhava's school of these two types of approximation 
to the Sine and Cosine. (The anonymous source in [3| appears to 
be somewhat later. As understood in this mature form by Šankara, 
the “Madhava-Newton” series and the “Taylor-like” approximation are 
clearly independent rules. The former is valued largely for its produc- 
tion of Sine-values without the need for Sine-tables; the latter depends 
on a known tabulated Sine and Cosine to determine those of a nearby 
arc. Even if reduced to an equivalent form as in equation (29) (and there 
is no evidence that the “Taylor-like” approximation was ever actually 
handled this way in the Indian texts), they would be incompatible, since 
the integer coefficients in the denominators of the former are factorials, 
while those of the latter are powers of 2.? 


Yet the two series may be linked conceptually. They are both founded 
on the Rule of Three arising from the same pair of similar right triangles 
in the subdivision of the quadrant. And they are both developed, after 
an initial approximation from this Rule of Three, via recursive mutual 
corrections of Sine-terms by Cosine-terms and vice versa. The power 
and fecundity of these basic concepts is illustrated in the variety of the 
approximations derived from them. In particular, the origin of these 
brilliant derivations in an elementary linear proportion recalls Bhaska- 
ra’s comment on mathematical foundations: “Just as this universe is 
pervaded by Lord Narayana (who removes the sufferings of those who 
worship him and is the sole generator of this universe), with his many 
forms—worlds and heavens and mountains and rivers and gods and men 
and demons and so on—in the same way, this whole type of computation 
is pervaded by the [rule of] three quantities." 
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Abstract 


Indian Mathematics is predominantly algorithmic. In fact, the 
very word "Algorithm" is derived from the name of Al Khwarizmi 
(c. 9t? Century) whose works played a crucial role in the transmis- 
sion of Indian algorithmic procedures to the Islamic and later to 
the Western world. We shall discuss a few selected algorithms that 
are representative of the Indian mathematical tradition from the 
ancient Sulbasūtrās to the medieval texts of the Kerala School. In 
particular, we shall outline some of the constructions described in 
the Sulbasütras, the algorithm for computing the cube-root given 
by Āryabhata (c.499) and the kuttaka and cakravāla algorithms for 
solving linear and quadratic indeterminate equations as discussed 
by Aryabhata (c.499), Brahmagupta (c.628), Jayadeva (prior to 
the 11*^ century) and .Bhaskara (c.1150). We shall also discuss 
the efficient algorithms for accurate computation of 7 and the sine 
function due to Madhava (c.14*^ century) as discussed in the texts 
of the Kerala School of Mathematics and Astronomy. 


1 Introduction 


The very word algorithm is derived from the name of the famous ninth 
century Islamic mathematician Al-Khwarizmi who was greatly influ- 
enced by the Indian procedures in mathematics and wrote the famous 
book Kitab al-hisab al-hindi on the art of Hindu reckoning [1]. Indian 
Mathematics is predominantly algorithmic. It abounds in algorithms 
for quick and efficient computations with numbers, and algebraic, geo- 
metric and trigonometric quantities. However, it was understood that 


154 M.S.Sriram 


rationale and proofs have to be provided for all mathematical operations 
and they are to be found in the commentaries [2]. 


In this article, we describe some representative algorithms in Indian 
mathematics, as they have been developed over the ages. We begin with 
the Sulbasütras, which are adjuncts to Vedas and contain the procedures 
for constructing various types of Vedic altars, of which we discuss some 
interesting examples. Aryabhatiya (c.499) is one of the earliest texts 
which gives algorithms for finding the square, cube, square root, cube 
root, etc. of a number. Detailed discussions of the same are found in 
the commentary on Aryabhatiya by Bhāskara I (c.629). We present the 
algorithms for finding the square and the cube root given in Aryabhatiya 
and its commentary. We also describe the Kuttaka or the pulverizer 
algorithm for solving linear indeterminate equations. 


We next discuss the solution of quadratic indeterminate equations 
or Vargaprakrti which was first considered by Brahmagupta in his 
Brahmasphuta-siddhanta (c.628). An optimal algorithm for the same 
called Cakravala has been discussed by Bhāskara II in his B?7aganita 
(C.1150). The algorithm can at least be traced back to Jayadeva who 
lived prior to 11th century. We shall compare the Cakravala algorithm 
with the one discovered by Wallis and Brouncker in the 17th century 
and proved later by Lagrange. We then discuss the algorithms for con- 
structing the sine tables in Indian astronomy both in their earlier ver- 
sions and as given in Tantrasangraha (c.1500) and Aryabhatiyabhasya 
of Nilakantha Somayāji, the famous Kerala astronomer-mathematician. 
Finally, we describe the accurate calculation of m with a suitable re- 
mainder term, due to Mādhava (14th cent.) as described in the Ker- 
ala works Yuktidipika (c.1530), a commentary on Tantrasangraha by 
Šankara Vàriyar and Yuktibhāsā (c.1530) of Jyesthadeva. 


2 Geometrical construction in Sulbasütras [3] 


Sulbasütras are part of Kalpasütras, which are one of the six Vedānigas. 
These are essentially manuals for geometrical constructions of Vedic 
altars. Baudhayana, Apastamba, Kātyāyana etc. are some of the 
Sulbasütras. Some of the simpler procedures discussed here are for 
dividing a line into equal parts, drawing perpendiculars, constructing 
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squares and rectangles, etc. Pythagoras theorem or the "Theorem of the 
square of the diagonal" plays a crucial rule in most of these constructions. 
This theorem was known in India, at least by the time of Baudhayana 
Sulbasütra, where right triangles with sides (3,4,5), (15,3,39), (7,24,25), 
etc., are mentioned. The earliest recorded explicit statement of the the- 
orem is also to be found there. 


TUTTI TY: UAT fragt GET KĀ qued: 
THAT FUT | 
(Baudhāyana Sulbasūtra 1.48) 


The diagonal cord of a rectangle makes both (the sguares) 
that the vertical and horizontal sides make separately. 


We give some illustrative examples of geometrical algorithms in the 
Sulbasūtras in the following. 


2.1 | To draw a square equal to the difference of two 
squares 


(Āpastamba Sulbasūtra 2.5) 


Wishing to deduct a square from a square one should cut off 
a segment by the side of the square to be removed. One of 
the lateral sides of the segment is drawn diagonally across to 
touch the other lateral side. The portion of the side beyond 
this point should be cut off. 


ABCD is the larger square. AE is the side of the smaller square. AD 
is drawn diagonally across with point A fixed till D touches EF at P. 
Considering the triangle AEP. 
EP? = AP- AE’ 
AD? — AE? 
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Fig.1 


Hence, the square with side EP is the required answer. 


2.2 To convert a rectangle into a square 
TIA | MVS AMT TUA Pm [eT Ta: | 
(Apastamba Sulbasūtra 2.7) 
Wishing to turn a rectangle into a square, one should cut off 
a part equal to the transverse side and the remainder should 
be divided into two and juxtaposed at the two sides (of the 
first segment). The bit (at the corner) should be filled by 


an imported bit. The removal of this has been explained . 
already. 


ABCD is the given rectangle (see Fig.2). Consider the square ABC D 
with side AD. The remaining rectangle B,;BC'C; is divided into two 
equal strips B1B3 EC, and B2BCE. The strip B2BCE is cut off and 
applied to the side of the square DC}. So the original rectangle has been 
converted into a square with side AD, with the.small square C1 ECSF 
unfilled at one corner. Hence, 


Area of the required square = Area of the square ABoC2D 
— Area of the square Ci EC? F. 


Using the previous procedure, this square is easily constructed. 
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X H 


Fig.2 


2.3 Combining equal squares 


(a) Combining two equal squares 


The rule in the Apastamba Sulbasütra (1.5) is 


T Balt | 


The diagonal of the square is the double-maker. 


ABCD is the given square with side a and area a?. Then the square 


on the diagonal AC is the square with area 2a”. That is, AC = V2a. 
Incidentally, Fig.3 also indicates the proof. 


Both Āpastamba (1.6) and Baudhāyana Sulbasūtras (1.62) give a very 
good approximation to the value of V2: 


want qure quaque 3memrngfen-- uS: | 
The measure should be increased by one-third of itself, which 


is again increased by its one-forth and diminished by d of 
that (second) increment. This is the savisesa. 


That is, 


1 1 1 577 
det ee ee 


which is correct to 5 decimal places. 


~ 1.414216, 
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Fig.3 


(b) An ingenious method for constructing a square with area 
n times a given square is given in Kātyāyana-sulbasūtra (6.7) 


GAGA araea AA aA verat as aA 
fete RIGA vere | afma rAr a 


As many sides (of equal side) as you wish to combine into 
one, the transverse line will be(equal to) one less than that; 
twice a side will be(equal to) one more than that. It will be 
a triangle. Its arrow(i.e., altitude) will do that. 


Let the side of the original square be a. Construct an isosceles triangle 
ABC (see Fig.4) with base 


BC = (n — 1)a, 
and sides i 
AB = AC = "tia 


This is easily achieved by stretching the mid point A of a rope with 
length (n + 1)a away from BC such that the rope is taut. Then the 
altitude AD is the side of the square with area na’, for, 
AD? = AB?- BD’ 
— [(n* 1)a ?^ [(n—1)aļ” 
"Exc 3. 


= na”. 
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A 
(n+1)a 
2 
B D C 
(n-1)a 
Fig.4 


3 Algorithms for square and the cube root 


3.1 Square 


One of the earliest example of an algorithm in arithmetic is the one for 
squaring a number. In his Aryabhatīya-bhāsya (c.629) Bhaskara I cites 
the following as an ancient rule for squaring [4]: 


AZT qu Fea fup Tera | 
TIVE AMT IET THAT a 


To calculate the square of a number, the square of the last 
digit is to be placed over it. And the rest of the digits, 
doubled and multiplied by the last are to be placed over them 
respectively. Then, (omitting the last digit and) moving the 
rest by one place, the process is repeated. 


Consider for example, the square of 125. The procedure is summarized 
below. 


25 52 = 25 
4 20 22 = 4, 5.2.2 = 20 
1 4 10 1% = 1, 2.2.1 = 4, 5.2.1 = 10 
1 2 5 


160 M .S.Sriram 


It is noteworthy that this 'ancient rule' for squaring is already opti- 
mal. The mechanical method of squaring a n - digit number involves n? 
multiplications, whereas the above method clearly involves only nnt) 
multiplications. 


3.2 Cube root 


An algorithm for square root is given in Aryabhatiya . Indeed, texts 
prior to this work also deal with square roots. However, the first clear 
enunciation of the cube root algorithm is found in Aryabhatiya , which 
we proceed to describe [5] 


wears ure BATT PTO PTT Heu | 
qWferqd or: dt: WAS TAT TAT d 


(Having subtracted the greatest possible cube root from the 
last cube place and then having written down the cube root 
of the number subtracted in the line of the cube root), di- 
vide the second non-cube place (standing on the right of 
the last cube place) by thrice the square of the cube root 
(already obtained); (then) subtract from the first non-cube 
place (standing on the right of the second non-cube place) 
the square of the quotient multiplied by thrice the previous 
(cube root); and (then subtract) the cube (of quotient) from 
the cube place (standing on the right of the first non-cube 
place) (and write down the quotient on the right of the pre- 
vious cube root in the line of the cube root, and treat this 
as the new cube root. Repeat the process if there are still 
digits on the right). 


We consider the cube root of 17,71,561 as an example. Beginning from 
the units place, the notational places are called cube place (c), first non- 
cube place (n), second non-cube place(n'), cube place(c), first non-cube 
place(n), second non-cube place(n’), and so on. 
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n m c m n c 121 
7 7 1 5 6 1 (line of cube root) 
Subtract 1? 


O ao e Oo 


Divide by 3.1” 3) 7 (2 
6 
1 7 
Subtract 3.1.2? 1 2 
5 1 
Subtract 2? 0 8 
Divide by 3.12? 432) 43 5 (1 
4 3 2 
3 6 
Subtract 3.12.1* 3 6 
0 1 
Subtract 1* 1 
| 0 


The process ends and the cube root is 121. The algorithm is obviously 
based on the algebraic identity: (a + b)? = a? + 3a7b + 3ab* + bē. 


4  Kuttaka or ‘pulveriser’ algorithm for linear 
indeterminate equations 


The subject of first order indeterminate equations was considered very 
important by the ancient Indian mathematicians and most of them have 
dealt with the Kuttaka or pulveriser method to solve them, beginning 
with Aryabhatiya . They are important in astronomy also, for instance, 
in the calculation of Ahargana (the number of days elapsed from a given 
epoch) from the mean longitudes of planets. This algorithm also plays 
a crucial role in the solution of the much more difficult second order 
indeterminate equations. 


In one of its versions, the problem is to find an integer N which be- 
ing divided by two given integers (a,b) will leave two given remainders 
(r1,r2). Thus we have 


N =az +r = by + r2. 
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Kuttaka method for this eguation is summarized in two verses in 
Aryabhatiya (Gaņitapāda, 32, 33). 


Below we give the translation of these verses by Datta and Singh fol- 
lowing the interpretation of Bhaskara I [6]: 


Divide the divisor corresponding to the greater remainder 
by the divisor corresponding to the smaller remainder. The 
remainder (and the divisor corresponding to the smaller re- 
mainder) being mutually divided, the last residue should be 
multiplied by such an optional integer that the product being 
added (in case the number of quotients of the mutual divi- 
sion is even) or subtracted (in case the number of quotients 
is odd) by the difference of the remainders (will be exactly 
divisible by the penultimate remainder. Place the quotients 
of the mutual division successively one below the other in a 
column, below them the optional multiplier and underneath 
it the quotient just obtained). Any number below (i.e., the 
penultimate) is multiplied by the one just above it and then 
added to the one just below it. Divide the last number (ob- 
tained by doing so repeatedly) by the divisor correspond- 
ing to the smaller remainder; then multiply the remainder 
by the divisor corresponding the smaller remainder and add 
the greater remainder. (The result will be) the number cor- 
responding to the two divisors. 


In the following we take r; > r2, so that a is the divisor corresponding 
to the greater remainder, and b the one corresponding to the smaller 
remainder. Let 

C — T] — T2. 
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We write down the procedure, when the number of guotients (ignoring 
the first one g, as is usual with Aryabhata) is even. 


b) a (g 
bq 
T1) b (qı 
rıqı 
r2) ri (qo 


Tan) T2n—1 (g 2n 
T2n492n 
T2n+1 


Now a number t (mati) is chosen such that r2n+1t + c is divisible by ray 
with quotient s. Then these are set down in the form of a valli (column) 
and the successive columns are generated: 


qı qı Qe ee q182n—1 + 2n-2 
qo qo qa 00 0 0 00000000000 eee PB2n—1 

Q2n-1  Q2n-1 q2n—1 £1 + t = 92 

Qo] Qntts= B 

t t 

E 


Divide q1094.1 + 025-2 by b. The remainder is z and N = az + ri. 


When we divide this by b, the quotient is y and the remainder is ro. 
When the number of quotients (omitting q) is an odd integer 2n — 1, the 
number t is chosen such that ront — c is divisible by r9, 1. 


Example: To solve 45z 4- 7 — 29y. 


Here 
a = 45, b= 29, ri = 7, T2 = 0. 
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29) 45 (1 
29 
16) 29 (1 
16 
13) 16 (1 
13 
3) 13 (4 
12 
1 


Here the number of quotients (omitting the first) is odd. t should be 
chosen such that 1 x t — 7 is divisible by 3. Hence t is chosen to be 10. 
Therefore we have, 


4 41 4l 
10 10 
1 


Now, 92 = 29 x 3+ 5. Therefore, 
N = 49x 5 +7 = 29 x 8. 
Hence, 


r =5, y=8. 


5  Varga-prakrti: Quadratic indeterminate 
equations 


The quadratic indeterminate equation 


x? — Dy? = 1, 


for a non square integer D is generally referred to as Pell's equation, 
though the 17th century English mathematician Pell had very little to 
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do with either posing the problem or solving it. The problem of finding 
the integer solutions x,y to this equation was posed as a challenge to 
the European mathematicians by Fermat in 1653, for specific values of 
D = 61, 109, 149, etc. The English mathematicians Brouncker and 
Wallis solved the equation. Fermat is credited with proving that the 
equation has infinite number of solutions. 


In fact, the quadratic indeterminate equations of the form 
zr*— Dy = K, 


known as Varga-prakrti had been considered nearly thousand years ear- 
lier by Brahmagupta in his Brahmasphuta-siddhanta (c.628). D, the 
given non-square integer is called *prakrt?", K, a given integer, is called 
Ksepa and the integer solutions x and y are called Jyestha-mūla and 
Kanistha-mūla respectively. The fact that the equation has infinite num- 
ber of solutions is implied by Brahmagupta's Bhavana Principle, to be 
described below. The equation z? — Dy? = 1, had been solved for all 
D by Jayadeva (c.llth century or earlier) as cited by Udayadivākara 
(c.llth century) in his commentary Sundari on Laghu-bhāskarīya of 
Bhāskara I [7]. Bhaskara II has also discussed this Cakravala algorithm 
in his Bījaganita (c.1150) [8]. 


The motivation for solving such equations was probably to find rational 
approximation for surds. From z? — Dy? = 1, we find 


vD- 
y 


1 
< a 
T 2xy 


so that VD z "I if x and y are large. For instance, 


577? — 2 x 408 = 1, 


so that 577 
2x ——. 
v2 408 


It is noteworthy that this is the value of V2 given in Sulbasütras. The 
Cakravāla algorithm makes crucial use of the Bhavana Principle of Brah- 
magupta which is summarised below.! 


"Further details regarding the Bhavana principle may be found in the contribution 
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5.1 Brahmagupta's Bhavana 


If 
a? — Dy? = Ki and 12 — Dy3 = Ko, 


then | 
(2129 + Dyiy2)? — D(aiy2 + x231)* = Ki Ko. 


So, if the solution of the Varga-prakrti for the Ksepas Kı and K, are 
known, the solution for the ksepa K,K2 can be found immediately [9]. 


In particular, 


a? — Dy =1 => (z^ + Dy’)? — D(2xy)? = 1 


Thus, if one solution of the equation is known, an infinite number of 
solutions can be found. 


Brahmagupta’s Bhavana not only helps in finding any number of solu- 
tions from just one solution, it also enables us to solve the K = 1 case, 
provided we know a solution for K = —1, or +2 or +4. We give the 
solutions (x,y) of z? — Dy? = 1 in terms of the solutions (x1, y1) of 
x? — Dy? = K, when K assumes any of these five values below: 


=-l:a2 = 274+ Dy’, yedaii. 
=-4:7 = (r$+2) 5 (af +1) (03) - 1|. 

y - nm (xi z3) (zi +3) 
K=+H:a = ei - 1) y= m if zı is even , 


of Amarthya Kumar Dutta in this volume. 
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5.2 Cakravàla algorithm for the Varga-prakrti z^ — Dy? — 1 


In his Bijaganita, Bhaskaracarya gives the Cakravala algorithm for solv- 
ing the equation z? — Dy? = 1 in four verses (71 -75) [10]. 


Considering the lesser root, greater root and interpolator 
(Ksepa) as the dividend, addend and divisor respectively of 
pulversier) the indeterminate multiplier of it should be so 
taken as will make the residue of the prakrti diminished by 
the square of that multiplier or the latter minus the prakrti 
(as the case may be) to be the least. That residue divided by 
the (original) interpolator is the (new) interpolator; it should 
be reversed in sign in case of the subtraction from the prakrti, 
The quotient corresponding to that value of the multiplier 
is the (new) lesser root, like wise is obtained the greater 
root. The same process should be followed putting aside 
(each time) the previous roots and the interpolator. This 
process is called Cakravala (or the cyclic method). By this 
method, there will appear two integral roots corresponding 
to an equation with +1, +2 or +4 as interpolator. In order to 
derive integral roots corresponding to an equation with ad- 
ditive unity from those of the equation with the interpolator 
+2 or +4, Bhāvanā (should be applied). 


We describe algorithm in the following. To solve 


r? — Dy? — 1, 
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we have to consider eguations of the form 


in the intermediate stages, and also an indeterminate multiplier p;. Here 
yi is the lesser root, x; is the greater root and K; is the ksepa. We start 
with, 


T. — Dye = Ko, with zog = 1, yo = 0, Ko = 1, 


and set po = 0. Given zj;, yi, K; and pi, Y;+1 and p;+1 are obtained by 
solving the kuttaka, 
|. .— Vi Dixi t ti 
Ui--1 | Kil ’ 
with the extra condition that |p?, , — D| is chosen to be minimum. Then 
xj+1 and K;+1 can be found from: 


Ti Pi+1 Dyi 


1 
2 

K = tl D 

1+1 m K; M 

a 
They satisfy: 
2 2 
Tj — Dy = Kis. 


Note that the above equation arises by doing Bhavana between 
2 2 2 
Pir — D.V = piyi Db, 
and dividing the new x, y and K by |K;|, |K;| and |K?| respectively. 
This process is repeated till we get one of the values +1, +2, +4 for the 
Ksepa. If we obtain the Ksepa to be 1, we have solved the problem. If 


the Ksepa is —1 or +2 or +4, Bhavana can be used to obtain the solution 
for z? — Dy? = 1, as explained earlier. 


Bhaskara II or his commentators have not outlined any proof that 
Cakravāla algorithm always leads to a solution in a finite number of 
steps. In 1929, A.A.Krishnaswami Ayyangar proved that the Cakravala 
algorithm always leads to a solution in a finite number of steps [11]. 
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He also showed that the above procedure is eguivalent to the one in 
which the kuttaka equation for p;+1 is replaced by the condition that K; 
divides pj + p;+1, with the other conditions being the same (including 
minimization of |p;,, — D|). 


Bhaskara himself considered the example of D = 61 in his Bījagaņita. 
The successive iterated values of p;, Ki, £i, yi are given in Table 1. 
The smallest solution z — 1766319049, y — 226153980 is reached after 
the 14th step, if Cakravala algorithm is applied mechanically. However, 
just after two steps we find K = —4, so that the solution is found im- 
mediately using the Bhavana. 


Cakravāla algorithm for x? — 61y* = 1 


Table 1 
After the first step, we have 


8? 61x 1° =3. 
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In step 2, 8 + p? is divisible by 3 and the minimum value of |p3 — 61| is 
obtained when pə = 7. Then zə = 39, yo = 5, Kə = —4 and we have 


39? — 61 x 5? = —4. 


Since K = —4, we can use Bhāvanā to obtain 


8 
| 


(39° + 2) (5) (39? + 1) (39^ + 3) — 1| = 1766319049, 


(5) (39 x 5) (39* + 1) (39° + 3) = 226153980. 


c 
| 


The Brouncker-Wallis-Euler-Lagrange algorithm for solving the equa- 
tion z? — Dy? — 1, is based on the continued fraction expansion of VD. 
It can be shown to be identical to Cakravāla algorithm, except that the 
condition 

|D — Pi+1| is minimum, 
is replaced by 


D — p? +1 is minimum and positive. 


The Cakravāla algorithm often skips some of the steps encountered in 
the Brouncker-Wallis-Euler-Lagrange algorithm. Table 2 gives the suc- 
cessive values of pj, Ki, £i, yi in the Brouncker-Wallis-Euler-Lagrange 
algorithm for D = 61 where arrows indicate Cakravala steps. The so- 
lution is reached after 22 steps using this algorithm, in contrast to 14 
steps in the case of Cakravāla algorithm. If the number of steps in the 
Cakravāla algorithm and the Brouncker-Wallis algorithm are denoted by 
nc and ng respectively, then it has been shown [12] empirically that for 
large D, 


PB "1.44. 


nc 
Thus, the Chakravāla algorithm is about 44% more efficient for large D. 
Quadràtic indeterminate equations in which ancient Indians did such 
pioneering work is an active field of research even today and is at the 
heart of computational mathematics |13]. 
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Brouncker-Wallis-Euler-Lagrange algorithm for z^ — 61y* = 1 


U 
Ē 


| 16 
| 1644| 21 
| 58 
|. 137 
| 1%] 
| 722 


-12 
L9 
= 
= [20718 | 3805 
9 vaso] 051115 
o | 63506645 | S142716- 
1 [1766319049 | 226155980 


Table 2 


j| ppp pp pus pn pep s e 
CEEEEECEGEEGEEPEEEBEEE 


1 


6 Construction of the Sine-table 


In the above figure AP = Rsin0. This is the Indian jyā , where R the 
radius or trijyā is normally chosen such that one minute of arc on the 
circle corresponds to one unit of distance. Hence R is the number of 
minutes in a radian, and its value is very close to 3438, which is the 
value mentioned in the earlier texts. More exact values are mentioned 
in later texts, especially those of the medieval Kerala school. 
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Normally a quadrant is divided into 24 equal parts, so that each arc bit 
a = 2 3 = 3045' = 225'. Then the procedure for finding Rsinia, i = 
1,2,...24 is explicitly given. The R sines of the intermediate angles are 
to be determined by interpolation. 


Aryabhatiya gives the explicit algorithm for constructing the sine-table 
(verse 12, Ganitapada): 


wanana EA whose fede 1 
ASĀ MTA safer a 


The first Rsine divided by itself and then diminished by the 
quotient gives the second Rsine difference. The same first 
Rsine diminished by the quotients obtained by dividing each 
of the preceding R-sines by the first Rsine gives the remain- 
ing Rsine-differences. 


This tells us that 


Rsina 
Rsin2a — Rsina = Rsina — 


— 225' 
Rsina (a ) 


Rsin a + Rsin2a+...+ Rsinia 


Rsin(i + l)a — Rsinia = Rsina — 
Rsina 


The second eguation is eguivalent to the relation: 


Rsinta 


nli+Da-— Rsinia = Rsinia — Rsin(i — Da — | 
Rsin(i+ l)a sin ta sin ta sin(t — 1)o Rana 
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The values of the 24 Rsines are explicitly noted in another verse, and 
the first Rsine is given by 


Rsina = 225! 


which obviously uses 
sin a a, 


when a is small. The exact recursion relation for the Rsine differences 
1S: 


Rsin(i+l)a—Rsinia = Rsinia— Rsin(i-1l)a—Rsinia 2(1-— cosa). 


Now, 2(1 — cosa) = 0.0042822, which is approximated in Aryabhatiya 
to be 


1 1 
= — = 0.00444444. 
Rsina 225 0.0 


The Aryabhatiya ’s sine values are given in the Table 4. The same 
procedure with the same values are to be found in many other works in- 
cluding Sūryasiddhānta |14|. However the Rsine values given by Govin- 
dasvami in his commentary on Mahabhaskariya of Bhaskara I which are 


reproduced in Table 4 are more accurate (correct to five decimal places) 
[15,16]. 


Far more accurate values for the sines were given by Mādhava of 
Sangamagrāma (1340-1425), the father figure of the Kerala school of 
astronomy and mathematics. These are cited in the two commen- 
taries on Nilakantha Somayaji's Tantrasangraha (c.1500)[17,18| namely 
Laghuvivrtti |17| and Yuktidipika |18], both composed by Sankara 
Variyar. 


These results are based on the series expansion for sin 0, which we write 
in the following form: 


(R6)? | (ReP (Re) (Re) (R6)' 


3g? ' 5IR4 VIR  9iR8 1URV 7 


Rsin0 — R0 — 


where RÓ is the arc in minutes [19]. Explicit values of the magnitudes 
of the terms starting in the reverse from sixth and up to the second in 
(the RHS of) the above equation, given by Madhava when the arc R0 — 
5400’ = 90°, are mentioned in Yuktidīpikā in the katapayad? notation. 
The verse giving these values is quoted below [18]. 
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em: adatu: aioe: 


J PAA WAT | 


These values along with the modern values for comparison are listed in 
Table 3. The last column in this table Was computed using R = 3437.747 
and R0 = 5400. 


Mādhava's 
no. in | Sanskrit eguivalent | value according Modern 
in katapayad: to Yuktidipika value 


00" 44'" 0'0" 44. 54"" 
0'33"6"" 0'33”5.6” 
16/0541” | 16'05"40.87" 
273/57"47" | 273'57"47.11" 


2220'39" 40"" 2220'39" 40.10” 


Table 3 


We find that the values given by Madhava are indeed very accurate. For 
an arbitrary arc R0 (in minutes), the procedure is given in the later half 
of the verse quoted above [18]: 


ATIKA qfi: qeu ETA 
qi shzrprdqdw WANG JAAT: | 


It is the following formula for R sin 0 that is delineated by the above 
verse: 
Rsin = R0— 8^(2220/39"40"") + 6°(273'57"47"”) — 6"(16'5"41") 
489 (0'33"6") u gu (0'0"44") 
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where 8 = ās ag The 24 Rsines corresponding to R0 = 995! 450’, 675’ .. 

were also explicitly stated by Madhava in the katapayadi notation and 

they have been given in baghuvivriti i in the set of verses beginning with 
AT ART : and ending with 

Heks nRa: |They coincide with the modern values up to “thirds” 

(corresponding to an accuracy of sines up to seventh or eighth decimal 

places). 


i R sind according to 
0 in min. | Aryabhatīya | Govindasvami | Mādhava(also Modern) 


In Table 4, we compare the values of the Rsines in Ā ryabhatiya , Govin- 
dasvamin's commentary of Mahabhaskariya, and Madhava’s values as 


224 50 23 
448 42 53 
670 40 11 
889 45 08 
1105 01 30 
1315 33 56 
1520 28 22 
1718 52 10 
1909 54 19 
2092 45 46 
2266 38 44 
2430 50 54 
2584 37 43 
2727 20 29 
2858 22 31 
2977 10 09 
3083 12 51 
3175 03 23 
3255 17 54 
3320 36 02 
3371 41 01 
3408 19 42 
3430 22 42 
3437 44 19 


Table 4 


224 50 22 
448 42 58 
670 40 16 
889 45 15 
1105 01 39 
1315 34 7 
1520 28 35 
1718 52 24 
1909 54 35 
2092 46 03 
2266 39 50 
2430 51 15 
2584 38 06 
2727 20 52 
2858 22 55 
2977 10 34 
3083 13 17 
3176 03 50 
3255 18 22 
3320 36 30 
3371 41 29 
3408 20 11 
3430 23 11 
3437 44 48 
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stated in Laghuvivrtti [16] and the modern values. 


It may be noted that the table gives the Rsine values corresponding to 
arc lengths which are multiples of 225'. In the third and the fourth 
columns, the values are in minutes, seconds and thirds. Note that the 
modern values coincide with the Madhava's values in the last column. 


7 Accurate computation of 7 using an 
error-minimization algorithm 


It is well known that an infinite series for 7 was first given by the Ker- 
ala mathematicians, who invariably ascribe the result to Madhava of 
Sangamagrama (1340 - 1425 AD): 


Circum f erence 1 
——————— =7=A(1-- 
Diameter 3 
An ingenious geometrical proof of this is to be found in the celebrated 
Malayalam text Yuktibhāsā of Jyesthadeva (c.1530) [20,21]. As is well 
known, this series converges very slowly. An algorithm for accurate and 
efficient computation of m using the technique of correction terms was 
also given by Madhava. This result is cited in Yuktidipika of Sankara 
Variyar [22]. 


QN HAIL 3 
FG exor ape Hart ēlteg saa | 
TA RATT WT KG AES TS EUNT d 
Ts STA at eunefequnur WW | 
ATA Ta pq uer aT Ya HUT: | 
Gar: UN: Yar: EPA OASAN: TAT d 


The diameter multiplied by four and divided by unity (is 
found and stored). Again the products of the diameter and 
four are divided by the odd numbers like three, five, etc., and 
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the results are subtracted and added in order (to the earlier 
stored result). 


Take half of the succeeding even number as the multiplier 
(guņa term) at whichever (odd) number the division process 
is stopped, because of boredom (by the slow converging pro- 
cess). The sguare of that (even number) added to unity is 


the divisor. The ratio has to be multiplied by the product 


of the diameter and four as (stated) earlier. 


The result obtained has to be added if the earlier term (in 
the series) has been subtracted and subtracted if the earlier 
term has been added. The resulting circumference is very 
accurate; in fact more accurate than the one which may be 
obtained by continuing the division process (with a large 
number of terms in the series). 


Essentially, 


(P=) 
1 1 1 1 


T 
L Lti- pign | 4. 
n 35 7 p p+I +7 


to a fairly good approximation. 
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Describing different ways by which better approximations can be ob- 
tained, finally Sankara Vāriyar states a more accurate correction term 


[22]: 


Now a correction term better than the others will be pre- 
sented. Here square of half of the even term increased by 
unity, is the multiplier. The same (square) increased by 
unity and multiplied by four, and further multiplied by half 
the even term is the divisor. This correction term should be 
applied after dividing by the odd numbers three, five, etc. 
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In other words, a much better approximation for 7 is: 


2 
l p+1 
—— 1 
T 1 1 1,1 (+5) + 


I M w+ +a (5). 


In Yuktibhasa , these correction terms are derived using an error- 
minimization algorithm [21,23]. We give a summary of this procedure 
as explained in the above references. If the series is truncated at odd 
number p — 2 with a correction term T 4 can be written as: 


_1 1,1 1 1. +1 
i 3 5 7 p-2 S 


On the other hand, if the series is truncated at p with a correction term 
ES we will have 


1 1 1 
p-2 p $$ 


1 1 
=1—2 5... 
35 7 


» 
4 
If the correction terms are exact, then both should yield the same result. 


That is, 


1 1 1 1 1 1 
— = — — Or 


S: p 82 


— + — = -. 
S1 59 p 

S, = S2 = 2p actually satisfies the equality. However both the correc- 
tions should follow the same rule. If S1 = 2p — 2 and Sg = 2p + 2, that 
is S is twice the even number above the last odd number in the series, 
then the Sthaulya or inaccuracy is 


1 (4 1 | 1 + 1 l 4 
S, So p 2—2 2+2 p Ap —A4p 


and it can be shown that the error (corresponding to this choice of S) 
is minimum. For other choices such as $4 = 2p — 3 and 5S5 = 2p + 1, 
the inaccuracy A will have a term proportional to p in the numerator, 
whereas the denominator ~ 4p*. So the inaccuracy A will be much 
larger than its value for $1 = 2p — 2, when p is large. By choosing S2(p) 
of the form, 


1 


S. = —, 
2(P) 2p +2+ x4 
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it can be shown that the inaccuracy is reduced further and inaccuracy 
A is minimum at A = 4. So, 


(p+1 
1 2 


S2(p) = 


2p 2) L3 pP+I+1 
This leads us to 
en, 
T Q1-l.l.l.| t4 27 
4 3 5 7 p (p+1)+1' 


which is the first rule given in Yuktidipika . Proceeding in the same 
manner, the error is further reduced and will be minimum when we take 


1 


S(p) = — —_, 
(2p + 2) + 
2 2 
p+ t42 
which leads to 
12 
pre) 41 
T] D 1 +1 2 
4 3 5 T pt 


[(p 4- 1)2 +4 +1) Gal 


This is the more accurate second rule given in Yuktidipika . When p = 99 

(that is, considering 50 terms in the series), the resulting value of 7 is 

found to be accurate to 11 decimal places. This is same as the value 

T ~ 3.14159265359222. .. given by the rule, BRIT gam. .. , at- 

tributed to Madhava by Nilakantha in his A ryabhatiyabhasya Ganitapada, 
verse 2. 


When the error-minimization algorithm is continued along the above 
lines two steps further, 


S2(p) = A 
(2p + 2) + iG 
2p+2+ 


180 M.S.Sriram 


When p = 99, this yields 7 = 3.141592653589793241, which is correct 
to 17 decimal places. This is the same as the value for 7 stated by Raja 
Sankara Varma in his Sadratnamālā (c.1823). 
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Abstract 


Indian Astronomy is rich in algorithms. The algorithms pre- 
sented in the Indian astronomical texts have varying degrees of 
complexities starting from the simple tratrāstka rule, to the treat- 
ment of parallax in a solar eclipse or the computation of the ele- 
vation of lunar cusps. In the present article we will discuss a few 
algorithms that are representative of the ingenuity and continuity 
of the Indian astronomical tradition. We start with the interpo- 
lation formula presented by Brahmagupta (c.665 AD) and then 
proceed to describe a select few algorithms from Tantrasangraha 
of Nilakantha composed in 1500 AD. Here we present the algo- 
rithm for the calculation of time from shadow measurements and 
the exact algorithm for the computation of lagna and the time 
for the duration of an eclipse. We also comment on the iterative 
process known as avisesakarma which aims at circumventing the 
problem of interdependencies among several variables. 


1 Introduction 


It is not uncommon to find words which originate with a different conno- 
tation and in due course pick up a completely different connotation. The 
word algorithm forms a good example of this. Its origin can be traced 
back to the Persian mathematician, al-Khwārazmi (800-847 AD). It is 
quite interesting to note the observations made by D.E. Knuth in this 
context |1]: 
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In the mīddle ages, abacists computed on the abacus and 
algorists computed by algorism. Following the middle ages, 
the origin of this word was in doubt, and early linguists at- 
tempted to guess at its derivation by making combinations 
like algiros [painful] + arithmos [number]; others said no, the 
word comes from "King Algor of Castile". Finally, historians 
of mathematics found the true origin of the word algorism: it 
comes from the name of a famous Persian textbook author, 
Abu Ja‘far Mohammed ibn Musa al-Khwārizmi (~ 825 AD) 
- literally, *Father of Jafar, Mohammed, son of Moses, na- 
tive of Khwarizm." Khwārizm is today the small Soviet city 
of Khiva. al-Khwārizmi wrote the celebrated book Kitab al 
jabr w'al-muqabala (“Rules of restoration and reduction"); 
another word, “algebra”, stems from the title of his book, 
although the book wasn't really very algebraic. 


Gradually the form and meaning of “algorism” got distorted; The change 
from “algorism” to “algorithm” is any body's guess. The remarks by 
the well-known historian C.B.Boyer in this context are also noteworthy 


[2]. 


EE when subsequently Latin translations of his (al 
Khwārizmi's) work appeared in Europe, careless readers be- 
gan to attribute not only the book but also the numeration 
to the author. The new notation came to be known as that of 
al-Khwārizmi, or more carelessly, algorismi; ultimately the 
scheme of numeration making use of Hindu numerals came 
to be called simply algorism or algorithm. 


The terms process, method, technique, procedure, routine, and so on 
all essentially refer to a sequence of operations to be carried out to ac- 
complish a given task. The word "algorithm" though similar, connotes 
something more. For a procedure to be termed algorithm it must termi- 
nate after n steps and upon termination it must yield a sensible result. 
However, this is not true of all procedures. In this sense, all algorithms 
are procedures; but all procedures are not algorithms. 


Indian astronomy is essentially algorithmic in nature. The algorithms 
presented are precise and fairly sophisticated |3|. Some of them are 
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amazingly accurate [4]. We shall illustrate these points by considering 
a few examples. 


2 Brahmagupta’s interpolation formula 


Interpolation is the art of reading between the lines in a table. The 
rule of trairasika [5,6] employed in Indian astronomy is close to what is 
known as the first-order interpolation in modern parlance. This tech- 
nique has been extensively applied to solve a variety of mathematical 
and astronomical problems, beginning from the evaluation of sine func- 
tion to the calculation of eclipses, at least from the time of Aryabhatiye 
(c.499 AD). 


It is quite interesting to note that Brahmagupta introduced the second 
order interpolation formula to determine more precise value of the sine 
function, called jyā , for an arbitrary angle, from the set of tabulated 
values of sine given at fixed intervals. The following verse from his 
famous work Khandakhadyaka (c.665 AD) explains the algorithm [7]: 


Tate Fatt Arar Ava N 


Multiply the residual arc left after division by 900’ by half 
the difference of the tabular difference passed over and that 
to be passed over and divide by 900’; by the result increase 
or decrease, as the case may be, half the sum of the same two 
tabular differences; the result which, whether less or greater 
than the tabular difference to be passed, is the true tabular 
difference to be passed over. 


Generally in Indian astronomical texts, the interval chosen for tabulating 
values of sines is 225’. However, Brahmagupta has chosen the interval to 
be 15° = 900’ for the sake of simplicity, as Khandakhādyaka is a karana 
text. This explains the number 900 figuring in the above verse. 


!Of the three kinds of texts, Siddhānta, Tantra and Karana, the last is meant to 
serve as a simple manual used for quick computations. 
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Before we represent the content of the above verse in a mathematical 
form, it would be useful to introduce the terminologies and the notation 
employed. Let the egual intervals chosen be represented by a. That is, 


Ln — Ln—1 = Tn+1 — Ln = a = 900, (1) 


where the variable x denotes the angle and zs are multiples of 900’. 
The term Bhogya refers to the present interval between x, and %n41. 
The term khandaka refers to the I order tabular differences in the sine 
values and we denote it by A,. 


An = f(#n) — f (£n-1). (2) 


Let us suppose that the value of the function at three points 
f(zxn-1) f(xa), and f(z441) are known, and it is required to find out 
f (x4 + Ba). Now, the formula given by Brahmagupta may be written 
as 


(An + An+1) u g 4x C AĀn+1) 


: _ Ba 


EC 
where 0 « 8 « 1. With a little algebraic manipulation, and suitably 
rearranging the terms, the above equation may be rewritten as 


f(z,- Bo) = F(a) +=" x Ant (£ - 1) x tAn = Ane) (4) 


Clearly, the formula given by Brahmagupta is identical with the stan- 
dard quadratic interpolation formula [8]. 


3 Algorithm for finding the time from shadow 


The technique of making a fairly good estimate of the time from the 
shadow of an object cast by the Sun has been in vogue from time im- 
memorial. Different cultures and traditions across the world have de- 
vised simple instruments for this purpose. In the Indian astronomical 
tradition the instrument used is called šanku. — 
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Circle drawn around rays from 
the Sanku the sun 


Y W 


Figure 1: Zenith distance and the length of the shadow. 


The sanku essentially consists of a rod of suitable thickness and height. 
Generally the height is taken to be 12 angulas . For performing experi- 
ments with sanku , it must be placed at the centre of a circle as shown 
in Fig.l. Here, OX represents the sanku and OY is its shadow cast by 
the sun. If the longitude of the sun, Ā is known at a given instant, then 
its declination, ó at that instant can be calculated using the relation (see 
Fig.2) 


sin ô = sin esin A, (5) 
where € is the obliguity of the ecliptīc. The procedure for obtaining 


accurate values of the observer's latitude, ¢, are discussed in detail in 
several Indian astronomical texts |9]. 


(Vernal equinox) 


Figure 2: Declination of the Sun. 
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The formula given by Nilakantha in his celebrated work Tantrasangraha 
(c.1500 AD) for determining the time from shadow measurement turns 
out to be essentially a function of 9%, ô and z, where z is the zenith 
distance of the sun. Since % and 6 are already found through shadow 
measurements, only z needs to be known. For this, consider the triangle 
OXY in Fig.l. It can be easily seen that 


singz = —— 


Lo d — 1 —1 
Or z = sin (zv) (6) 


where XY is the hypotenuse given by v12? + OY?. Thus, the zenith 
distance of the sun can also be obtained at any time by measuring the 
shadow cast by the Sanku . 


The algorithm for finding the time from shadow measurements is pre- 
sented by Nilakantha as follows [10]: 


TUN qq: Tet: ARTA PRU d 


ecm prune qq ST qug T | 
IASG BWI ci RTA: | 
TEETH ITT m Aa: | 


The ganku is multiplied by radius (trijyā ) and divided by 
lambaka . This is further multiplied by trizya and divided 
by dyujyà . To this quantity the carajyā is applied posi- 
tively or negatively depending upon whether the Sun is in 
the southern or the northern hemisphere. 


To the arc of the result, the carasavah (ascensional differ- 
ence) has to be applied in the reverse order. This gives the 
time that has elapsed or yet to elapse in the eastern and the 
western half of the hemisphere. 


Before we express the above verse in mathematical notation we introduce 
a few technical terms appearing in the above verse. The term írijya 
refers to R,* lambaka is Rcos@ and dyujyā is Rcosó. The word ganku 


“It is usually taken to be the measure of one radian in minutes. That is R ~ 3438’. 
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in the first line of the quotation is used to denote R cos z.* Carajya is 
Rsin Ao. With this, the the first two lines of the verse translate to the 


relation 
R cos z 


Rsint = cosdcosd ^ P Sin Aa (7) 
In the latter half of the guotation given above it is mentioned that to 
the arc of the above (0), the ascensional difference, which is the angular 
separation between the vernal eguinox and the celestial object measured 
along the celestial eguator (see Fig.3), has to be applied in the reverse 
order to obtain the reguired time t. That is, 


t — 0T Aa. (8) 
Substituting for 0 we have 
t = (Rsin) ! Roos: + Rsin Aa F Aa (9) 
i cos $ cos 6 l 


The above result can be easily understood using the tools of spherical 
trigonometry.* For this, consider Fig.3 where S is the Sun on its diurnal 
path whose zenith distance is z, corresponding to the arc ZS. The 
point where the sun sets in the western part of the horizon is denoted 
by S;. The segment PW is a part of the 6 0' clock circle, and the angle 
ZPW = 90°. Applying four-part formula to the triangle PW S;, it can 
be shown that, the ascensional difference Ao is given by the relation 
(well known in Indian Astronomy) 


sin Ao = tan ģtan ô. (10) 


Further, it may be noted that SPS, = 0 + Aa is the angle to be covered 
by the Sun from the given instant up to the sunset. This angle divided 
by 6 and 15 give the time that is to elapse before sunset in hours and 
nadikas (time unit of approximately 24 minutes) respectively. 


?Generally R cos z, which is the perpedicular distance of the sun from the horizon, 
is called mahasanku in order to distinguish it from the gnomon (dvàdasangulasanku) 
used for shadow measurement. But sometimes mahasanku would be simply referred 
as Sanku , as in the above verse, and what it refers to would be clear from the context. 

*Detailed demonstrations of the algorithms enunciated in Indian astronomical 
and mathematical texts are given in the famous Malayalam work Ganita- Yuktibhasa 
(c.1530 AD) of Jyesthadeva [Ref.6, Vol.I & II]. 
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, —_—— . 
an ] dirunal path 
PA j 90-0 N Eq of the sun 


Figure 3: Determination of time from shadow measurements. 


Applying the cosine formula to the spherical triangle PZS, we have 


cos z = sin $ sin Ó + cos $ cos ô sin 0, 


OT, 
l COS Z 
sin$ = ———— — tan $tanó 
COS ? cos O 
COS Z 
= ———— —— — sin Aa. 
cos ? cos Ó 


Hence, the time, t that is yet to elapse before sunset in angular measure 


1S 
t — 0-4 Aa = sin! | ————4 — sin Aa + Aa, (11) 


COS @ cos O 


which is the same as Eq.(9) given by Nilakantha . 
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The method to determine the time elapsed after sunrise is exactly sim- 
ilar. It is worth mentioning in this context that, in finding z, the cor- 
rection due to the finite size of the Sun and its parallax have also been 
taken into account by Nilakantha [11]. If z’ were the apparent zenith 
distance, then the true zenith distance z is given by 


z= + A0 with A0 = d, — p, 


where ds is the angular semi-diameter of the Sun and p its parallax. As 
A0 is small, 


Rcosz = Rcos(z + A0) 


X 


ru 
Rcos z/ — A0 (a ) . 


(12) 


This is precisely what is stated to be the mahasanku, R cos z, in an earlier 
verse |12], which is to be used in the expression (Eq.9) for determining 
the time from the shadow. 


4 Algorithm for finding lagna 


Lagna refers to the orient ecliptic point, that is, the point of the eclip- 
tic which intersects with the eastern horizon at any desired instant. 
Nilakantha while discussing the procedure for finding lagna, in his 
Tantrasangraha first presents the conventional method, which could be 
found in many of the earlier texts on Indian astronomy. Later, pointing 
out that this procedure would give only approximate results, he proceeds 
to give an exact algorithm for finding the lagna . 


4.1 Conventional method 


The following verses of Tantrasangraha describe the standard procedure 
used for the computation of lagna at any desired instant |13]. 


192 K.Ramasubramanian 


From the longitude of the Sun corrected for ayana, the num- 
ber of minutes to be elapsed in that ras? (are calculated). 
This is multiplied by the duration of rising of that ras; and 
is divided by the number of minutes in a ras? . This gives 
that pranas for the remaining ras? to rise and that has to be 
subtracted from the duration elapsed (since the sunrise). 
From the remainder (h’), the durations of rising of the rasis 
that follow have to be subtracted. Having added the degrees 
remaining in that ras? to the Sun, the other rasis (degrees 
corresponding to rasis ), as many number of them, whose 
rising times were subtracted are also added. The remaining 
prànas (r) are multiplied by 30 and divided by the duration 
of rising of that rasi . The result obtained is once again 
added to the Sun. 

The remainder when multiplied by 60 gives the result in min- 
utes. Thus, praglagna , the orient ecliptic point should be 
obtained. The astalagna , setting ecliptic point is obtained 
by adding six signs to that. 

To know the longitude of the ecliptic points from the mesadi, 
the ayana correction has to be applied reversely. 


The procedure described here may be understood with the help of Fig.4. 
Here S represents the Sun in the eastern part of the hemisphere, I' the 
vernal equinox. R1, R3 etc., are the ending points of the first rai (sign), 
second rasi and so on. h refers to the time elapsed after the sunrise and 
H the hour angle of the the Sun. 
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Diurnal circle Z (zenith) 


Figure 4: Determination of prāglagna (orient ecliptic point) — by the 
conventional method 


Let A; be the sāyana longitude? of the Sun. Suppose the Sun is in the it” 
rāši (in the Fig.4, it is shown to be in the first ras? ), whose rising time 
at the observer’s location is given by 7;. If 0g, be the angle remaining to 
be covered by the Sun in that rāši (in minutes), then the time required 
for that segment of the ras? to come above the horizon is given by 


Or, x Ti 


tr, = ———— 13 


where T; is in ghatikas . A factor of 60 in the denominator indicates 
that the result £g, is expressed in prāņas.* Subtracting this time tp, 
from the time elapsed since sunrise h, we have 


h/ = h-—tg,. 


From h’ the time required for the subsequent rāšis to rise, T;+1, T;+2, 
etc., are subtracted till the remainder r remains positive. That is, 


r =k -Tii —T42...—Tu4j 1 (r +ve) 


This refers to the longitude measured from the vernal equinox. Here, it may be 
noted that in Indian astronomy, nirayana longitudes are more commonly used. They 
refer to the longitude measured from a fixed point, which is generally taken to be the 
beginning point of star called Ašvini. It is also referred to as mesadi as in the last 
line of the Sanskrit quotation given above. 

6 Ghatikā is a measure which is close to 24 minutes and pràna ~ 4 seconds. 
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Suppose we are in the i+ j^" rāši whose rising time is 1;+j. Then, 
the portion of R;+;, which would have come above the horizon in the 
remaining time r is given by 


| T X 30 


in deg.). 14 
Tu ( (14) 


Now, the longitude of the prāglagna (L) is given by 
L=15+0x,+30+30+...+68,,, (15) 
If so, then the astalagna is given by 
astalagna = prāglagna + 180°, (16) 


because the horizon divides the ecliptic exactly into two parts. The 
lagnas obtained by the above procedure are sāyana lagnas. To obtain 
the nirayana ones, one needs to subtract the ayanāmša. 


After describing the above method, Nilakaņtha remarks that it is only 
approximate [14]: 


vera Tt q FTA ere ae Od 
AT AUS HA Sup Wh TAKTS: | 
VAT Sts A ASA | 


The (rising) time gradually differs even in the same rai . 
Hence, applying rule of three here, is not appropriate. ‘There- 
fore the lagna obtained by the above procedure will only be 
approximate and not exact. 


4.2 Exact algorithm 


Subsequently, Nilakantha gives an exact algorithm for finding lagna. 
This is presented in several steps. First he finds the kālalagna (defined 
in the following verse |15]), which is nothing but the time difference 
between the desired instant and the time of rising of the vernal equinox 


T. 
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* 
* * 
ce ~N 
* 
e 
Oo hd 


The right ascension of the sāyana Sun corrected by the as- 
censional difference ...this added to the pranas elapsed gives 
the kalalagna . 


The time difference between the sunrise and the rising of the vernal 
equinox T is a — Aa (see Fig.5), where a is the right ascension of the 
Sun and Ao the ascensional difference. When this is added to the time 
elapsed after sunrise, we obtain the kalalagna at the desired instant, 
which we denote by L’. 


kālalagna = L' = Time elapsed after sun rise + (a — Ao). (17) 


& S =. 


Meee 


Figure 5: Determination of kalalagna . 


Now, vitribhalagna is the point on the ecliptic which is 90° away from 
the lagna. Consider Fig.6, where S is the Sun, I is the vernal equinox 
and L is the orient ecliptic point, whose longitude is the lagna. V is 
the vitribhalagna and K is the pole of the ecliptic. Drksepa is sine of 
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the zenith distance of the vitribhalagna (R sin ZV). When T is on the 
horizon, K is on the meridian. It can be easily seen that the kālalagna 
is the hour angle of K, or L' = ZPK. Now, 


ZK = KV — ZV = 90 — ZV, 


as K is the pole of the ecliptic. Also, KP = € and ZP = 90 — ¢. Then, 
using the cosine formula we obtain the following expression for drksepa 


Rsin ZV = RcosZK = Rcosesin $ + Rcosģsinecos L’. (18) 


Z (zenith) 


~ 
~ 
~ 


H| \ P (pole) 


Figure 6: Determination of prāglagna (orient ecliptic point) - exact 
method. 


This is essentially what is stated in the following verse [16]. 


The aksa multiplied by antyadyujyā and divided by trījyā, 
and, lambaka multiplied by the koti of the kalalagna and di- 
vided by 8452 (are kept separately). The drksepa is the dif- 
ference or sum of the two depending upon whether kalalagna 
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is within the 6 signs beginning from karkataka or mrga Capri- 
corn. 


Here Nilakantha defines two intermediate quantities r and y whose sum 
or difference gives the expression for the sine of the zenith distance of 
the the vitribhalagna . They are given by 


| antyadyujya x aksa  Rcose x Rsing 


trijyā i R 
and, 
lambaka x koti of kalalagna — Rcosó x Rcos L’ x sine 
7 8452 7 R 
It may be noted in the above equation tha sine = sn 2s is taken to be 


er Now, drksepa (= Rsin ZV, refer Fig.6) is given to be 
drksepa = x+ty 
Substituting for x and y we have, 
Rsin ZV = Rcosesin $ + R cos ģcos L' sin e, (19) 


which is same as Eg.(18). From this, cos ZV is to be calculated. With 
this, the lagna is to be found as follows [17]: 


Aqu: fase: | 
WWE Brew seem emp dí T 
IATE ue une Agdam | 


ara GRU sama U KKĀ T 
sew ganar cera À fata | 
qui wur Id ffs da agat i 


The nata (hour angle) or unnata may be obtained depend- 
ing upon whether the computation is done at midday or 
midnight. If nata is obtained, then the bana (versed sine, 
utkramajya) of it is to be subtracted from trijyà , and the re- 
sult is added to the carajya. If unnata, (is obtained) then the 
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result deficient from carajyā is found. |This is the procedure 
for the northern hemisphere]. For the southern hemisphere 
the operation is reversed. 


Here it is essentially stated that 


R(cos ¢ cos ó|cos H + sin Aa]) 
cos ZV 
R(cos ¢ cos ô cos H + sin $ sin ô) 
cos ZV 


where Ā; and A, are the lagna and the Sun's longitude respectively. From 
the above equation, taking the inverse sine we get A; — As. To this, if we 
add the longitude of the Sun we get the desired longitude that is lagna 
(Ai). The rationale behind the above equation can be easily understood 
with the help of Fig.6. 


Rsin(A; — As) 


Applying the cosine formula to the spherical triangle PZS we have, 
cos ZS = sin @ sin ô + cos $ cos 6 cos H. 


Similarly from the triangle ZVS we get, 


cos Z S 
cos ZV 


Now, VS + SL = VS + X — A; = 90. Therefore, cos VS = sin(A; — As), 
which results in the above expression for sin(A; — As). 


cos VS = 


5 Instantaneous velocity of the true planet 


Both in the modern as well as ancient Indian astronomy, the true po- 
sition of the planet/ is obtained from the mean position by applying 
a correction to it. The correction term is known as mandaphala , in 
Indian astronomy, while it is known as 'equation of centre' in modern 
astronomy. 


In Fig.7, A represents the direction of the mandocca (apside) and its 
longitude TOA = w. Pp is the mean planet whose longitude called 


"Though the treatment is general, in this section planet refers to either the Sun 
or the Moon. 
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A (direction of mandocca) 


Figure 7: The manda-samskāra or the eguation of centre correction. 


madhyamagraha (mean longitude) is given by 09 = TOP). The circle of 
radius r' with Po as centre, is the epicycle on which the mandasphuta 
(true planet) is located. By construction, PP is parallel to OA. The 
longitude of the mandasphuta is given by 0g = TOP. It can be easily 
seen that 


, P r! sin(0g — w 
sin(0o — Outs) = oz — Cm e 


where 
K = (R + r' cos(05 — w))* + r° sin"(09 — cz)]2, 
is the mandakarna. As per the formulation in Tantrasangraha , r’ also 


varles such that 
r! T 


KR 


is a constant. Here r is a given parameter. Then, 
r 
sin(Üyg — 09) = R sin(0g — w). (20) 


The difference between the true (mandasphuta ) and the mean position, 
is called mandaphala, whereas the difference between the mandocca and 
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mean position is called mandakendra. Denoting them by A0 and M 
respectively, the mandaphala is given by 


A0 = —sin! (= sin M) . (21) 
R 
Thus the mandasphuta (true longitude) of the planet is given by 


Oms = 09 + AP. (22) 


It may be noted that the calculation of true position of the planet in- 
volves sine inverse function ( Eg.(22)). Hence, if one needs to find the 
instantaneous velocity of the planet called tatkalikagati, one would have 
to find the time derivative of this function. It is indeed remarkable that 
an exact formula for the derivative of sine inverse function is given in 
Tantrasangraha as follows |18]: 


Tag MASASHI WEX | 

ex evite crie v meri EES 
Ria RA aa: frame q FFER | 

TAFET RR: amer AA AÀ oum d 


Let the product of the kotiphala (in minutes) |r cos M| and 
the daily motion of the manda-kendra aM ) be divided by the 
square root of the square of the dohphala subtracted from the 
square of trijyā (Vv R? — r? sin M). The result thus obtained 
has to be subtracted form the daily motion of the Moon if 
the manda-kendra lies within six signs beginning from mrga 
and added if it lies within six signs beginning from karkataka. 
The result gives more accurate value of the Moon’s angular 
velocity. In fact, the procedure for finding the instantaneous 
velocity of the Sun is same as this. 


If M be the manda-kendra , then the content of the above verse can be 
expressed in mathematical form as 


r rcos M dt 
—sinM)) = —————9t (23) 
R R? — r?sin? M 
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This verse appears in the context of finding the true rate of motion of 
the Moon (instantaneous velocity) from its average rate of motion (mean 
velocity). The term gati refers to the rate of change of the longitude of 
the planet. 


Recalling the expression for the true longitude of the planet, Eq.(22), 
the rate of change of it is 


“aus = C — C AM. (24) 
Here, the first term in the RHS represents the mean velocity of the planet 
and the second term the change in the mandaphala given by Eq.(23). 
In the following section dealing with the computation of the duration of 
an eclipse, the daily motion of the Moon denoted by dm is nothing but 
the derivative of mandasphuta given by Eq.(23),(24). | 


6 Algorithm for finding eclipse duration 


In Indian astronomy, the total duration of an eclipse is found by deter- 
mining the first and the second half durations separately. More often 
than not, there will be significant difference between the two durations. 
For obtaining accurate values, they are calculated using an iterative pro- 
cedure, called avisesakarma, as will be explained in this section. The 
sum of the two durations gives the total duration of the eclipse. For in- 
stance, if T1 and T» be the first and second half durations of the eclipse, 
then the total duration of the eclipse is given by 


r=11+ To, 


where both T; and T5 are found iteratively. 


6.1 Half duration of the eclipse 


The time interval between the Moon entering the umbral portion of the 
shadow and the instant of opposition is the first half duration, T1, and 
that between the instant of opposition and the exit of Moon out of the 
umbral region is the second half duration 75. Naively, one may think 
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that these two durations would be egual. However, this is not true 
because of the continuous change in the velocities of both the Sun and 
the Moon. 


In Fig.6(a), AX = 8 and OX = S represent the latitude of the Moon and 
the sum of the semi-diameters of the shadow and the Moon respectively. 
If dm — d, refers to the difference in the instantaneous daily motion of 
the Sun and the Moon, then the first half duration (T1) is given by 


VOX? — AX? 2. 82 
OA O AX " S^ — p (25) 


T = ——————————————— mmm 
: Dif f. in daily motion dm — ds dm — ds 
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Figure 8: (a) The Earth's shadow and the Moon just before the begin- 
ning of the eclipse and just after the release. (b) The Earth's shadow 
and the Moon just after the beginning of total eclipse and just before 
its release. 


6.2 The need for iteration 


In Eq.(25), 8 is the Moon’s latitude at the beginning of the eclipse. The 
denominator represents the difference in the daily motion of the Sun and 
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the Moon. If Am and A, are the longitudes of the Sun and the Moon, 
this difference in their daily motion called gatyantara or bhuktyantara is 
given by 


d 
qm — AS). 


Initially, 8 and D(t) are calculated at the instant of opposition. If 
Moon's latitude and the rate of motion of the Sun and the Moon were 
to be constant, then Eq.(25) would at once give the correct half dura- 
tion of the eclipse and there would be no need for an iterative procedure. 
However, they are continuously varying quantities. Hence, determining 
T1, using the latitude and gatyantara computed at the instant of opposi- 
tion is only approximate and to get more accurate values avisesakarma, 
a special kind of iterative procedure, is prescribed. 


gatyantara — D(t) — 


6.3 Concept of Avisesakarma 


Avisesakarma refers to an iterative process that is to be carried out 
whenever there is an interdependency (anyonyasraya) between the quan- 
tity to be calculated and the parameters which are involved in the cal- 
culation. For instance, in eclipse calculation, without knowing the lati- 
tude at the end of the eclipse, we will not be able to give the exact half 
duration, and without knowing the half-duration it is not possible to 
find the exact latitude of the Moon. To get over this tricky situation, 
avisesakarma is recommended. The need for it is succinctly explained 
Šankara Vāriyar in his Yuktidīpikā as follows [19]: 


Ramee Ty TU aes E 
aot Fat Haq Sera ATN: | 
eni fd se dt Tā sā AT | 
atstātām faermiganrAg i 


The declination circle (of the Moon) keeps changing every 
second (continuously). [Hence], the latitudinal deflection of 
the Moon is different at the beginning, middle and the end 
of the eclipse. 


Thus the two half durations (first and the second half) differ 
because of the variation in the latitudinal deflection. There- 
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fore, the half-duration may be determined through the avisesa 
process. 


The word visesa means ‘distinction’; therefore avisesa is “without dis- 
tinction”. ‘Though the meanings of the words visesa and avisesa are 
opposed to each other, the latter should not be taken to refer to tulya 
or ‘completely identical’. In the context of mathematical calculations, 
it only means — without distinction to a desired degree of accuracy. In 
other words, in avisesakarma, the iterative process needs to be carried 
out only up to a point wherein the two successive values of the results 
are ‘without distinction’ for a desired degree of accuracy. Once this 
accuracy is reached the process should be terminated. 


6.4 The iterative process for half duration 


Now, we illustrate the avtšesa process by considering the example of 
finding the half duration of an eclipse. Let t,, be the time of opposition 
or madhyakala of a lunar eclipse, and Ato be the zeroth order approx- 
imation of the half duration of eclipse determined with the parameter 
values obtained at tm. That is, 


S? (t4) 7 B*(tm) 


Ato = D(t,.) 


To get the first approximation, the sum of the semi diameters 5, the 
latitude of the Moon 0 and the difference in daily motion D are then 
determined at tm — Ato. With them the first approximation to the half 
duration is obtained. It is given by 


At, M S? (tm — Ato) — B*(t« — Ato) 
l D(tm — Ato) 
To get the second approximation, S, 8 and D are determined at tm— Atı. 
With these values the second approximation to the half duration is 


S2(t,, — At) — B2(tm — Ati) 


At» = D(tm At) 


Algorithms in Indian Astronomy 205 


Similarly, determining S, 8 and D at tm — Ate, the third approximation 
is found. 


WE. A — 2 (tm — 
At; = y S*(t t2) — 8*( At») 


D(tm — At») 
This process will be continued until, 
Atn — Atn—1 < €, (26) 


where € is the desired degree of accuracy. At this stage, since At has 
converged to the desired accuracy, the iteration is terminated. In terms 
of the notation used earlier, the first half duration Ti = Atn. Therefore, 
the instant of the commencement of the eclipse, known as sparšakāla, is 
given by 

th = tm — Atn. (27) 


A similar procedure is to be adopted for the determination of moksakāla 
(te), with the only difference that, instead of subtracting, the half du- 
ration At’ from tm, we need to add to it. If At? be the second half 
duration of the eclipse obtained after the i^^ iteration, then it is given 
by 


At! = S? (tm + At;_1) — B8? (tm + At;_1) 
V D(tm + Ati 1) 


As in the case of sparsa, here again the process of iteration has to be 
continued till At; converges. That is, 


AY- At Q«6 | (28) 


At this stage, the second half duration of the eclipse and the moksakāla 
are given by 


To = At 


r 
te 


tm + At, (29) 


Now, the total duration of the eclipse is te — ty = T1 + To. 
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7 Concluding Remarks 


Many of the algorithms presented in the paper, barring some refine- 
ments, can be found even in the celebrated text Aryabhatīya , composed 
by Aryabhata as early as 499 AD. The Kerala school of astronomy and 
mathematics which is well known for its pioneering work in mathemat- 
ical analysis and many innovations in the Indian astronomical tradition 
has tried to perfect these algorithms, the culmination of which can be 
seen in the works of Nilakantha Somayaji. Particularly, the exact al- 
gorithm for the computation of lagna and the formula for the instan- 
taneous velocity of the planet presented by Nilakantha , are indicative 
of how in the Indian astronomical tradition there has been a continu- 
ous endeavour to improvise and achieve better and better accuracy in 
all computations. As regards the avisesakarma, it will be interesting to 
study the convergence properties of this iterative process as employed 
in different contexts in Indian Astronomy. 
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Abstract 


Contrary to the widespread belief that Indian mathematicians 
did not present any proofs for their results, it is indeed the case 
that there is a large body of source-works in the form of com- 
mentaries which present detailed demonstrations (referred to as 
upapatti-s or yukti-s) for the various results enunciated in the major 
texts of Indian Mathematics and Astronomy. Amongst the pub- 
lished works, the earliest exposition of upapatti-s are to be found 
in the commentaries of Govindasvamin (c.800) and Caturveda 
Prthūdakasvāmin (c.860). Then we find very detailed exposition 
of upapatti-s in the works of Bhaskaracarya II (c.1150). In the 
medieval period we have the commentaries of Sankara Vāriyar 
(c.1535), Gaņeša Daivajna (c.1545), Krsna Daivajiia (c.1600) and 
the famous Malayalam work Yuktibhasa of Jyesthadeva (c.1530), 
which present detailed upapatti-s. By presenting a few selected 
examples of upapatti-s, we shall highlight the logical rigour which 
is characteristic of all the work in Indian Mathematics. We also 
discuss how the notion of upapatti is perhaps best understood in 
the larger epistemological perspective provided by Nyāyašāstra, 
the Indian School of Logic. This could be of help in explicating 
some of the important differences between the notion of upapatti 
and the notion of “proof” developed in the Greco-European tradi- 
tion of Mathematics. 
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1 Alleged Absence of Proofs in Indian 
Mathematics 


Several books have been written on the history of Indian tradition in 
mathematics.! In addition, many books on history of mathematics de- 
vote a section, sometimes even a chapter, to the discussion of Indian 
mathematics. Many of the results and algorithms discovered by the 
Indian mathematicians have been studied in some detail. But, little 
attention has been paid to the methodology and foundations of Indian 
mathematics. There is hardly any discussion of the processes by which 
Indian mathematicians arrive at and justify their results and procedures. 
And, almost no attention is paid to the philosophical foundations of In- 
dian mathematics, and the Indian understanding of the nature of math- 
ematical objects, and validation of mathematical results and procedures. 


Many of the scholarly works on history of mathematics assert that Indian 
Mathematics, whatever its achievements, does not have any sense of 
logical rigour. Indeed, a major historian of mathematics presented the 
following assessment of Indian mathematics over fifty years ago: 


The Hindus apparently were attracted by the arithmetical 
and computational aspects of mathematics rather than by 
the geometrical and rational features of the subject which 
had appealed so strongly to the Hellenistic mind. Their 
name for mathematics, ganita, meaning literally the 'science 
of calculation’ well characterizes this preference. They de- 
lighted more in the tricks that could be played with numbers 
than in the thoughts the mind could produce, so that nei- 
ther Euclidean geometry nor Aristotelian logic made a strong 
impression upon them. The Pythagorean problem of the 
incommensurables, which was of intense interest to Greek 
geometers, was of little import to Hindu mathematicians, 
who treated rational and irrational quantities, curvilinear 


"We may cite the following standard works: B.B.Datta and A.N.Singh, History of 
Hindu Mathematics, 2 parts, Lahore 1935, 1938, Reprint, Delhi 1962; C.N.Srinivasa 
Iyengar, History of Indian Mathematics, Calcutta 1967; A.K.Bag, Mathematics in 
Ancient and Medieval India, Varanasi 1979; T.A.Saraswati Amma, Geometry in An- 
cient and Medieval India, Varanasi 1979; G.C.Joseph, The Crest of the Peacock: The 
Non-European Roots of Mathematics, 2"^ Ed., Princeton 2000. 
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and rectilinear magnitudes indiscriminately. With respect to 
the development of algebra, this attitude occasioned perhaps 
an incremental advance, since by the Hindus the irrational 
roots of the quadratics were no longer disregarded as they 
had been by the Greeks, and since to the Hindus we owe also 
the immensely convenient concept of the absolute negative. 
These generalizations of the number system and the conse- 
quent freedom of arithmetic from geometrical representation 
were to be essential in the development of the concepts of 
calculus, but the Hindus could hardly have appreciated the 
. theoretical significance of the change. .. 


The strong Greek distinction between the discreteness of 
number and the continuity of geometrical magnitude was 
not recognized, for it was superfluous to men who were not 
bothered by the paradoxes of Zeno or his dialectic. Ques- 
tions concerning incommensurability, the infinitesimal, infin- 
ity, the process of exhaustion, and the other inquiries lead- 
ing toward the conceptions and methods of calculus were 
neglected." 


Such views have found their way generally into more popular works 
on history of mathematics. For instance, we may cite the following as 
being typical of the kind of opinions commonly expressed about Indian 
mathematics: 


As our survey indicates, the Hindus were interested in and 
contributed to the arithmetical and computational activities 
of mathematics rather than to the deductive patterns. Their 


^C.B.Boyer, The History of Calculus and its Conceptual development, New York 
1949, p.61-62. As we shall see in the course of this article, Boyer's assessment — 
that the Indian mathematicians did not reach anywhere near the development of 
calculus or mathematical analysis, because they lacked the sophisticated methodology 
developed by the Greeks — seems to be thoroughly misconceived. In fact, in marked 
contrast to the development of mathematics in the Greco-European tradition, the 
methodology of Indian mathematical tradition seems to have ensured continued and 
significant progress in all branches of mathematics till barely two hundred year ago; it 
also lead to major discoveries in calculus or mathematical analysis, without in anyway 
abandoning or even diluting its standards of logical rigour, so that these results, and 
the methods by which they were obtained, seem as much valid today as at the time 
of their discovery. 
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name for mathematics was ganita, which means "the science 
of calculation". "There is much good procedure and technical 
facility, but no evidence that they considered proof at all. 
They had rules, but apparently no logical scruples. More- 
over, no general methods or new viewpoints were arrived at 
in any area of mathematics. 


It is fairly certain that the Hindus did not appreciate the 
significance of their own contributions. The few good ideas 
they had, such as separate symbols for the numbers from 1 
to 9, the conversion to base 10, and negative numbers, were 
introduced casually with no realization that they were valu- 
able innovations. They were not sensitive to mathematical 
values. Along with the ideas they themselves advanced, they 
accepted and incorporated the crudest ideas of the Egyptians 
and Babylonians.? 


The burden of scholarly opinion is such that even eminent mathemati- 
cians, many of whom have had fairly close interaction with contempo- 
rary Indian mathematics, have ended up subscribing to similar views, 
as may be seen from the following remarks of one of the towering figures 
of twentieth century mathematics: 


For the Indians, of course, the effectiveness of the cakravala 
could be no more than an experimental fact, based on their 
treatment of great many specific cases, some of them of 
considerable complexity and involving (to their delight, no 
doubt) quite large numbers. As we shall see, Fermat was 
the first one to perceive the need for a general proof, and 
Lagrange was the first to publish one. Nevertheless, to have 
developed the cakravala and to have applied it successfully 
to such difficult numerical cases as N = 61, or N = 67 had 
been no mean achievements.* 


?Morris Kline, Mathematical Thought from Ancient to Modern Times, Oxford 
1972, p.190. 

4 Andre Weil, Number Theory: An Approach through History from Hammurapi to 
Legendre, Boston 1984, p.24. It is indeed ironical that Prof. Weil has credited Fermat, 
who is notorious for not presenting proofs for most of the claims he made, with the 
realization that mathematical results need to be justified by proofs. While the rest of 
this article is purported to show that the Indian mathematicians presented logically 
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Modern scholarship seems to be unanimous in holding the view that 
Indian mathematics is bereft of any notion of proof. But even a cur- 
sory study of the source-works that are available in print would reveal 
that Indian mathematicians place much emphasis on providing what 
they refer to as upapatti (proof, demonstration) for every one of their 
results and procedures. Some of these upapatti-s were noted in the early 
European studies on Indian mathematics in the first half of the nine- 
teenth century. For instance, in 1817, H.T. Colebrooke notes the fol- 
lowing in the preface to his widely circulated translation of portions of 
Brahmasphutasiddhanta of Brahmagupta and Lilavati and Bījaganita of 
Bhāskarācārya: 


On the subject of demonstrations, it is to be remarked that 
the Hindu mathematicians proved propositions both alge- 
braically and geometrically: as is particularly noticed by 
Bhāskara himself, towards the close of his algebra, where 
he gives both modes of proof of a remarkable method for the 
solution of indeterminate problems, which involve a factum 
of two unknown quantities.? 


Another notice of the fact that detailed proofs are provided in the Indian 
texts on mathematics is due to C. M.Whish who, in an article published 
in 1835, pointed out that infinite series for 7 and for trigonometric func- 
tions were derived in texts of Indian mathematics much before their 
‘discovery’ in Europe. Whish concluded his paper with a sample proof 


rigorous proofs for most of the results and processes that they discovered, it must be 
admitted that the particular example that Prof. Weil is referring to, the effective- 
ness of the cakravāla algorithm (known to the Indian mathematicians at least from 
the time of Jayadeva, prior to the eleventh century) for solving quadratic indetermi- 
nate equations of the form z? — Ny? — 1, does not seem to have been demonstrated 
in the available source-works. In fact, the first proof of this result was given by 
Krishnaswamy Ayyangar barely seventy-five years ago (A.A.Krishnaswamy Ayyan- 
gar, "New Light on Bhāskara's Cakravāla or Cyclic Method of solving Indeterminate 
Equations of the Second Degree in Two Variables', Jour. Ind. Math. Soc. 18, 228- 
248, 1929-30). Krishnaswamy Ayyangar also showed that the cakravāla algorithm is 
different and more optimal than the Brouncker-Wallis-Euler-Lagrange algorithm for 
solving this so-called *Pell's Equation." 

?H.T. Colebrooke, Algebra with Arithmetic and Mensuration from the Sanskrit of 
Brahmagupta and Bhaskara, London 1817, p.xvii. Colebrooke also presents some of 
the upapatti-s given by the commentators Gaņeša Daivajna and Krsna Daivajna, as 
footnotes in his work. 
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from the Malayalam text Yuktibhasa of the theorem on the square of 
the hypotenuse of a right angled triangle and also promised that: 


A further account of the Yuktibhasa, the demonstrations of 
the rules for the quadrature of the circle of infinite series, 
with the series for the sines, cosines, and their demonstra- 
tions, will be given in a separate paper: I shall therefore 
conclude this, by submitting a simple and curious proof of 
the 47t” proposition of Euclid [the so called Pythagoras the- 
orem], extracted from the Yuktibhasa.® 


It would indeed be interesting to find out how the currently prevalent 
view, that Indian mathematics lacks the notion of proof, obtained cur- 
rency in the last 100-150 years. 


2  Upapatti-s in Indian Mathematics 


2.1 The tradition of Upapatti-s in Mathematics and 
Astronomy 


A major reason for our lack of comprehension, not merely of the Indian 
notion of proof, but also of the entire methodology of Indian mathemat- 
ics, is the scant attention paid to the source-works so far. It is said that 
there are over one hundred thousand manuscripts on Jyotihsastra, which 
includes, apart from works on ganita (mathematics and mathematical 
astronomy), also those on samhitā (omens) and hora (astrology).” Only 
a small fraction of these texts have been published. A well known source 
book, lists about 285 published works in mathematics and mathematical 
astronomy. Of these, about 50 are from the period before 12!^ century 
AD, about 75 from 12** — 15** centuries, and about 165 from 16“ — 19^ 


6C.M. Whish, ‘On the Hindu Quadrature of the Circle, and the Infinite Se- 
ries of the Proportion of the Circumference to the Diameter Exhibited in the Four 
Shastras, the Tantrasangraham, Yucti Bhasa, Carana Paddhati and Sadratnamala”, 
Trans.Roy.As.Soc.(G.B.) 3, 509-523, 1835. However, Whish does not seem to have 
published any further paper on this subject. 

TD. Pingree, Jyotihšāstra: Astral and Mathematical Literature, Wiesbaden 1981, 
p.118. | 
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centuries.? 


Much of the methodological discussion is usually contained in the de- 
tailed commentaries; the original works rarely touch upon such issues. 
Modern scholarship has concentrated on translating and analysing the 
original works alone, without paying much heed to the commentaries. 
Traditionally, the commentaries have played at least as great a role in 
the exposition of the subject as the original texts. Great mathemati- 
cians and astronomers, of the stature of Bhaskaracarya I, Bhaskaracarya 
II, Paramešvara, Nilakantha Somasutvan, Ganega Daivajīa, Munišvara 
and Kamalakara, who wrote major original treatises of their own, also 
took great pains to write erudite commentaries on their own works and 
on the works of earlier scholars. It is in these commentaries that one 
finds detailed upapatti-s of the results and procedures discussed in the 
original texts, as also a discussion of the various methodological and 
philosophical issues. For instance, at the beginning of his commentary 
Buddhivilāsinī, Ganeša Daivajna states: 


There is no purpose served in providing further explanations 
for the already lucid statements of Sri Bhāskara. The knowl- 
edgeable mathematicians may therefore note the specialty of 
my intellect in the statement of upapatti-s, which are after 
all the essence of the whole thing.? 


Amongst the published works on Indian mathematics and astronomy, 
the earliest exposition of upapatti-s are to be found in the bhasya of 
Govindasvamin (c 800) on Mahabhaskariya of Bhāskarācārya I, and 
the Vāsanābhāsya of Caturveda Prthūdakasvāmin (c 860) on Brahma- 


ŠK.V. Sarma and B.V. Subbarayappa, Indian Astronomy: A Source Book, Bombay 
1985. 
? Buddhivilāsinī of Gaņeša Daivajna, V.G. Apte (ed.), Vol I, Pune 1937, p.3. 
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sphutasiddhānta of Brahmagupta.!Ó Then we find very detailed ex- 


position of upapatti-s in the works of Bhāskarācārya II (c.1150): his 
Vivarana on Sisyadhivrddhidatantra of Lalla and Vasanabhasya on his 
own Siddhāntaširomaņi.!! Apart from these, Bhāskarācārya provides an 
idea of what is an upapatti in his Bījavāsanā on his own Bjaganita in 
two places. In the chapter on madhyamaharana (quadratic equations) 
he poses the following problem: 


Find the hypotenuse of a plane figure, in which the side 
and upright are equal to fifteen and twenty. And show the 
upapatti (demonstration) of the standard procedure of com- 
putation.!? 


Bhāskarācārya provides two upapatti-s for the solution of this problem, 
the so-called Pythagoras theorem; and we shall consider them later. 
Again, towards the end of the Bījagaņtta in the chapter on bhavita 
(equations involving products), while considering integral solutions of 
equations of the form az + by = cry, Bhaskaracarya explains the nature 
of upapatti with the help of an example: 


The upapatti (demonstration) follows. It is twofold in each 
case: One geometric and the other algebraic. The geometric 
demonstration is here presented... The algebraic demonstra- 
tion is next set forth... This procedure [of demonstration] 
has been earlier presented in a concise instructional form 
Isamksiptapatha| by ancient teachers. The algebraic demon- 
strations are for those who do not comprehend the geomet- 
ric one. Mathematicians have said that algebra is compu- 
tation joined with demonstration; otherwise there would be 
no difference between arithmetic and algebra. Therefore this 
demonstration of bhavita has been shown in two ways.!* 


"The Āryabhatīya-bhāsya of Bhaskara I (c.629) does occasionally indicate the 
derivation of some of the mathematical procedures, though his commentary does 
not purport to present upapatti-s for the rules and procedures given in Aryabhatiya. 

"This latter commentary of Bhaskara II is a classic source of upapatti-s and needs 
to be studied in depth. 

12 Bījagaņita of Bhāskarācārya, Muralidhara Jha (ed.), Varanasi 1927, p.69. 

13 Bijaganita, cited above, p.125-127. 
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Clearly the tradition of exposition of upapatti-s is much older and 
Bhāskarācārya, and the later mathematicians and astronomers are 
merely following the traditional practice of providing detailed upapatti-s 
in their commentaries to earlier, or their own, works.!* 


In Appendix A we give a list of important commentaries, available in 
print, which present detailed upapatti-s. It is unfortunate that none of 
the published source-works that we have mentioned above has so far 
been translated into any of the Indian languages, or into English; nor 
have they been studied in depth with a view to analyze the nature of 
mathematical arguments employed in the upapatti-s or to comprehend 
the methodological and philosophical foundations of Indian mathematics 
and astronomy. P? 


Tenoring all these classical works on upapatti-s, one scholar has recently claimed 
that the tradition of upapatti in India “dates from the 16°" and 17°” centuries" 
(J.Bronkhorst, ‘Panini and Euclid’, Jour. Ind. Phil. 29, 43-80, 2001). 

15We may, however, mention the following works of C.T.Rajagopal and his col- 
laborators which discuss some of the upapatti-s presented in the Malayalam work 
Yuktibhasa of Jyesthadeva (c.1530) for various results in geometry, trigonometry and 
those concerning infinite series for 7 and the trigonometric functions: K. Mukunda 
Marar, ‘Proof of Gregory’s Series’, Teacher's Magazine 15, 28-34, 1940; K. Mukunda 
Marar and C.T.Rajagopal, ‘On the Hindu Quadrature of the Circle’, J.B.B.R.A.S. 
20, 65-82, 1944; K. Mukunda Marar and C.T.Rajagopal, ‘Gregory’s Series in the 
Mathematical Literature of Kerala’, Math Student 13, 92-98, 1945; A. Venkatara- 
man, ‘Some Interesting Proofs from Yuktibhasa ’, Math Student 16, 1-7, 1948; 
C.T.Rajagopal ‘A Neglected Chapter of Hindu Mathematics’, Scr. Math. 15, 201- 
209, 1949; C.T.Rajgopal and A. Venkataraman, ‘The Sine and Cosine Power Series 
in Hindu Mathematics’, J.R.A.S.B. 15, 1-13, 1949; C.T. Rajagopal and T.V.V.Aiyar, 
‘On the Hindu Proof of Gregory’s Series’, Scr. Math. 17, 65-74, 1951; C.T.Rajagopal 
and T.V.V.Aiyar, ‘A Hindu Approximation to Pi’, Scr.Math. 18, 25-30, 1952. 
C.T.Rajagopal and M.S.Rangachari, ‘On an Untapped Source of Medieval Keralese 
Mathematics’, Arch. for Hist. of Ex. Sc. 18, 89-101, 1978; C.T.Rajagopal and 
M.S.Rangachari, ‘On Medieval Kerala Mathematics’, Arch. for Hist. of Ex. Sc. 
35(2), 91-99, 1986. 

Following the work of Rajagopal and his collaborators, there are some recent studies 
which discuss some of the proofs in Yuktibhasa . We may here cite the following: 
T.Hayashi, T.Kusuba and M.Yano, ‘The Correction of the Madhava Series for the 
Circumference of a Circle’, Centauras, 33, 149-174, 1990; Ranjan Roy, ‘The Discovery 
of the Series formula for 7 by Leibniz, Gregory and Nilakantha’, Math. Mag. 63, 
291-306, 1990; V.J.Katz, ‘Ideas of Calculus in Islam and India’, Math. Mag. 68, 
163-174, 1995; C.K.Raju, ‘Computers, Mathematics Education, and the Alternative 
Epistemology of the Calculus in the Yuktibhāsā ’, Phil. East and West 51, 325- 
362, 2001; D.F.Almeida, J.K.John and A.Zadorozhnyy, ‘Keralese Mathematics: Its 
Possible Transmission to Europe and the Consequential Educational Implications’, 


218 M.D.Srinivas 


In this article, we shall present some examples of the kinds of upapattt- 
s provided in Indian mathematics, from the commentaries of Ganņeša 
Daivajna (c.1545) and Krsna Daivajna (c.1600) on the texts Līlāvatī 
and Bijaganita respectively, of Bhaskaracarya II (c.1150), and from the 
celebrated Malayalam work Yuktibhasa of Jyesthadeva (c.1530). We 
shall also discuss how the notion of upapatti is perhaps best understood 
in the larger epistemological perspective provided by Nyāya-sāstra the 
Indian School of Logic. This enables us to explicate some of the impor- 
tant differences between the notion of upapatti and the notion of “proof” 
developed in the Greco-European tradition of Mathematics. 


2.2 Mathematical results should be supported by 
Upapatti-s 


Before discussing some of the upapatti-s presented in Indian mathemat- 
ical tradition, it is perhaps necessary to put to rest the widely prevalent 
myth that the Indian mathematicians did not pay any attention to, and 
perhaps did not even recognize the need for justifying the mathemat- 
ical results and procedures that they employed. The large corpus of 
upapatti-s, even amongst the small sample of source-works published so 
far, should convince anyone that there is no substance to this myth. 
Still, we may cite the following passage from Krsna Daivajna’s commen- 
tary Bījapallava on Bījaganita of Bhaskaracarya, which clearly brings 
out the basic understanding of Indian mathematical tradition that cit- 
ing any number of instances (even an infinite number of them) where a 
particular result seems to hold, does not amount to establishing that as 
a valid result in mathematics; only when the result is supported by a 
upapatti or a demonstration, can the result be accepted as valid: 


How can we state without proof (upapatti) that twice the 
product of two quantities when added or subtracted from 


J. Nat. Geo. 20, 77-104, 2001; D.Bressoud, ‘Was Calculus Invented in India”, 
College Math. J. 33, 2-13, 2002; J.K.John, ‘Derivation of the Samskāras applied 
to the Madhava Series in Yuktibhasa ’, in M.S.Sriram, K.Ramasubramanian and 
M.D.Srinivas (eds.), 500 Years of Tantrasangraha : A Landmark in the History of 
Astronomy, Shimla 2002, p 169-182. An outline of the proofs given in Yuktibhasa can 
also be found in T.A. Saraswati Amma, 1979, cited earlier, and in S.Parameswaran, 
The Golden Age of Indian Mathematics, Kochi 1998. 
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the sum of their sguares is egual to the sguare of the sum 
or difference of those quantities? That it is seen to be so 
in a few instances is indeed of no consequence. Otherwise, 
even the statement that four times the product of two quan- 
tities is equal to the square of their sum, would have to be 
accepted as valid. For, that is also seen to be true in some 
cases. For instance, take the numbers 2, 2. Their product 
is 4, four times which will be 16, which is also the square 
of their sum 4. Or take the numbers 3, 3. Four times their 
product is 36, which is also the square of their sum 6. Or 
take the numbers 4, 4. Their product is 16, which when mul- 
tiplied by four gives 64, which is also the square of their sum 
8. Hence, the fact that a result is seen to be true in some 
cases is of no consequence, as it is possible that one would 
come across contrary instances (vyabhicara) also. Hence it 
is necessary that one would have to provide a proof (yukti) 
for the rule that twice the product of two quantities when 
added or subtracted from the sum of their squares results in 
the square of the sum or difference of those quantities. We 
shall provide the proof (upapatti) in the end of the section 
on ekavarna-madhyamaharana.'© 


2.3 Square of the hypotenuse of a right-angled triangle: 
the so-called Pythagoras Theorem 


Gane$a provides two upapatti-s for the rule concerning the square of the 
hypotenuse (karna) of a right-angled triangle.’ These upapatti-s are 
the same as the ones outlined by Bhāskarācārya II in his Bījavāsanā on 
his own Bjaganita, that we referred to earlier. The first involves the 
avyakta method and proceeds as follows: 


1? Bījapallava of Krsna Daivajüa, T.V. Radhakrishna Sastri (ed.), Tanjore, 1958, 
p.94. 
17 Buddhivilāsinī, cited earlier, p.128-129. 
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Take the hypotenuse (karņa) as the 
base and assume it to be yā. Let 
the bhujā and koti (the two sides) 
be 3 and 4 respectively. Take 
the hypotenuse as the base and 


3 draw the perpendicular to the hy- 
potenuse from the opposite vertex 

Z as in the figure. [This divides the 
ya triangle into two triangles, which 

are similar to the original] Now by 

ya = (2) + (4) the rule of proportion ( anupāta), 
y = 25 if ya is the hypotenuse the bhuja is 
và — 5 3, then when this bhuja 3 is the hy- 


potenuse, the bhuja, which is now 
the ābādhā (segment of the base) 
on the side of the original bhuja will 
be (dā). 

Again if yā is the hypotenuse, the 
koti is 4, then when this koti 4 is 
the hypotenuse, the koti, which is 
now the segment of base on the side 
of the (original) koti will be (dā . 
Adding the two segments (abadha- 
s) of ya the hypotenuse and equat- 
ing the sum to (the hypotenuse) 
ya, cross-multiplying and taking 
the square-roots, we get yā = 5, 
the square root of the sum of the 
squares of bhuja and koti . 


The other upapatti of Ganeša is ksetragata or geometrical, and proceeds 
as follows:!? 


18This method seems to be known to Bhāskarācārya I (c.629 AD) who gives a 
very similar diagram in his Aryabhatiyabhasya, K.S. Shukla (ed.), Delhi 1976, p.48. 
The Chinese mathematician Liu Hui (c 3'7 century AD) seems to have proposed 
similar geometrical proofs of this so-called Pythagoras Theorem. See for instance, 
D.B.Wagner, ‘A Proof of the Pythagorean Theorem by Liu Hui’, Hist. Math.12, 
71-3, 1985. 
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Take four triangles identical to 
the given and taking the four hy- 
potenuses to be the four sides, 
form the sguare as shown. Now, 
the interior square has for its side 
the difference of bhuja and koti 
The area of each triangle is 
half the product of bhuja and koti 
and four times this added to the 
area of the interior square is the 
area of the total figure. This is 
twice the product of bhuja and 
koti added to the square of their 
difference. This, by the earlier 
cited rule, is nothing but the sum 
of the squares of bhuja and koti 
. The square root of that is the 
side of the (big) square, which is 
nothing but the hypotenuse. 


c? = (a—b)?* +4(žab) 
= a?+b* 


2.4 The rule of signs in Algebra 


One of the important aspects of Indian mathematics is that in many 
upapatti-s the nature of the underlying mathematical objects plays an 
important role. We can for instance, refer to the upapatti given by Krsna 
Daivajna for the well-known rule of signs in Algebra. While providing an 
upapatti for the rule, “the number to be subtracted if positive (dhana) is 
made negative (rna) and if negative is made positive”, Krsna Daivajria 
states: 


Negativity (rnatva) here is of three types — spatial, tempo- 
ral and that pertaining to objects. In each case, it |neg- 
ativity| is indeed the vaiparitya or the oppositeness. . .For 
instance, the other direction in a line is called the oppo- 
site direction (viparita dik); just as west is the opposite of 
east. .. Further, between two stations if one way of traversing 
is considered positive then the other is negative. In the same 
way, past and future time intervals will be mutually negative 
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of each other... Similarly, when one possesses said objects 
they would be called his dhana (wealth). The opposite would 
be the case when another owns the same objects. .. Amongst 
these [different conceptions], we proceed to state the upa- 
patti of the above rule, assuming positivity (dhanatva) for 
locations in the eastern direction and negativity (rnatva) for 
locations in the west, as follows... !? 


Krsna Daivajtia goes on to explain how the distance between a pair of 
stations can be computed knowing that between each of these stations 
and some other station on the same line. Using this he demonstrates 
the above rule that “the number to be subtracted if positive is made 
negative...” 


2.5 The Kuttaka process for the solution of linear 
indeterminate equations 


To understand the nature of upapatti in Indian mathematics one will 
have to analyse some of the lengthy demonstrations which are presented 
for the more complicated results and procedures. One will also have to 
analyse the sequence in which the results and the demonstrations are 
arranged to understand the method of exposition and logical sequence 
of arguments. For instance, we may refer to the demonstration given by 
Krsna Daivajüia^? of the well-known kuttaka procedure, which has been 
employed by Indian mathematicians at least since the time of Aryabhata 
(c 499 AD), for solving first order indeterminate equations of the form 


(az +c) | 
b = y, 


where a,b,c are given integers and x,y are to be solved for in integers. 
Since this upapatti is rather lengthy, we merely recount the essential 
steps here.?! 


19 Bījapallava, cited above, p.13. 

20 Bijapallava, cited above, p.85-99. 

21 A translation of the upapatti may be found in M.D.Srinivas, ‘Methodology of 
Indian Mathematics and its Contemporary Relevance', PPST Bulletin, 12, 1-35, 
1987. 
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Krsna Daivajna first shows that the solutions for x,y do not vary if we 
factor all the three numbers a, b, c by the same common factor. He then 
shows that if a and b have a common factor, then the above equation 
will not have a solution unless c is also divisible by the same common 
factor. Then follows the upapatti of the process of finding the greatest 
common factor of a and b by mutual division, the so-called Euclidean al- 
gorithm. He then provides an upapatti for the kuttaka method of finding 
the solution which involves carrying out a sequence of transformations 
on the valli (line or column) of quotients obtained in the above mutual 
division. This is based on a detailed analysis of the various operations 
in reverse (vyasta-vidhi). 'The last two elements of the valli, at each 
stage, are shown to be the solutions of the kuttaka problem involving 
the successive pair of remainders (taken in reverse order from the end) 
which arise in the mutual division of a and b. Finally, it is shown how 
the procedure differs depending upon whether there are odd or even 
number of coefficients generated in the above mutual division. 


2.6 Nilakantha's proof for the sum of an infinite 
geometric series 


In his Aryabhatiyabhasya while deriving an interesting approximation 
for the arc of circle in terms of the jyā (Rsine) and the sara (Rversine), 
the celebrated Kerala astronomer Nilakantha Somasutvan presents a de- 
tailed demonstration of how to sum an infinite geometric series. Though 
it is quite elementary compared to the various other infinite series ex- 
pansions derived in the works of the Kerala School, we shall present 
an outline of Nilakantha’s argument as it clearly shows how the no- 
tion of limit was well understood in the Indian mathematical tradition. 
Nilakantha first states the general result? 


1 1N^ /1\° 
aļ|-]ļ+|-—-)] +|-] +... 
r T T 
where the left hand side is an infinite geometric series with the succes- 


sive terms being obtained by dividing by a cheda (common divisor), r, 
assumed to be greater than 1. Nilakantha notes that this result is best 


r—1 


22 Aryabhatiyabhasya of Nilakantha, Gaņitapāda, K.Sambasiva Sastri (ed.), Trivan- 
drum 1931, p.142-143. 
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demonstrated by considering a particular case, say r = 4. Thus, what 
is to be demonstrated is that 


DOMO 


Nilakantha first obtains the sequence of results 


1 1 1 
3 T 41'(3' 
1 1 
(43) ^ (4a) Gas) 
1 B 1 1 
(4.4.3) (4.4.4) + 443) ' 


and so on, from which he derives the general result 


1 ANV IN"| O AVA 
OOTO 
Nilakantha then goes on to present the following crucial argument to 
derive the sum of the infinite geometric series: As we sum more terms, 
the difference between i and sum of powers of i (as given by the right 
hand side of the above equation), becomes extremely small, but never 
zero. Only when we take all the terms of the infinite series together do 
we obtain the equality 


1 (l ^a Cy, 2} 
atla) tet em 


2.7  Yuktibhasa proofs of infinite series for 7 and the 
trigonometric functions 


1 
3 


One of the most celebrated works in Indian mathematics and astron- 
omy, which is especially devoted to the exposition of yuktt or proofs, is 
the Malayalam work Yuktibhāsā (c.1530) of Jyesthadeva.** Jyesthadeva 


23 Yuktibhāsā of Jyesthadeva, K. (Chandrasekharan (ed.), Madras 1953. 
Ganitādhyāya alone was edited along with notes in Malayalam by Ramavarma 
Thampuran and A.R.Akhileswara Aiyer, Trichur 1948. The entire work has been 
edited, along with an ancient Sanskrit version, Ganitayuktibhasa and English transla- 
tion, by K.V.Sarma, with explanatory mathematical notes by K.Ramasubramanian, 
M.D.Srinivas and M.S.Sriram (in press). 
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states that his work closely follows the renowned astronomical work 
Tantrasangraha (c.1500) of Nilakantha Somasutvan and is intended to 
give a detailed exposition of all the mathematics required thereof. The 
first half of Yuktibhasa deals with various mathematical topics in seven 
chapters and the second half deals with all aspects of mathematical as- 
tronomy in eight chapters. The mathematical part includes a detailed 
exposition of proofs for the infinite series and fast converging approx- 
imations for 7 and the trigonometric functions, which were discovered 
by Mādhava (c.1375). We present an outline of some of these proofs in 
Appendix B. 


3 Upapatti and “Proof” 


3.1 Mathematics as a search for infallible eternal truths 


The notion of upapatti is significantly different from the notion of ‘proof’ 
as understood in the Greek as well as the modern Western tradition 
of mathematics. The ideal of mathematics in the Greek and modern 
Western traditions is that of a formal axiomatic deductive system; it 
is believed that mathematics is and ought to be presented as a set of 
formal derivations from formally stated axioms. This ideal of mathe- 
matics is intimately linked with another philosophical presupposition — 
that mathematics constitutes a body of infallible eternal truths. Per- 
haps it is only the ideal of a formal axiomatic deductive system that 
could presumably measure up to this other ideal of mathematics being 
a body of infallible eternal truths. It is this quest for securing certainty 
of mathematical knowledge, which has motivated most of the founda- 
tional and philosophical investigations into mathematics and shaped the 
course of mathematics in the Western tradition, from the Greeks to the 
contemporary times. 


The Greek view of mathematical objects and the nature of mathematical 
knowledge is clearly set forth in the following statement of Proclus (c. 
5th century AD) in his famous commentary on the Elements of Euclid: 


Mathematical being necessarily belongs neither among the 
first nor among the last and least simple kinds of being, but 
occupies the middle ground between the partless realities — 
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simple, incomposite and indivisible — and divisible things 
characterized by every variety of composition and differenti- 
ation. The unchangeable, stable and incontrovertible char- 
acter of the propositions about it shows that it is superior 
to the kind of things that move about in matter ... 


It is for this reason, I think, that Plato assigned different 
types of knowing to the highest, the intermediate, and the 
lowest grades of reality. To indivisible realities he assigned 
intellect, which discerns what is intelligible with simplicity 
and immediacy, and by its freedom from matter, its purity, 
and its uniform mode of coming in contact with being is su- 
perior to all other forms of knowledge. To divisible things 
in the lowest level of nature, that is, to all objects of sense 
perception, he assigned opinion, which lays hold of truth ob- 
scurely, whereas to intermediates, such as the forms studied 
by mathematics, which fall short of indivisible but are supe- 
rior to divisible nature, he assigned understanding.... 


Hence Socrates describes the knowledge of understandables 
as being more obscure than the highest science but clearer 
than the judgements of opinion. For, the mathematical sci- 
ences are more explicative and discursive than intellectual 
insight but are superior to opinion in the stability and ir- 
refutability of their ideas. And their proceeding from hy- 
pothesis makes them inferior to highest knowledge, while 
their occupation with immaterial objects makes their knowl- 
edge more perfect than sense perception. 


While the above statement of Proclus is from the Platonist school, the 
Aristotelean tradition also held more or less similar views on the nature 
of mathematical knowledge, as may be seen from the following extract 
from the canonical text on Mathematical Astronomy, the Almagest of 
Claudius Ptolemy (c.2" century AD): 


For Aristotle divides theoretical philosophy too,very fittingly, 
into three primary categories, physics, mathematics and the- 
ology. For everything that exists is composed of matter, form 


"Proclus: A Commentary on the First Book of Euclid’s Elements, Tr.G.R. Morrow, 
Princeton, 1970, p.3,10. 
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and motion; none of these [three] can be observed in its sub- 
stratum by itself, without the others: they can only be imag- 
ined. Now the first cause of the first motion of the universe, 
if one considers it simply, can be thought of as invisible and 
motionless deity; the division lof theoretical philosophy] con- 
cerned with investigating this [can be called] ‘theology’, since 
this kind of activity, somewhere up in the highest reaches of 
the universe, can only be imagined, and is completely sep- 
arated from perceptible reality. The division [of theoretical 
philosophy] which investigates material and ever-moving na- 
ture, and which concerns itself with ‘white’, ‘hot’, ‘sweet’, 
‘soft’ and suchlike qualities one may call ‘physics’; such an 
order of being is situated (for the most part) amongst cor- 
ruptible bodies and below the lunar sphere. That division |of 
theoretical philosophy] which determines the nature involved 
in forms and motion from place to place, and which serves 
to investigate shape, number, size and place, time and such- 
like, one may define as ‘mathematics’. Its subject-matter 
falls as it were in the middle between the other two, since, 
firstly, it can be conceived of both with and without the aid 
of the senses, and, secondly, it is an attribute of all existing 
things without exception, both mortal and immortal: for 
those things which are perpetually changing in their insep- 
arable form, it changes with them, while for eternal things 
which have an aethereal nature, it keeps their unchanging 
form unchanged. 


From all this we concluded: that the first two divisions of the- 
oretical philosophy should rather be called guesswork than 
knowledge, theology because of its completely invisible and 
ungraspable nature, physics because of the unstable and un- 
clear nature of matter; hence there is no hope that philoso- 
phers will ever be agreed about them; and that only math- 
ematics can provide sure and unshakeable knowledge to its 
devotees, provided one approaches it rigorously. For its kind 
of proof proceeds by indisputable methods, namely arith- 
metic and geometry. Hence we are drawn to the investigation 
of that part of theoretical philosophy, as far as we were able 
to the whole of it, but especially to the theory concerning 
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the dīvine and heavenly things. For that alone is devoted to 
the investigation of the eternally unchanging. For that rea- 
son it too can be eternal and unchanging (which is a proper 
attribute of knowledge) in its own domain, which is neither 
unclear nor disorderly.?? 


The view, that it is mathematics which can provide "sure and unshake- 
able knowledge to its devotees" has persisted in the Greco-European 
tradition down to the modern times. For instance, we may cite the 
popular mathematician philosopher of our times, Bertrand Russel, who 
declares, “I wanted certainty in the kind of way in which people want 
religious faith. I thought that certainty is more likely to be found in 
mathematics than elsewhere". In a similar vein, David Hilbert, one of 
the foremost mathematicians of our times declared, “The goal of my 
theory is to establish once and for all the certitude of mathematical 
methods" .?9 


3.2 The raison d'étre of Upapatti 


Indian epistemological position on the nature and validation of mathe- 
matical knowledge is very different from that in the Western tradition. 
This is brought out for instance by the Indian understanding of what 
indeed is the purpose or raison d'ētre of an upapatti. In the beginning 
of the goladhyaya of Siddhantasiromani, Bhaskaracarya says: 


We dere 5 mort Ade + uua | 
AS up ROT aaraa wA gÀ 
memea eaaa: 127 


Without the knowledge of upapatti-s, by merely mastering 
the ganita (calculational procedures) described here, from 


25 The Almagest of Ptolemy, Translated by G.J.Toomer, London 1984, p.36-7. 

26 Both quotations cited in Ruben Hersh, ‘Some Proposals for Reviving the Philos- 
ophy of Mathematics’, Adv. Math. 31, 31-50, 1979. 

27 Siddhantasiromani of Bhāskarācārya with Vāsanābhāsya and Vāsanāvārttika of 
Nrsimha Daivajña, Muralidhara Chaturveda (ed.), Varanasi 1981, p.326. 
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the madhyamadhikara (the first chapter of Siddhāntaširo- 
mani) onwards, of the (motion of the) heavenly bodies, a 
mathematician will not have any value in the scholarly as- 
semblies; without the upapatti-s he himself will not be free 
of doubt (nihsamsaya). Since upapatti is clearly perceivable 
in the (armillary) sphere like a berry in the hand, I there- 
fore begin the goladhyaya (section on spherics) to explain the 
upapattts. 


As the commentator Nrsimha Daivajūa explains, ‘the phala (object) of 
upapatti is pànditya (scholarship) and also removal of doubts (for oneself) 
which would enable one to reject wrong interpretations made by others 
due to bhranti (confusion) or otherwise.'** 


The same view is reiterated by Gane$a Daivajna in his preface to Bud- 
dhivilasini: 


Ma aaa dalas array fear dq 
frac at Ad at TIM Aea AT aga | 
Waa FIAT U FTA, TA 
Tea KRAMA sae qq] 1 


Whatever is stated in the vyakta or avyakta branches of 
mathematics, without upapatti, will not be rendered nirbhra- 
nta (free from confusion); will not have any value in an as- 
sembly of mathematicians. The upapatti is directly perceiv- 
able like a mirror in hand. It is therefore, as also for the 
elevation of the intellect (buddhi-vrddhi), that I proceed to 
enunciate upapatti-s in entirety. 


Thus as per the Indian mathematical tradition, the purpose of upapatti 
is mainly (i) To remove doubts and confusion regarding the validity 
and interpretation of mathematical results and procedures; and, (ii) To 
obtain assent in the community of mathematicians. 


Further, in the Indian tradition, mathematical knowledge is not taken 
to be different in any ‘fundamental sense’ from that in natural sci- 


28 Siddhantasiromani , cited above, p.326. 
29 Buddhivilāsinī, cited above, p.3. 
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ences. The valid means for acquiring knowledge in mathematics are 
the same as in other sciences: Pratyaksa (perception), Anumana (infer- 
ence), Sabda or Agama (authentic tradition). In his Vasanabhasya on 
Siddhantasiromani Bhāskarācārya refers to the sources of valid knowl- 
edge (pramana) in mathematical astronomy, and declares that 


qaas edd fenem: SoA Vara: Wary P0 
For all that is discussed in Mathematical Astronomy, only an 


authentic tradition or established text which is supported by 
upapatti wil be a pramāņa. 


Upapatti here includes observation. Bhāskarācārya, for instance, says 
that the upapatti for the mean periods of planets involves observations 
over very long periods. 


3.3 The limitations of Tarka or proof by contradiction 


An important feature that distinguishes the upapatti-s of Indian math- 
ematicians is that they do not generally employ the method of proof 
by contradiction or reductio ad absurdum. Sometimes arguments, which 
are somewhat similar to the proof by contradiction, are employed to 
show the non-existence of an entity, as may be seen from the following 
upapatti given by Krsna Daivajūa to show that "a negative number has 
no square root": 


The square-root can be obtained only for a square. A neg- 
ative number is not a square. Hence how can we consider 
its square-root? It might however be argued: ‘Why will a 
negative number not be a square? Surely it is not a royal 
fiat’... Agreed. Let it be stated by you who claim that a 
negative number is a square as to whose square it is: Surely 
not of a positive number, for the square of a positive number 
is always positive by the rule...Not also of a negative num- 
ber. Because then also the square will be positive by the 
rule...This being the case, we do not see any such number 
whose square becomes negative. ..*' 


30 Siddhantasiromani, cited above, p.30. 
31 Bījapallava, cited earlier, p.19. 
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Such arguments, known as tarka in Indian logic, are employed only 
to prove the non-existence of certain entities, but not for proving the 
existence of an entity, which existence is not demonstrable (at least in 
principle) by other direct means of verification. 


In rejecting the method of indirect proof as a valid means for estab- 
lishing existence of an entity which existence cannot even in principle 
be established through any direct means of proof, the Indian mathe- 
maticians may be seen as adopting what is nowadays referred to as the 
‘constructivist’ approach to the issue of mathematical existence. But the 
Indian philosophers, logicians, etc., do much more than merely disallow 
certain existence proofs. The general Indian philosophical position is 
one of eliminating from logical discourse all reference to such aprasiddha 
entities, whose existence is not even in principle accessible to all means 
of verification.?? This appears to be also the position adopted by the 
Indian mathematicians. It is for this reason that many an “existence 
theorem” (where all that is proved is that the non-existence of a hypo- 
thetical entity is incompatible with the accepted set of postulates) of 
Greek or modern Western mathematics would not be considered signif- 
icant or even meaningful by Indian mathematicians. 


3.4  Upapatti and “Proof” 


We now summarize our discussion on the classical Indian understanding 
of the nature and validation of mathematical knowledge: 


1. The Indian mathematicians are clear that results in mathematics, 
even those enunciated in authoritative texts, cannot be accepted 
as valid unless they are supported by yukti or upapattt . It is not 
enough that one has merely observed the validity of a result in a 
large number of instances. 


2. Several commentaries written on major texts of Indian mathemat- 
ics and astronomy present upapatti-s for the results and procedures 
enunciated in the text. 


*2For the approach adopted by Indian philosophers to tarka or the method of 
indirect proof see for instance, M.D.Srinivas, “The Indian Approach to Formal Logic 
and the Methodology of Theory Construction: A Preliminary View”, PPST Bulletin 
9, 32-59, 1986. 
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3. The upapatti-s are presented in a sequence proceeding systemat- 
ically from known or established results to finally arrive at the 
result to be established. 


4. In the Indian mathematical tradition the upapatti-s mainly serve 
to remove doubts and obtain consent for the result among the 
community of mathematicians. 


5. The upapattt-s may involve observation or experimentation. They 
also depend on the prevailing understanding of the nature of the 
mathematical objects involved. 


6. The method of tarka or "proof by contradiction" is used occa- 
sionally. But there are no upapatti-s which purport to establish 
existence of any mathematical object merely on the basis of tarka 
alone. 


7. The Indian mathematical tradition did not subscribe to the ideal 
that upapattis should seek to provide irrefutable demonstrations 
establishing the absolute truth of mathematical results. There 
was apparently no attempt to present the upapatti-s as a part of 
a deductive axiomatic system. While Indian mathematics made 
great strides in the invention and manipulation of symbols in rep- 
resenting mathematical results and in facilitating mathematical 
processes, there was no attempt at formalization of mathematics. 


The classical Indian understanding of the nature and validation of math- 
ematical knowledge seems to be rooted in the larger epistemological 
perspective developed by the Nyaya school of Indian logic. Some of the 
distinguishing features of Nyaya logic, which are particularly relevant in 
this context, are: That it is a logic of cognitions (jriana) and not “propo- 
sitions”, that it has no concept of pure "formal validity" as distinguished 
from “material truth", that it does not distinguish necessary and con- 
tingent truth or analytical and synthetic truth, that it does not admit, 
in logical discourse, premises which are known to be false or terms that 
are non-instantiated, that it does not accord tarka or “proof by contra- 
diction" a status of independent pramāna or means of knowledge, and 


so on.?? 


33For a discussion of some of these features, see J.N.Mohanty: Reason and Tradition 
in Indian Thought, Oxford, 1992. 
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The close relation between the methodology of Indian mathematics and 
Nyāya epistemology, has been commented upon by a leading scholar of 
navya-nyāya: 


The western concept of proof owes its origin to Plato's dis- 
tinction between knowledge and opinion or between reason 
and sense. According to Plato, reason not merely knows ob- 
jects having ontological reality, but also yields a knowledge 
which is logically superior to opinion to which the senses 
can aspire. On this distinction is based the distinction be- 
tween contingent and necessary truths, between material 
truth and formal truth, between rational knowledge which 
can be proved and empirical knowledge which can only be 
verified ... 


As a matter of fact, the very concept of reason is unknown 
in Indian philosophy. In the systems which accept inference 
as a source of true knowledge, the difference between percep- 
tion and inference is not explained by referring the two to 
two different faculties of the subject, sense and reason, but 
by showing that inferential knowledge is caused in a special 
way by another type of knowledge (vyapti-jnana [knowledge 
of invariable concomitance]), whereas perception is not so 
caused ... 


In Indian mathematics we never find a list of self-evident 
propositions which are regarded as the basic premises from 
which other truths of mathematics follow ... 


Euclid was guided in his axiomatization of geometry by the 
Aristotelean concept of science as a systematic study with a 
few axioms which are self-evident truths. The very concept 
of a system thus involves a distinction between truths which 
need not be proved (either because they are self-evident as 
Aristotle thought, or because they have been just chosen as 
the primitive propositions of a system as the modern logi- 
cians think) and truths which require proof. But this is not 
enough. What is important is to suppose that the number 
of self-evident truths or primitive propositions is very small 
and can be exhaustively enumerated. 
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Now there is no Indian philosophy which holds that some 
truths do not require any proof while others do. The sys- 
tems which accept svatahpramanyavada hold that all (true) 
knowledge is self-evidently true, and those which accept para- 
tahpramanyavada hold that all (true) knowledge requires 
proof; there is no system which holds that some truths re- 
quire proof while others do not ...%4 


3.5 ‘Towards a new epistemology for Mathematics 


Mathematics today, rooted as it is in the modern Western tradition, 
suffers from serious limitations. Firstly, there is the problem of ‘foun- 
dations' posed by the ideal view of mathematical knowledge as a set 
of infallible eternal truths. The efforts of mathematicians and philoso- 
phers of the West to secure for mathematics the status of indubitable 
knowledge has not succeeded; and there is a growing feeling that this 
goal may turn out to be a mirage. 


After surveying the changing status of mathematical truth from the 
Platonic position of "truth in itself", through the early twentieth cen- 
tury position that “mathematical truth resides ... uniquely in the logi- 
cal deductions starting from premises arbitrarily set by axioms", to the 
twentieth century developments which question the infallibility of these 
logical deductions themselves, Bourbaki are forced to conclude that: 


To sum up, we believe that mathematics is destined to sur- 
vive, and that the essential parts of this majestic edifice will 
never collapse as a result of the sudden appearance of a con- 
tradiction; but we cannot pretend that this opinion rests on 
anything more than experience. Some will say that this is 
small comfort; but already for two thousand five hundred 
years mathematicians have been correcting their errors to 
the consequent enrichment and not impoverishment of this 
science; and this gives them the right to face the future with 
serenity.?? 


34Sibajiban Bhattacharya, "The Concept of Proof in Indian Mathematics and 
Logic', in Doubt, Belief and Knowledge, Delhi, 1987, p.193, 196. 

59 N.Bourbaki, Elements of Mathematics: Theory of Sets, Springer 1968, p.13; see 
also N.Bourbaki, Elements of History of Mathematics, Springer 1994, p.1-45. 
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Apart from the problems inherent in the goals set for mathematics, 
there are also other serious inadequacies in the Western epistemology 
and philosophy of mathematics. The ideal view of mathematics as a 
formal deductive system gives rise to serious distortions. Some scholars 
have argued that this view of mathematics has rendered philosophy of 
mathematics barren and incapable of providing any understanding of 
the actual history of mathematics, the logic of mathematical discovery 
and, in fact, the whole of creative mathematical activity.*° 


There is also the inevitable chasm between the ideal notion of infalli- 
ble mathematical proof and the actual proofs that one encounters in 
standard mathematical practice, as portrayed in a recent book: 


On the one side, we have real mathematics, with proofs, 
which are established by the (consensus of the qualified'. A 
real proof is not checkable by a machine, or even by any 
mathematician not privy to the gestalt, the mode of thought 
of the particular field of mathematics in which the proof is 
located. Even to the 'qualified reader” there are normally 
differences of opinion as to whether a real proof (i.e., one 
that is actually spoken or written down) is complete or cor- 
rect. These doubts are resolved by communication and ex- 
planation, never by transcribing the proof into first order 
predicate calculus. Once a proof is ‘accepted’, the results of 
the proof are regarded as true (with very high probability). 
It may take generations to detect an error in a proof... On 
the other side, to be distinguished from real mathematics, we 
have *meta-mathematics'. . . It portrays a structure of proofs, 
which are indeed infallible ‘in principle'... [The philosophers 
of mathematics seem to claim] that the problem of fallibility 
in real proofs... has been conclusively settled by the presence 
of a notion of infallible proof in meta-mathematics. ..One 
wonders how they would justify such a claim.?" 


Apart from the fact that the modern Western epistemology of mathe- 
matics fails to give an adequate account of the history of mathematics 


3°T Lakatos, Proofs and Refutations: The Logic of Mathematical Discovery, Cam- 
bridge 1976. 

37Philip J.Davis and Reuben Hersh, The Mathematical Experience, Boston, 1981, 
p.354-5. 
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and standard mathematical practice, there is also the growing awareness 
that the ideal of mathematics as a formal deductive system has had seri- 
ous consequences in the teaching of mathematics. The formal deductive 
format adopted in mathematics books and articles greatly hampers un- 
derstanding and leaves the student with no clear idea of what is being 
talked about. 


Notwithstanding all these critiques, it is not likely that, within the West- 
ern philosophical tradition, any radically different epistemology of math- 
ematics will emerge; and so the driving force for modern mathematics is 
likely to continue to be a search for infallible eternal truths and modes of 
establishing them, in one form or the other. This could lead to ‘progress’ 
in mathematics, but it would be progress of a rather limited kind. 


If there is a major lesson to be learnt from the historical development of 
mathematics, it is perhaps that the development of mathematics in the 
Greco-European tradition was seriously impeded by its adherence to the 
cannon of ideal mathematics as laid down by the Greeks. In fact, it is 
now clearly recognized that the development of mathematical analysis 
in the Western tradition became possible only when this ideal was given 
up during the heydays of the development of “infinitesimal calculus" 
during 16^ — 18%" centuries. As one historian of mathematics notes: 


It is somewhat paradoxical that this principal shortcoming 
of Greek mathematics stemmed directly from its principal 
virtue-the insistence on absolute logical rigour... Although 
the Greek bequest of deductive rigour is the distinguishing 
feature of modern mathematics, it is arguable that, had all 
the succeeding generations also refused to use real numbers 
and limits until they fully understood them, the calculus 
might never have been developed and mathematics might 
now be a dead and forgotten science.?? 


It is of course true that the Greek ideal has gotten reinstated at the heart 
of mathematics during the last two centuries, but it seems that most of 
the foundational problems of mathematics can also be perhaps traced 
to the same development. In this context, study of alternative episte- 
mologies such as that developed in the Indian tradition of mathematics, 
could prove to be of great significance for the future of mathematics. 


380. H.Edwards, History of Calculus, New York 1979, p.79. 
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A 


Appendices 


List of Works Containing Upapatti-s 


The following are some of the important commentaries available in print, 
which present upapatti-s of results and procedures in mathematics and 
astronomy: 


1. 


Bhāsya of Bhāskara I (c.629) on Āryabhatīya of Āryabhata (c.499), 
K.S.Shukla (ed.), New Delhi 1975. 


. Bhāsya of Govindasvamin (c.800) on Mahābhāskarīya of Bhaskara 


I (c.629), T.S.Kuppanna Sastri (ed.), Madras 1957. 


. Vāsanābhāsya of Caturveda Prthūdakasvāmin  (c.860) on 


Brahmasphutasiddhanta of Brahmagupta (c.628), Chs. I-III, XXI, 
Ramaswarup Sharma (ed.), New Delhi 1966; Ch XXI, Edited and 
Translated by Setsuro Ikeyama, Ind. Jour. Hist. Sc. Vol. 38, 
2003. 


. Vivarana of Bhaskaracarya II (c.1150) on Sisyadhivrddhidatantra 


of Lalla (c.748), Chandrabhanu Pandey (ed.), Varanasi 1981. 


. Vāsanā of Bhāskarācārya II (c.1150) on his own Bijaganita, Ji- 


vananda Vidyasagara (ed.), Calcutta 1878; Achyutananda Jha 
(ed.) Varanasi 1949, Rep. 1994. 


. Mitāksarā or Vāsanā of Bhaskaracarya II (c.1150) on his own 


Siddhantasiromani, Bapudeva Sastrin (ed.), Varanasi 1866; Mu- 
ralidhara Chaturveda (ed.), Varanasi 1981. 


. Vāsanābhāsya of Āmarāja (c.1200) on Khandakhādyaka of Brah- 


magupta (c.665), Babuaji Misra (ed.), Calcutta 1925. 


. Ganitabhisana of Makkibhatta (c.1377) on Siddhāntašekhara of 


Sripati (c.1039), Chs. I-III, Babuaji Misra (ed.), Calcutta 1932. 


. Siddhāntadīpikā of Paramešvara (c.1431) on the Bhāsya of Govin- 


dasvamin (c.800) on Mahabhaskariya of Bhaskara I (c.629), T.S. 
Kuppanna Sastri (ed.), Madras 1957. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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Aryabhatiyabhasya of Nilakantha Somasutvan (c.1501) on 
Āryabhatīya of Aryabhata (c.499), K. Sambasiva Sastri (ed.), 3 
Vols., Trivandrum 1931, 1932, 1957. 


Yuktibhāsā (in Malayalam) of Jyesthadeva (c.1530); Ganitadhyaya, 
RamaVarma Thampuran and A.R. Akhileswara Aiyer (eds.), 
Trichur 1948; K.Chandrasekharan (ed.), Madras 1953. Edited and 
Translated by K.V. Sarma with Explanatory Notes by K. Rama- 
subramanian, M.D. Srinivas and M.S. Sriram (in Press). 


Yuktidīpikā of Sankara Vāriyar (c.1530) on Tantrasargraha of 
Nilakantha Somasutvan (c.1500), K.V.Sarma (ed.), Hoshiarpur 
1977. 


Kriyākramakarī of Sankara Vāriyar (c.1535) on Lilavati of 
Bhāskarācārya II (c.1150), K.V.Sarma (ed.), Hoshiarpur 1975. 


Sūryaprakāša of Sūryadāsa (c.1538) on Bhaskaracarya’s Bijaganita 
(c.1150), Chs. I-V, Edited and translated by Pushpa Kumari Jain, 
Vadodara 2001. 


Buddhivilāsinī of Gaņeša Daivajna (c.1545) on Līlāvatī of 
Bhāskarācārya II (c.1150), V.G.Apte (ed.), 2 Vols, Pune 1937. 


Tika of Mallāri (c.1550) on Grahalaghava of Gane$a Daivajna 
(c.1520), Balachandra (ed.), Varanasi 1865; Kedaradatta Joshi 
(ed.), Varanasi 1981. 


Bījanavānkurā or Bijapallavam of Krsna Daivajna (c.1600) on 
Bījagaņita of Bhāskarācārya II (c.1150), V.G.Apte (ed.), Pune 
1930; T.V.Radha Krishna Sastri (ed.), Tanjore 1958; Biharilal Va- 
sistha (ed.), Jammu 1982. 


Širomaņiprakāša of Ganeša (c.1600) on Siddhantasiromani of 
Bhāskarācārya II (c.150), Grahagaņitādhyāya, V.G.Apte (ed.), 2 
Vols. Pune 1939, 1941. 


Gūdhārthaprakāša of Ranganatha (c.1603) on Süryasiddhanta, Ji- 
vananda Vidyasagara (ed.), Calcutta 1891; Reprint, Varanasi 
1990. 
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20. Vasanavarttika, commentary of Nrsimha Daivajna (c.1621) on 
Vasanabhasya of Bhaskaracarya II, on his own Siddhantasiromani 
(c.1150), Muralidhara Chaturveda (ed.), Varanasi 1981. 


21. Marici of Munišvara (c.1630) on Siddhantaširomaņi of 
Bhāskarācārya (c.1150), Madhyamadhikara, Muralidhara Jha 
(ed.), Varanasi 1908; Grahaganitādhyāya, Kedaradatta Joshi 
(ed.), 2 vols. Varanasi 1964; Golādhyāya, Kedaradatta Joshi 
(ed.), Delhi 1988. 


22. Āšayaprakāša of ^ Muniévara  (c.1646) on his own 
Siddhantasarvabhauma, | Ganitadhyaya Chs. I-II, Muralid- 
hara Thakura (ed.), 2 Vols, Varanasi 1932, 1935; Chs. HI-IX, 
Mithalal Ojha (ed.), Varanasi 1978. 


23. Sesavasana of Kamalakarabhatta (c.1658) on his own 
Siddhantatattvaviveka, Sudhakara  Dvivedi (ed.), Varanasi 
1885; Reprint, Varanasi 1991. 


24. Sauravāsanā of Kamalakarabhatta (c.1658) on Sūryasiddhānta, 
Chs. I-X, Sri Chandra Pandeya (ed.), Varanasi 1991. 


25. Ganitayuktayah, Tracts on Rationale in Mathematical Astronomy 
by Various Kerala Astronomers (c.16 — 19%" century), K.V.Sarma 
(ed.), Hoshiarpur 1979. 


B Some Upapatti-s from Yuktibhāsā (c.1530) 


In this Appendix we shall present some of the proofs contained in the 
Mathematics part of the celebrated Malayalam text Yuktibhasa ** of 
Jyesthadeva (c.1530). This part is divided into seven chapters, of which 
the last two, entitled Paridhi and Vyasa (Circumference and Diame- 
ter) and Jyānayana (Computation of Sines), contain many important 
results concerning infinite series and fast convergent approximations 


59 Yuktibhāsā (in Malayalam) of Jyesthadeva (c.1530); Ganitadhyaya, Ra- 
mavarma Thampuran and A.R. Akhileswara Aiyer (eds.), Trichur 1947; K. Chan- 
drasekharan (ed.), Madras 1953; Edited, along with an ancient Sanskrit version 
Gaņitayuktibhāsā and English Translation, by K.V.Sarma, with Explanatory Notes 
by K.Ramasubramanian, M.D.Srinivas and M.S.Sriram (in press). 
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for m and the trigonometric functions. In the preamble to his work, 
Jyesthadeva states that his work gives an exposition of the mathemat- 
ics necessary for the computation of planetary motions as expounded 
in Tantrasangraha of Nilakantha (c.1500). The proofs given in Yuk- 
tibhasa have been reproduced (mostly in the form of Sanskrit verses 
or kārikās) by Šankara Vāriyar in his commentaries Yuktidīpikā * on 
Tantrasangraha and Kriyākramakarī *! on Lilàvati. Since the later work 
is considered to be written around 1535 A.D., the time of composition 
of Yuktibhasa may reasonably be placed around 1530 A.D. 


In what follows, we shall present a brief outline of some of the mathe- 
matical topics and proofs given in Chapters VI and VII of Yuktibhasa, 
following closely the order which they appear in the text. 


B.1 Chapter VI: Paridhi and Vyāsa (Circumferene and 
Diameter) 


The chapter starts with a proof of bhuja-koti-karna-nyaya (the so called 
Pythagoras theorem), which has also been proved earlier in the first 
chapter of the work.*” It is then followed by a discussion of how to 
arrive at successive approximations to the circumference of a circle by 
giving a systematic procedure for computing successively the perimeters 
of circumscribing square, octagon, regular polygon of sides 16, 32, and 
so on. The treatment of infinite series expansions is taken up thereafter. 


B.1.1 To obtain the circumference without calculating 
square-roots 


Consider a quadrant of the circle, inscribed in a square and divide a side 
of the square, which is tangent to the circle, into a large number of equal 


10 Yuktidīpikā of Sankara Variyar (c.1530) on Tantrasangraha of Nilakantha Soma- 
sutvan (c.1500), K.V.Sarma (ed.), Hoshiarpur 1977. At the end of each chapter of 
this work, Sankara states that he is only presenting the material which has been well 
expounded by the great dvija of the Parakrodha house, Jyesthadeva. 

41 Kriyākramakarī of Sankara Vāriyar (c.1535) on Lilàvati of Bhāskarācārya II 
(c.1150), K.V.Sarma (ed.), Hoshiarpur 1975. 

4272 fact, according to Yuktibhāsā , almost all mathematical computations are 
pervaded (vyàpta) by the trairasika-nyaya (the rule of proportion as exemplified for 
instance in the case of similar triangles)and the bhuja-koti-karna-nydya. 
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parts. The more the number of divisions the better is the approximation 


to the circumference. 


O 


C/8 (one eighth of the circumference) is approximated by the sum of the 
jyardhas (half-chords) b; of the arc-bits to which the circle is divided by 
the karnas (hypotenuses) which join the points which the divide tangent 
to the centre of the circle. Let k; be the length of the it" karna. Then, 


p» (E) ,R[(Ry R] (RV FE 
Nk] "ki (Xn) ku] Xn kiki 


T C fI RO ASIAN 
4 iu 8R i TL ; kiki+1 n 0 k; 
1 gp 


- (23 
= [(2)Y 1-——— 
(590 ga qe (5) 
n 


Series expansion of each term in the RHS is obtained by iterating the 
relation 


? 


which leads to 
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This (binomial) expansion is also justified later by showing how the 
partial sums in the following series converge to the result. 


100 _ 100 (100) (10-8) (100 (10-8V— 
10 8 10 8 8 8 UU 


Thus 
39 n 5 n 
To 1 2 1 4 
1 = 1- (2) >i + (4) >i —... 


When n becomes very large, this leads to the series given in the rule of 


Madhava vyase vāridhinihate ...** 
C m. 1 1 + 1 
4D 4 3 5 `| 


B.1.2  Samaghata-sankalita — Sums of powers of natural numbers 


In the above derivation, the following estimate was employed for the 
samaghata-sankalita of order k, for large n : 


SQ) = 1++2 +3 +... 9 n* g La 
n (k +1) 
This is proved first for the case of müla-sankalita 
SY = 1+2+3+...+n 
= |n-(n-1)]+ln-(n—2)] & n 
n? sv, 


Hence for large n, 


n^ 


Then, for the varga-sankalita and the ghana-sankalita, the following es- 
timates are proved for large n: 


3 
s» = Pe 2 V3 essen m TM 
nā 
sy = 1? +224+3 +... +m m 7 


43 This result is attributed to Madhava by Sankara Variyar in Kriyakramakari, cited 
earlier, p.379; see also Yuktidipika , cited earlier, p.101. 
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It is then observed that, in each case, the derivation above is based on 
the result 


nse) SH = SED + gc +... ern 


It is observed that the right hand side of the above equation is a re- 
peated sum of the lower order (k — 1) sankalita. Now if we have already 


estimated this lower order sankalīta, sk) R na, then 
(n—1)*  (n—2)  (n—3) 


(k-1) gk) y o T 
nS; S, n + A + 7 +... 


1 
= | sk) 
(z) 8. 


Hence, for the general samaghata-sankalita, we obtain the estimate 


X 


SC x 


B.1.3  Vara-sankalita - Repeated summations 


The vara-sankalita or sankalita-sankalita or repeated sums, are defined 
as follows: 


VO = s9=1+24+...+(n-1)+n 
VO = VED AVM EL yer 
It is shown that, for large n 


nr 


y"? — ———. 
n (r 4- 1)! 


B.1.4  Capikarana — Determination of the arc 


This can be done by the series given by the rule** istajyatrijyayorghatat 


. which is derived in the same way as the above series for e. 


sin 0 R(sinü0MN R (sin0M? 
n9 - R (| - S (5) +5 ses) QUU 


*4See for instance, Kriyākramakarī, cited earlier, p.95-96. 
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It is noted that |16 | < 1, is a necessary condition for the terms in the 
above series to progressively lead to the result. Using the above, for 


0 = 5, the following series is obtained: 


1 1 1 
= V12D2? |1 — —— + —— — —— +... 
C (33) (G5 BT 


B.1.5  Antya-samskara — Correction term to obtain accurate 


circumference 
Let us set 
C 1 1 1 1 1 
— —]---4--... =] y —1)" —. 
4D 3^5 uin an *! pm 


Then the samskāra-hāraka (correction divisor), a, will be accurate if 


1 1 1 


— — 


Qn Anyi 2n+1 


This leads to the successive approximations: 

T 1 1 

— m 1-2+-...+(-1)'7! —1)" — 

4 ts +(-1) ni) ^ am 

T 1 1 1 

— m 1-~+4+=-...4+(-1)""! —1)" 

An 
1 1 n 
= 1—-=+-+-...4+(-1)""' —1)" . 

37 tCUDU n-p P uiii 


Later at the end of the chapter, the rulet? ante samasankhyadalavargah 
..., İs cited as the sūksmatara-samskāra, a much more accurate correc- 
tion: 


T (yr | Ca +1) 
4 3 5 T Gn-1) (4An3 +5n) ' 


45These are attributed to Mādhava in Kriyākramakarī, cited earlier, p.279; also 
cited in Yuktidipika , cited earlier, p.101. | 
46 Kriyākramakarī, cited earlier, p.390; Yuktidīpikā , cited earlier, p.103. 
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B.1.6 Transformation of series 


The above correction terms can be used to transform the series for the 
circumference as follows: 


C n [ 1 1 1 1] ft g 
4D 7 4 i Q1 3 Q1 ag 5 a2 a3 v 


It is shown that, using the second order correction terms, we obtain the 
following series given by the rule?" samapaīcāhatayoh ... 


C 1 | 1 + 1 7 
16D (15+4.1) (395-43) (55445) ` 


It is also noted that by using merely the lowest order correction terms, 
we obtain the following series given by the rule? vyāsād varidhinihatat 


C3 pt T 
4D 4 (33-3) (53-5) (7-7) 


B.1.7 Other series expansions 


It is further noted, by using non-optimal correction divisors in the above 
transformed series, one can also obtain the following results given in the 
rules? duyadiyujam và krtayo ...and dvyādešcaturādervā ... 


Cl 1 1 1 

4D 2'(@-1 (8-1 (8-1) 
C — 1 1 1 1 

D 3 BD BI 71 
C 1 1 1 

8D — (2-1 (6-1 ü09-1 


47 Kriyākramakarī, cited earlier, p.390; Yuktidīpikā , cited earlier, p.102. 
48 Kriyakramakari, cited earlier, p.390; Yuktidīpikā , cited earlier, p.102. 
49 Kriyākramakarī, cited earlier, p.390; Yuktidīpikā , cited earlier, p.103. 
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B.2 Chapter VII : Jyānayanam — Computation of Sines 
B.2.1 Jyā, koti and šara — Rsinz, Rcosr and R(1 — cos x) 


First is discussed the construction of an inscribed regular hexagon with 


side equal to the radius, which gives the value of R sin($). Then are 


derived the relations: 


R sin (5 — x) 


. T l . 2 . 211 
Rsin (5) z (R sin z)^ + (R versin x)*]2. 


Rcos z = R(1 — versin x) 


Using the above relations several Rsines can be calculated starting from 


the following: 
T 
Rsin (5) 
sin (g 


RN 
Rsin(5) = (5). 


This is one way of determining the pathita-jya (enunciated or tabulated 
sine values), when a guadrant of a circle is divided into 24 egual parts 
of 3°45’ = 225' each. To find the Rsines of intermediate values, a first 
approximation is 


to| a9 


Rsin(z--h) x '"Rsinz-h Reosz. 


Then is derived the following better approximation as given in the rule?? 
istadohkotidhanusoh ...: 


2 1 

Rsin(x +h) x Rsing+ (à) (Reosz - lā) Rsina) 
2 , 1 

Rcos(x +h) x Rcosr + (à) (Rsinz - lā) Rosz) , 


where A = 2E. 


90 Tantrasangraha , 2.10-14. 
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B.2.2 Accurate determination of sines | 


Given an arc s = Rz, divide it into n equal parts and let the pinda-jyas 
Bj, and šaras S; i with j = 0,1,...n, be given by 
2 


R sin (2) , 
n 
; .1 
B vers [oue 
n 


If a be the samasta-jyā (total chord) of the arc =, then the second order 
sine difference (jya-khandantara) is shown to satisfy 


S 
] 


O 
(B;+1— Bj) - (B; - Bj-1) = (=) (85.1 — Sj41) 
ax2 
= (P) 8 
for 7 = 1,2,...n. From this are derived the relations 
a 
S,1-S1 = (=) (Bi + Ba +... + Bu), 
a. V2 
B,—nB, = — (=) [Bi + (Bı + B2) +...+(B1+...+ Bn_1)] 


- (5) [S3 +53 + + Sag 7081] 


If B and S are the jyā and Sara of the arc s, then it is noted that, in 
the limit of very large n, we have as a first approximation 


B, = B, B; z =, S,,1 SS, Sı 0 and an. 
n 2 2 n 
Hence 
1 SX s? 
x |=||-) {1 .. — 1| x — 
S (z) (2) nez + n — 1] F; 
and 
1\2 
B zm s- (x) (=) [1+(1+2) +...+(1+2+...+mn—1))) 
s3 
x s— 
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Iterating these results we get successive approximations for the difference 
between the Rsine and the arc (jyā-cāpāntara), leading to the following 
series given by the rule?! nihatya cāpavargeņa ...: | 


Rein (=) = B=R i-a G 


R- Reos (x. = S=R ey-G a) 


While carrying successive approximations, the following result for vara- 
sankalitas (repeated summations) is used: 


y iUt. Grk-U _ n(n+1)(n+2)...(n+k) 
— k! (k 4- 1)! 

nft 

(k +1)! 


Then is obtained a series for the square of sine, as given by the rule? 
nihatya cāpavargeņa ... 


rt rê 


SO OO E 
sin rr = T 7 OY +73 3 
22 .. — 92 _ — 32 — — 
2 2 2 


Chapter VII of Yuktibhasa goes on to discuss different ways of deriving 
the jive-paraspara-nyàya?? , which is followed by a detailed discussion of 
the cyclic quadrilateral. The chapter concludes with a derivation of the 
surface area and volume of a sphere. 
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Abstract 


The subject of partial fractions is usually confined to the stan- 
dard calculus course and is viewed as a useful albeit mundane 
tool. This paper looks at partial fractions starting with Euler. We 
then consider some of the very surprising and appealing discoveries 
made by Ramanujan. 


1 Introduction 


The idea of partial fractions must surely have arisen after calculus and 
basic analysis had a solid footing. We can certainly find carefully pre- 
pared examples in Euler's Introduction in Analysis Infinitorum, Volume 
1 [3, Chapter 2]. 


For example, [3, pp. 34-35] Euler proves that 


o t 21,1,2, 1 , 7 T (1 1) 
z(1—z9?(1-z) 2 22 z 2(—-2) 4(1—2) d(l+z) `` 


or [3, pp. 31-32] 


z^ z— 1 1 1 1 
Ar) 4042) 46-1) 36-19 e (7) 


Ramanujan was not the first to observe that there are appealing and 
sophisticated extensions of partial fractions. For example, there is the 


252 George E. Andrews 


classical partial fraction expansion for the reciprocal of Jacobi's theta 
product [6, p.136] 


y Cow» 0 qp ag 
X LU au V7 zq7 1) — q7/2) ' 
ono (7 1)" (2n + 1)g^ (t 0/2 
- ym pagre o (4) 


where |g| < 1 and z £ g" for any integer N. Actually we find (1.3) in 
Ramanujan's Lost Notebook [5, p.1]. 


In the following pages, we shall examine some of Ramanujan's ideas. 
Our object will be to choose formulas that illustrate how one can proceed 
from first principles to obtain some quite surprising formulas. 


2 A Partial Fraction 


In the following, we shall use the standard notation [4, p.3, eq. (1.2.15) 
and p. 20, Ex. 1.2]. We shall always assume |q| « 1. 


(A), = (A;g)n = (1— A)(1 — Aq) --- (1— Ag” 7), 
(Ajs = (Ajq)oo = IIa — Aq”), 
n=0 


[IN LAWN O<SMSN 
| | — (ag)uM(d33d)N-M — ? = = 
M 0 M «0or M » N. 


? 


Our first result is the following: 


Theorem 2.1. 
Etats 
n | (Z)n41(g/Z)n 
_ 1 N N | (12 + q)n 1 1 
= mes EM n See (ls a). 21) 


Proof. Both sides of (2.1) are rational functions of z with 2N + 1 sim- 
ple poles at z = g ",gN+1,...,g!,1,g,...,g". Let us calculate the 
residues of each side at these simple poles. 
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If z = g" for 1 < m < N, then the residue on the right-hand side is 


[X |€ D" a HE ()m. 


q)N+im 


On the left-hand side 


lim (z — g”) > | 4 | (Du 


2—1 — L @ 2)n+1(4/2)n 
_ N (g)na" t m 
i Y | n | M: qn 11(0177*5 g)m—1(9)n—m 


_ : MEE aa 1)-1 
(1) gr 
7, (4) 
C 


nem q)n+m (q)n— —m 
1)m- 1 gr +m(m+1)/2 
g) n+m (4 [CK I IRR )n- -m 
jm- 1 (P+M) +m(m+1)/2 
q)n+2m( (9) N—n—m(d)n 
NN N-m (q- Nm, (—1)"g"(n+1)/2+n(N+m)+m(3m-+1)/2 
(a)om(a)N-m = (q?771)s (q)n 
—1)n-1 m(3m+1)/2 -N-m -1; N+m+1 
_ (an(-1)” "g lim odi ( g Ted ) 
(q)2m(4) N—m 740 q 
(in the notation of [4, p.3, eq. (1.2.14)]) 
(q) v ( —1)m-1gmGmc0/2 


(a)2m (a) N m (q? 1) v -m 
(by the q-Chu-Vandermonde summation [4, p.11, eq. (1.5.2)]) 


| N | (—1)m-1gmGmt1)/2(6). 
m (d) N--m 


Next we consider z = g" for 0 S m € N. In this case, the residue 
on the right-hand side is 


| M (—1)m-1gm(G3m-1)/2 (o). 
m (d) N+m 
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On the left-hand side 


lim eem M (q)nq” 


Ae Z | n | Gai 
u Y N (qnq” 7" 
i -5| n | (g )m(q)n-m(q"*1), 


| n | (g)ng” *mQ- 02 (71)m1 
n=m 


n mn m 
N n? 
7 (- 1)” — +m(m-—1)/2 
7 (a)n y mO, 


n= 


N- NEP yn- 1 gln+m)*+m(m- 1)/2 


= (gw Y. 


4)n+2m — (d)n+2m(4), N—n—m(@)n 


n=( 
(4)2m (4) x—m A-O (q?m*1), (q),, 
M CUm m 
li m (d) N+m i 
as before. 


Hence by the classical theorem for the representation of a proper 
rational function with simple poles by a partial fraction decomposition 
[2, pp.56—57], we have established Theorem 2.1. [] 


Note that the proof of Theorem 2.1 required nothing more sophisti- 
cated than the very elementary q-Chu-Vandermonde summation. 


Theorem 2.1 has some very appealing corollaries. While it does 
not appear in Ramanujan's Lost Notebook, many instances of it do. 
It should be noted that this result was first explicitly stated by G.N. 
Watson |7, p.64]. 


Corollary 2.1. 
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Proof. Let N — oo in Theorem 2.1. The quadratic exponent on g easily 
allows one to justify this limiting process, and a little algebra transforms 
the result into the above expression. [] 


From Corollary 2.1, G.N. Watson [7, p.64] and presumably Ra- 
manujan deduced three important formulas for Ramanujan's third order 
mock-theta functions: 


S 
ua 
| 
i [v]a 
A a 
a 


«- Eft 


Corollary 2.2. /7, p. 64] 


1 oo yr gn(3n+1)/2 
faa) = GG ( a> Pu , (2.3) 
7 " o9 n(1 +q” gn(3n+1)/2 
1 oo ( 1)” (1+ n) n(3n+1)/2 
x) = g. (pE rerea (2.5) 


Proof. To obtain (2.3) set z = —1 in (2.2) and simplify. To obtain (2.4) 
set z = i in (2.2) and simplify. Finally to obtain (2.5) set z = e"*/3. O 


3 Another Partial Fraction 


In this section we present a second result. This result is closely related 
to the one in the previous section as Watson has shown [7, p. 63-66] 
in that each is deducible from the same master formula. We treat this 
theorem separately because we want to deduce these results from very 
elementary identities. 
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Theorem 3.1. 


> iP N | (q)nq” t 


292)n+1(92/2)n+1 


n=0 ( 
N n_3n(n+1)/2 n+ 
-X P | (717g @n m n 5 Jen 


(Q)n+N+1 ]—-2q 2? z-q 


Proof. We proceed exactly as we did with Theorem 2.1. Both sides 
of (3.1) are rational functions of z with 2/V + 2 simple poles at z = 
gr 5-3,q-5*3,...,073, 02,...,q  - 3, g +7, We now calculate the resi- 
dues of each side at these simple poles. Furthermore it is easy to check 
that each side is symmetric in z and L, hence we need only check the 


residues at the positive power of q. 


If z = gma for 0 S m € N, then the residue on the right-hand side 
is clearly 


P |= (-1) 1)” g3m(m+1)/2+m+5 (9), 
m (G)m+N+1 : 


On the left-hand side 


N n? --n 
lim (z— gntā) y | N | (4)n4 
zag td n=0 n M g7)n+1(g2/2)n+1 
N 1 
nom lt ” E hrt Dre 
qm 


= (-1m m(m+1)/2+m+5 (g LLL C 
) 1 QN La 4)n+m+1(4 9) N—n(4)n—m 


N-m go tm" +n+m 


— —1)” m(m--1)/24-m-- i g TT 
(-1)"g la) Ž (G)n+2m+1(4) N-n—m(d)n 


(—1)mgnn-D km 59mm (a) y 


(4)2m+1 (d) N—m 
<= (atm) (—1)"g"(n+1)/2+n(N+m+1) 


* (q)n(q?"**),, 


n=0 
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i (—1)™qa™ +3 +3 (q)N q ^tm. 4. q, rq ^ * ml | 
= lim 361 Tr 
()2m+1(4)x-m | 79 (4) 
("g + 7 tā(g)x 
(d)2m41(d) N-m(q?"7?) v -m | 
(by the g-Chu-Vandermonde summation [4, p. 11, eq. (1.5.2)]) 
| m | (-1)mghmi--)/2m- 5 (g) m 
m (d)m+N+1 


As with Theorem 2.1, our theorem follows from the standard partial 
representation of a proper rational function with simple poles [2, pp. 
56—57). [] 


Corollary 3.1. /7, p.66] 


n?+n 1 o9 — 1) g3n(n4-1)/2 
1 : 1 "num CULO (3.2) 
nao (29*)n+1(47/2)n+1 (q)oc n--co .1-—2qQq 2 


Proof. Let N + oo in Theorem 4.1. As in the proof of Corollary 2.2, the 
quadratic exponents on q easily allow one to justify this limit. Algebraic 
simplification then yields the assertion in Corollary 3.1. D 


From Corollary 3.1, we can easily deduce (as did Watson [7, p. 66] 
and probably Ramanujan) three more important formulas for three more 
of the third order mock-theta functions: 
q?n(n-1) 


n-0 (q; q?)? +1 l 


o9 gt 
v(q) = ———; 
) 2, (—g; g*)n+1 
CO 
B (4; g)ng""+) 
pla) Ž (d; d%)n+1 
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Corollary 3.2. /7, p.66] 


oo 
1 + gt! 
w(q) — a an 5 » )" ng ERO (3.3) 
(q^; q Wa — 
1 = jn g3n(n+1)/2 (1 7 q^) 
v(q) — m, 3.4 
(2) aga 247 (1 g^) (3.4) 
7 1 3n(n-1) (1 _ q4” +2) 
Te SE EE 6s 


Proof. To obtain (3.3) replace q by q? then set z = 1 in (3.2), and 
simplify. To obtain (3.4), set z = i in (3.2) and simplify. To obtain (3.5) 
replace g by g*, then set z = e*7*/3 in (3.2) and simplify. go 


4 The Simplest Partial Fraction 


In the last two sections. we proved two partial fraction decompositions 
relying only on the q-Chu-Vandermonde summation. In this section we 
provide a proof of (1.3) that does not even require that much. 


Theorem 4.1. 


EN (a) 

(z) N-1(a/z)N 

E qQy[N](cpne»( E 1 
p amas Ela | (Q)ntn > (ug —a) 


(4.1) 


Proof. Both sides of (4.1) are rational functions of z with 2N + 1 simple 
«N «Ni... g 51, ag. 


poles at z= g ",g 
First we calculate the residue at z = g",1 < m € N. The residue 
on the right-hand side is clearly | 


| y (d)mg"m+1)/2 
qm (d)m4-N 


ca] 
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On the left-hand side, the residue is 


im ez (mw _ q^ (q)N 
23" (z) v 41(q/2)N (q*) x+1(g'")m—1(4)x-m 
(—1)m-1gm(mt1)/2 (o) w N | (q)g q 0/2 


— — _1m-1 
i (qd) N--m(d) N—m (C1) P (G)m+N 


Next we consider z = q ™, 0 € m < N. The residue on the right- 
hand side in this instance is 
Lom | N | (Om (gr aye | N | (q)mq "77? 


? 


m (G)m+n m (G)m+N 


and on the left-hand side, the residue is 


im EOT _ -q "(Qn 
23477. (z)N41(g/2)v (q7™ )m(Q)N—m(q™*") n 
B (—1)m-1gm(m-1)/2 (gy w - (-1jmi | N | (q),,47 0-07? 
—..— (q)n+m(Q)N—m m (q)Nim — 


As before, our result now follows from the standard theorem on 
partial fraction decompositions [2, pp.56-57] O 


Corollary 4.1. Identity (1.3) is valid. 


Proof. The same argument used for Corollaries 2.1 and 3.1 holds here 
as well. [] 


5 Conclusion 


There are many more results beyond those considered in this paper that 
were included in Ramanujan’s Lost Notebook. Bruce Berndt and I [1] 
are publishing a full treatment of the results from the Lost Notebook, 
and we present in Chapter 12 of that work a full account of Ramanu- 
jan’s partial fraction theorems. The proofs there are more succinct, but 
rely on more sophisticated background. The object in this paper was to 
illustrate the fact that one can deduce some of Ramanujan’s most sur- 
prising partial fraction formulas using nothing deeper than the q-analog 
of the Chu- Vandermonde summation. 
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Abstract 


While modern Algebra and Number Theory have well docu- 
mented and established roots deep into India’s ancient scholarly 
history, the understanding of the springing up of statistics, specif- 
ically quantum statistics, demands a closer inquiry. My project is 
two-fold. Firstly, I explore and delineate the cultural and educa- 
tional circumstances that presided over the inception of the very 
concept that quantum theory required its own dedicated statistical 
analysis. My quest therefore is anchored in a brief review of the 
pioneering contributions of personalities as diverse as those of Bose 
and Chandrasekhar, or Raman and Krishnan, and Mahalanobis. 
Secondly, I examine how the intellectual climate and some of the 
local mathematical traditions have fostered the ongoing develop- 
ment of quantum probability and stochastic processes theories in 
India. 


Science is not an impersonal stream of dis- 
coveries. It is created by human beings and 
its advances are very much products of highly 
personal actions and reactions of some gifted 
individuals. [70, p.31] 

science ts a collective endeavour ... any 
single life is but a fragment in a larger fabric. 
[71, p.55] | 
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1 Preliminary considerations 


The main questions I want to explore in this essay are How and Why an 
interest in quantum statistics developed among Indian mathematicians. 
Indeed, the field of quantum statistics might appear at first sight to be 
a singularity against the background of profound traditions, the deep 
roots of which are illustrated in other communications reported in these 
proceedings on the History of Indian Mathematics. Upon listening to 
these enlightening contributions, we could not but be vividly reminded 
of the continuity between the ancient schools and modern disciplines 
such as algebra, geometry, combinatorics and number theory, in which 
the accomplishments of Indian mathematicians are recognized the World 
over as centrally influential. 


In contrast, quantum probability, and in particular the theory of 
quantum stochastic processes, is a recent field of enquiry in which con- 
siderable pioneering work was achieved in twentieth-century India. It 
would be futile to attempt and give here a detailed survey that would 
do justice to all facets of this effort. Rather, I will focus on those which 
relate most to areas of mathematical physics with which I am familiar, 
and yet bring out the particular flavours of the Indian contributions and 
of the intellectual climate in which they originated. 


Among foreign physicists and mathematicians, the very words of 
“quantum” and “statistics” might evoke developments in Indian sci- 
ence of cultures imported here from the outside in the early twentieth— 
century. Such a naive cosmopolitan account would however miss sev- 
eral Indian idiosyncrasies, two extremes among which are: a form of 
governmental establishment that encourages the influence of strong per- 
sonalities, and yet a demographic diversity that allows the independent 
pursuits of individual thinkers. To illustrate this dualism, suffice it to 
mention here only one of its many aspects: the flowering in the nine- 
teenth century of the “Bengali Renaissance" right in Calcutta, while the 
port-city was the traditional seat of British presence. 


I will thus sketch in Section 2 how strong personalities developed into 
pioneers who paved the way towards the modern form of quantum statis- 
tics: S.N. Bose, C.V. Raman and K.S. Krishnan, S. Chandrasekhar, and 
P.C. Mahalanobis. In section 3, I turn to contemporary Indian figures 
who have contributed to the developments of various aspects of the the- 
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ory of quantum probability and of quantum stochastic processes: V.S. 
Varadarajan, K.R. Parthasarathy, K.B. Sinha, and M.D. Srinivas. In 
the interest of conciseness, the bibliography at the end of this essay is 
intended to be an integral part of my account, as the titles of the papers 
I included provide in a nutshell the most essential information their au- 
thors surely wanted to convey. I should also mention that in the course 
of my essay I respect the contemporary usages when speaking of cities 
like Calcutta [Kolkata] or Madras [Chennai]. 


2 The pioneers 


2.1 Satyendra Nath Bose, 1894—1974 


Wearing an illustrious Bengali patronym, Bose was born and died in 
Calcutta, studied there, receiving his M.Sc. from Presidency College 
in 1915 and continuing his studies in mathematics and physics at the 
University College of the University of Calcutta, taking his Ph.D. in 
1917; he first taught there, until he went to Dacca in 1921, from which 
he came back to Calcutta in 1945 to teach again there until 1956. 


After he had translated and published a collection of Einstein papers 
on relativity, he spent time rethinking (“in my own way” as he declared) 
the published lectures of Boltzmann and of Planck on classical statistical 
mechanics, as well as the the book of Gibbs, and several of the original 
papers of Einstein, Bohr and Sommerfeld, i.e. the foundations of a well- 
informed study of the current physical literature, namely what we call 
today the “old” quantum mechanics. 


Bose's own contributions to quantum statistics [10, 11] occurred dur- 
ing à burst of creativity that lasted just a few years. This happened de- 
spite the well-documented and enthusiastic support of Einstein who was 
instrumental in the granting to Bose of a generous two-year travel fel- 
lowship that brought him into contact with Langevin and Marie Curie 
in Paris, and with Einstein and the Berlin establishment. After this, 
Bose returned to teaching and some research, first in Dacca and then 
again in Calcutta. | 


The reason for Einstein's enthusiasm must have been the authentic 
simplicity of Bose's derivation of the Planck black-body radiation law 


264 Gérard G. Emch 


which is best understood when written in the form: 


" p(v, T) = nv)  u(^ T) 
wit 

m hv (2.1) 
n(v) = x: and u(v,T) = exphv]ET) — 1 


where p is the energy density distribution of the radiation, as a function 
of the frequency v and the temperature T at which the radiation is in 
thermal equilibrium. Earlier, the first factor, n(v), had been derived 
from a classical notion, the number N(v) — Vn(v) of electromagnetic 
modes of frequency v ; V is the volume of the cavity in which the radia- 
tion is trapped. This number obtains as a straightforward adaptation of 
an argument by Rayleigh (1877-78) on standing sound waves, the only 
two changes required here being to substitute the speed of light c for the 
speed of sound; and to take into account that electromagnetic waves are 
transversal waves, thus with two polarizations at the same frequency, 
while sound waves in air are compression waves, thus with only one 
mode for each frequency. The second term, u(v, T) , had appeared as a 
*lucky” manifestation of the genius of Planck who, in 1900, interpolated 
between previously known formulas valid separately in low and high fre- 
quency regimes. In the intervening years, Einstein had proposed that the 
radiation consists of indivisible light quanta of energy hv , an interpre- 
tation he supported by his concise and consistent explanation of all the 
known features of the photo-electric effect, features which the Maxwell 
theory of electromagnetism had thoroughly failed to account for. The 
photon hypothesis enabled Debye and Einstein to account for u(v, T) 
and Bose was willing to accept their quantum counting argument. It 
was on the first term that he concentrated his critique; we read from 
his famous June 4, 1924 letter to Einstein, that "I have tried to deduce 
the coefficient 8rv*/c* in Planck's law independent|[ly] of the classical 
electrodynamics, only assuming that the ultimate elementary region in 
the phase space has the content A? ." In postulating the irreducibility of 
any such partition, Bose was striving to restore the consistency of the 
premises; both terms in the Planck radiation formula were to have a 
purely quantum origin: now, the Bose-Einstein statistics had found a 
proper logical frame. 


Einstein was sufficiently impressed by Bose's manuscripts to trans- 
late them into German and arrange for their publication. Moreover, he 
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assimilated Bose's two papers thoroughly enough to realize that the new 
statistics, if extended from radiation to material particles would imply 
that a quantum ideal gas |23] would condensate in a superfluid phase if 
the temperature were lowered deeply enough: a phenomena that has no 
classical analogue. 


Although Einstein was not fully satisfied, Bose was not able to re- 
spond to Einstein's objections, even after meeting personally with him in 
Berlin. How Dirac was able to perform the necessary synthesis through 
his symmetrization prescription has been described in [66] and [41, 
pp.424-425]; incidentally, the word “Boson” to refer to particles that 
obey the Bose-Einstein statistics was coined by Dirac. 


As long as liquid Helium remained the only available laboratory 
manifestation of the Bose-Einstein condensation, a hiatus remained 
between theory and experiment, since the intermolecular interactions 
surely present in superfluid Helium were not accounted for in the orig- 
inal model of an ideal quantum gas. The situation changed drastically 
in the 1980s and 1990s with the observation of Bose-Einstein conden- 
sation in dilute atomic gases at temperatures in the milli- and then 
micro-Kelvin ranges, thus projecting again Bose's name to the frontier 
of contemporary physics. 


2.2 Chandrasekhara Venkata Raman, 1888—1970 and 
Kariamanikkam Srinivas Krishnan, 1898—1961 


Raman's 1930 Nobel Prize serves here as a historical marker to witness 
the development of modern physics in India at the time when the new 
quantum statistics was emerging in the midst of significant developments 
in the classical theory of stochastic processes. The Nobel citation reads 
for his work on the scattering of light and for the discovery of the effect 
named after him. It was only in February 1928 [52] that the discovery 
was made by Raman's research team at the Indian Association for the 
Cultivation of Science; he was Professor of Physics at the University of 
Calcutta since 1917 until 1933 when he joined the Indian Institute of 
Science in Bangalore; there, in 1948, he became director of the Research 
Institute that bears his name. His formal education had ended in 1907 
with a M.A. from the University of Madras; he had obtained a B.A. 
from Madras Presidency College in 1904, at the age of 16. 
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The Raman effect belongs to molecular spectroscopy, and it helps 
determine the structure of molecules. Specifically, when a spectro- 
scope analyses the light emitted from a transparent medium on which 
a monochromatic light beam of frequency vo is directed, one observes 
symmetrically on each side of the original spectral line a relatively faint 
secondary spectrum 

i» = Wo E Vm} , ( 2.2) 


now called the Raman spectrum. The observed frequency shifts vm and 
the relative intensities of the secondary lines — both of which are char- 
acteristic of the material target rather than of the incident light beam — 
allow us to interpret this spectrum as being due to the inelastic collisions 
between the incident light quanta and the molecules, involving the dis- 
crete energy levels hvm associated by quantum theory to the vibrational 
and/or rotational degrees of freedom of the molecules of the medium 
— primarily liquids, but also solids and even gases. The fact that the 
so-called “Stokes” lines (those on the low-frequency side of the exciting 
line) are more intense than the corresponding “anti-Stokes” lines (on 
the high-frequency side) in the ratio 


Ia/I; = exp(—hvm/kT) ( 2.3) 


is taken as a further confirmation of the guantum nature of the Raman 
effect, so much so that to the physicist R.W. Wood is attributed the 
opinion that “Raman’s long and patient study of the phenomenon of light 
scattering is one of the most convincing proofs of the quantum theory" 
74, p.208], thus suggesting it was on par with Einstein's explanation 
of the photo-electric effect. As R.W. Wood may not be so well known 
in the mathematical community, let it be noted that Niels Bohr, who 
had recommended Raman for the 1930 Nobel Prize for Physics, not only 
had also included Wood's name as a co-nominee, but had done so even 
earlier for the 1929 Prize [54]. 


While the effect had been predicted before by Smekal (1923), its ac- 
tual discovery demonstrated a degree of sophistication, both theoretical 
and experimental, that was immediately recognized - in particular by 
the Nobel committee — as a crowning achievement of what we call now 
the “old” quantum physics epitomized by Bohr. All along, Raman con- 
tinued to be very much involved in more general, albeit classical, physi- 
cal aspects of oscillatory phenomena. Indeed two examples ought to be 
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mentioned here; the first is that along with his better known activities 
in optics, Raman maintained a creative interest in acoustics; see for in- 
stance [51] where Raman describes the physics of musical instruments ... 
including some Indian instruments such as the sitar and the tabla. The 
second example of Raman's activity is closer to the subject of this es- 
say: after having been struck by the deep blueness of the Mediterranean 
sea, he questioned Rayleigh's theory on the blueness of the sky, and he 
applied to the diffraction of light the Einstein-Smolukowski stochastic 
theory of fluctuations and the attendant correlations [50], which was 
extended by his collaborators; amongst them was K.S. Krishnan, who 
belongs to this essay on several accounts. He performed some of the 
crucial experiments leading to the unambiguous detection and thus the 
very discovery of the Raman effect; and later, in the early 1940s, when as 
professor of physics at Allahabad, Krishnan kindled Harish-Chandra's 
first scientific direction of research — theoretical physics — which Harish- 
Chandra pursued in Bangalore with Bhabha [5], and then in Cambridge 
under Dirac [71, p.56]. 


Krishnan's talents as an experimental physicist first came to light in 
Raman's IACS laboratory; recall [52] and see [54]. The cultivation of 
these exceptionally acute abilities later made him famous as a pioneer 
in the investigation of quite an array of diverse phenomena in condensed 
matter physics — cf. e.g. [4] — so much so that the present address of 
the National Physics Laboratory, of which he was the first director, is 
on K.S. Krishnan Road in Delhi. His early association with Raman's 
research programme on “light scattered in a homogeneous medium" is 
explicitly acknowledged in the opening paragraphs of both |35, 36], his 
only overt contribution in and to mathematics. This belongs here for 
three reasons: first, it stems from an analysis of a physically important 
stochastic process; second, it gives a mathematically elegant proof for a 
special version of a theorem now known to all probability theorists; and 
third, it provides my story with a link to Ramanujan, indispensable to 
any paper in the history of modern Indian mathematics. 


First, the theorem. Krishnan begins by citing [22] - in which Einstein 
pursues the theory of critical opalescence proposed by Smolukowski [58] 
— for its use of an approximation amounting to the formula: 


lim « 
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What Krishnan realizes is that this formula hides a deeper mathematical 
truth, namely the following general result which he proceeds to prove. 
Let f be an even real function of a real variable x such that its Fourier 
transform 


^v 


f(E) = (22)^ 


| 


Í - f(x) exp(-ika) 


exists and vanishes for |k| > ko. Then 


4-00 
Va€(02z/k] : o M; f(na+6) = V2xf(0) ( 2.5) 


Note that: (i) sin? z/z? satisfies the assumptions, with kọ = V2r; (ii) 
the validity of formula (2.5) extends over a range of values of o rather 
than as a limit, as (2.4) does; (iii) the assumptions are very permissive; 
and (iv) (2.5) itself is a special case of the sampling theorem: 


+00 
Va € (0,20/(ko+k)] : a X` f(na)exp(-inak) = V2nf(k) 
n=— O0 
( 2.6) 
variously ascribed to Nyquist, Shannon or Whittaker; probabilists learn 
this from |25, Thm.XIX.5.2]; and it is also recognized to be of cardinal 
relevance in communication theory. 


The second aspect of (2.5), which Krishnan recognizes already in [35], 
is that the functions f for which the formula is valid cover a wide range; 
from a wealth of examples, he is manifestly gratified in [36] to choose 
and present, in the light of his own result (2.5), several of Ramanujan's 
identities. 


This spontaneous demonstration of such an interdisciplinary purview 
appears to have been a major contributing factor in the systematic de- 
velopment of the modern scientific establishment in India. Indeed sev- 
eral other scientists of the time shared this broad vision. Consider thus 
briefly the case of H.J. Bhabha (1909—1966), whom I mentioned already 
in connection with Harish-Chandra [5]. Along with his long-lasting inter- 
est in relativistic quantum theory of elementary particles [6], he belongs 
to the present story also for his classical stochastic analysis of electron 
cascades [7, 8], a theoretical aspect of cosmic rays physics; furthermore 
— as with Krishnan - experimental physicists know him perhaps even 
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better for his persistent and successful observational pursuits. Bhabha's 
multidimensional drives are further evidenced by his being the founder 
in 1945, and first Director, of the Tata Institute for Fundamental Re- 
search in Bombay; and by the eminent role he played on the international 
political scene as president of the IAEC for the peaceful use of nuclear 
power. Beyond the confines of this essay, I discern in [28] several ele- 
ments that would help enlighten a discussion of the considerations (or 
theses) I proposed in section 1 above; see also subsection 2.4 below. 


2.3 Subrahmanyan Chandrasekhar, 1910—1995 


Chandrasekhar is also an alumnus of Presidency College, Madras (B.Sc. 
with honours in Physics, 1930), and then Trinity College, Cambridge 
where he studied under R.H. Fowler, met Dirac, and was awarded the 
Ph.D. in 1933. After Cambridge, he was associated with the University 
of Chicago from 1937 to the end of his life, thus overlapping there with 
the Marshall Stone era in mathematics. Although many of us know 
Chandrasekhar as à most agile classical applied mathematician, he is 
known primarily as an astronomer and was Editor of the Astrophysical 
Journal from 1952 to 1971. He received the Nobel Prize in Physics in 
1983, which brings us straight into his early involvement with quantum 
statistics. 


Chandrasekhar was prompted in this direction by no less a master 
than Sommerfeld during an apparently dramatic private interview that 
took place in the fall of 1928 in Madras, in the course of which the 
^Professor of Professors" assured the eighteen year old student — so 
proud of having studied on his own Maxwell-Boltzmann statistics and an 
early edition of Sommerfeld's book Atomic Structure and Spectral Lines 
- that everything he knew had been superseded by the new quantum 
mechanics of Schroedinger, Heisenberg, and Dirac. To drive home his 
point, Sommerfeld mercifully passed to Chandrasekhar the galley-proofs 
of a paper where he proposed to apply the Fermi-Dirac statistics to the 
theory of electrons in metals. Chandrasekhar had thus inadvertently 
landed on the hinge between the “old” quantum mechanics and the 
^new", with a clear admonition that the passage from the former to the 
latter was ineluctable. “Chandra would later characterize this encounter 
as the ‘single most important event’ in his scientific career." [75, p.1] 
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Chandrasekhar indeed understood the lesson: he soon wrote a paper 
of his own [15]; and he read a 1926 paper by R.H. Fowler, which he de- 
scribes later as “the fundamental discovery that the electron assembly 
in the white dwarfs must be degenerate in the sense of the Fermi-Dirac 
statistics" [17, fn.1,p.451]: indeed Fowler had identified the electron de- 
generacy pressure as the pressure that keeps the stars from gravitational 
collapse. Following up on this reading, Chandrasekhar published a string 
of papers on relativistic quantum degenerate stellar configurations and 
the theory of white dwarfs [16]; these early papers are part of his Nobel 
prize citation. 


It is in the course of this analysis that Chandrasekhar made the 
discovery that white dwarfs have a maximum mass Mma; = 1.4 Mo 
where Mg is the mass of the sun: 


hc 
Mmaz — (G 


emp? ( 2.7) 
where mp refers here to the mass of electrons (or, see below, neutrons). 
Note that the coefficients in front of mpg ? depend only on universal 
physical quantities: the Planck constant h, the velocity of light c, and 
the gravitational constant G. The maximum mass Ming, is called the 
Chandrasekhar limit. 


Although Chandrasekhar’s derivation is mathematically correct, it 
seemed somewhat cumbersome. Already by the end of 1932, L.D. Lan- 
dau not only presented a more elementary explanation of the Chan- 
drasekhar limit but, upon hearing of the discovery of the neutron, he ap- 
plied the above formula to then putative neutron stars. Chandrasekhar’s 
analysis implies that stars of mass larger than the critical mass Mmayz 
could not be self-sustained, but would collapse under their own gravity. 
These theoretical predictions had to wait till the 1960s for observational 
confirmation; in the meantime, these consequences of the Fermi-Dirac 
statistics first caused quite a surf, at the forefront of which stood Edding- 
ton, an astronomer commanding an imposing authority, who is reported 
to have spoken of a reductio ad absurdum calling for the interposition 
of an as yet unknown fundamental theory. For the unfolding of the res- 
olution of the conflict, cf. e.g. [53], the title of which already indicates 
the complete extent to which Chandrasekhar was ultimately vindicated. 
Chandrasekhar however did not pursue this line of research past the syn- 
thesis he presented in [17]) (see in particular Chap. XI). Nevertheless, 
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he revisited in the mid—1960s the guestion of the general-relativistic 
stability of stars. 


The early period of Chandrasekhar's diverse activities - the most 
pertinent to my purpose here — calls for three remarks relative to the 
emergence of quantum statistics in India. The first remark is that while 
[15] - accepted upon Fowler's recommendation - is widely acknowledged 
as Chandrasekhar's ‘first’ paper on the subject, it was preceded by an 
earlier paper, really his first publication, which had appeared in volume 
3 (1928) of the Indian Journal of Physics; its very title indicates al- 
ready the astronomical motivations that were to move Chandrasekhar 
along much of his career: it announces unambiguously his interest in the 
“Thermodynamics of the Compton Effect" (compare with [15]) “with 
Reference to the Interior of the Stars." 


The second remark is to draw attention to the mention, in the title 
of [15] of the ‘New Statistics’: in the matter of a few months since his 
encounter with Sommerfeld recalled above, Chandrasekhar had caught 
the gist of the Fermi-Dirac statistics. The Fowler-Chandrasekhar pa- 
pers truly rank among the very first and perhaps the most spectacular 
applications of the Fermi-Dirac statistics, right with the semi-classical 
theory of multi-electron atoms proposed independently in 1927-1928 by 
Thomas and by Fermi (who had proposed in 1926 the statistics that 
bears his name); and the 1928 Sommerfeld theory of electrons in met- 
als. The impact of the discovery of the Chandrasekhar limit may be 
compared with the prediction of the superfluid condensate in perfect 
quantum gases obeying the Bose-Einstein statistics (see Subsection 2.1. 
above). 


My third remark concerns the way Chandrasekhar later considered 
quantum statistics: "It is somewhat misleading to use the word 'statis- 
tics’ in ‘Einstein—Bose statistics’ and ‘Fermi—Dirac statistics.’ There is 
only one statistics, namely the Gibbs statistics ... the symmetrical and 
antisymmetrical cases simply correspond to two different assumptions ... 
but nevertheless, we have the same statistical theory (Gibbs) underlying 
both cases. It would be more logical to refer to "Einstein-Bose formulae’ 
and 'Fermi-Dirac formulae’.” [17, p.384, fn.5]. The reason for this foot- 
note seems to have lost some of its bite today, perhaps partly in view 
of the spin-statistics theorem of quantum field theory; another reason 
might be more idiosyncratic: classical mechanics and classical statistics 
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were to take an increasingly more important place in Chandrasekhar's 
career; cf. for instance the masterful paper [18] that he reportedly had 
first prepared for his own use and published only at the insistence of von 
Neumann. I find it interesting to note here, from [65, p.i], that during 
the summer of 1928 Chandrasekhar had visited his uncle C. V. Raman 
in Calcutta, who was active on both fronts of physics, quantum and 
classical: the Raman effect had just been discovered, and the Einstein- 
Smolukowski theory of fluctuations had recently been called upon - and 
refined — to account for light scattering in fluids; see Subsection 2.2 
above. Perhaps in a belated reflection of this early encounter, Chan- 
drasekhar selected in [19] * ... a series of papers which Smolukowski 
wrote during the last five years of his life, papers in which the founda- 
tions of the modern theory of stochastic processes were laid ..." 


2.4 Prasanta Chandra Mahalanobis, 1893—1972 


As the eminence of statistical studies in India is inseparable from Maha- 
lanobis’ name, it may be worth mentioning, in an essay on the contribu- 
tions of Indian mathematicians to quantum statistics, that Mahalanobis 
himself graduated in 1912 with honours in physics from Presidency Col- 
lege in Calcutta, and that he was the only candidate to achieve First 
Class in Physics when he took the tripos in Cambridge. Furthermore, 
it was.from within the Physics department of Presidency College in 
Calcutta that, in the early 1920s, Mahalanobis planted a seed, the Sta- 
tistical Laboratory, that under his tutelage became in 1931 the Indian 
Statistical Institute, which in 1959 was officially declared an “Institution 
of National Importance” by an act of Parliament. Indeed, to ensure that 
a flow of new ideas and problems would stimulate its team of statisti- 
cians, the Institute included, from its beginning, practitioners of other 
disciplines independently organized in a wide variety of departments; 
for the immediate purpose of this essay, suffice it to recall the strong 
tradition maintained in their own fields by the ISI mathematicians and 
physicists who personify the motto of the Institute “Unity in Diversity”. 


In the public-relations material distributed by ISI, one reads that 
Mahalanobis was a science organizer who disliked all forms of bureau- 
cracy in science. Be that as it may, the inheritance of this ideal may 
begin to explain how our Indian colleagues manage to maintain their 
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personal scholarly production in difficult interdisciplinary fields, amidst 
often demanding circumstances and extensive administrative responsi- 
bilities. In this sense also, Mahalanobis ought therefore to be mentioned 
here as one of the pioneers who created a home for the educational and 
research initiatives discussed in the next section. As unmistakable signs 
that Mahalanobis' successors have successfully pursued his lofty ideals I 
ought to mention two of them who are directly related to my story: C.R. 
Rao, who lists among his more than 50 Ph.D. students both Varadarajan 
(1960) and Parthasarathy (1962), the contributions of whom I delineate 
in subsections 3.1 and 3.2 below; and the current ISI Director, Kalyan 
B. Sinha, cf. subsection 3.3. 


3 Contemporary Figures 


3.1 Veeravalli S. Varadarajan 


In the 1950s and 1960s the frustrating inconsistencies of guantum field 
theory prompted fundamental re-examinations of the mathematical foun- 
dations of guantum mechanics laid down in 1932 by von Neumann. The 
henceforth universal Fock space framework - that imprudently extended 
to infinitely many degrees of freedom von Neumann's uniqueness the- 
orem on the representation of the canonical commutation relations for 
finitely many degrees of freedom — was the first casualty of this on- 
slaught, as the works by Friedrichs, and by Garding and Wightman, 
unearthed the existence of uncountably many inequivalent irreducible 
representations of the CCR for infinitely many degrees of freedom. 


This discovery was part of a renewed interest in earlier proposals to 
revise the basic axioms of quantum mechanics, namely those by Jordan, 
von Neumann and Wigner (1934) and by Birkhoff and von Neumann 
(1936). 


JvNW's *On an Algebraic Generalization of the Quantum Mechan- 
ical Formalism" is an attempt to replace the algebra of all bounded 
operators on a Hilbert space, which ends up with a complete classifi- 
cation of all finite-dimensional Jordan algebras; this approach matured 
in the hands of Segal (1947), and of Haag and Kastler (1964) into the 
C* —algebraic approach to quantum field theory and statistical mechan- 


274 Gērard G. Emch 


ics; the conceptual problem of characterizing the Jordan algebras, the 
elements of which are the self-adjoint elements of a C*—algebra, was 
solved in the 1980s by Alfsen and his collaborators. 


BvN's "The Logic of Quantum Theory" focuses on the structure of 
the projectors on a Hilbert space, and is perhaps better characterized 
as the germ of a non-Boolean proposition calculus or, even better, of an 
infinite-dimensional projective geometry. 


This is where Varadarajan enters the story. A mathematician by 
training - M.A. in mathematics and statistics, University of Madras, 
1957; Ph.D. in mathematics, ISI-Calcutta, 1960 — he made a point “to 
mention that it was through the lectures of Prof. G.W. Mackey at Seat- 
tle in 1961 on the mathematical foundations of quantum mechanics that 
I first began to appreciate the beauty and depth of the subject? [69]. 
As a complement to this tribute to Mackey's influence on the coming 
generation of mathematicians and mathematical physicists throughout 
the world, let me mention also that at the very same time Varadarajan 
was imbibing the physical thinking underlying Mackey's project, some of 
us were learning its mathematical underpinnings - especially systems of 
imprimitivity and induced representations (on which Varadarajan was 
already an expert) — starting from Mackey's mimeographic Chicago lec- 
ture notes [38] that were circulating at CERN in Geneva and elsewhere 
in Europe. 


Moving forward in time, one discerns that the overarching theme 
of Varadarajan's many-faceted research — much of which conducted at 
UCLA - came to be the mutually stimulating roles geometry, and in 
particular symmetry, plays in mathematics and in physics. 


In mathematics, his efforts were directed first to measure-theoretical 
aspects of, and convergence problems in classical probability, a field in 
which he wrote an early burst of some fifteen papers in a span of five 
years; his research turned then to the representation theory of Lie groups 
and algebras, its first published result being |47]. He later established 
himself as one of the closest followers, the best interpreter and heir of 
Harish-Chandra who, after a presentation by Varadarajan, indeed told 
him that “he was very pleased ... and felt like a composer meeting a 
conductor." [70, p.32]. Varadarajan's mathematical purview extends 
as well to the theory of fiber bundles and connections, cf. e.g. [73] 
in which the physics reader is treated to a grand tour from Weyl and 
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Dirac, through Bohm-Aharanov, to Yang-Mills and Atiyah and Bott, 
not to speak of Singer; cf. also [72]. 


Varadarajan's interest in the foundations of quantum mechanics is 
already evidenced in [67] and continues to this day |3, 12]. With regard 
to quantum statistics proper — the focus of this essay — the projective 
geometry approach Varadarajan chooses in [68] allows him to offer what 
I consider to be the best presentation of a central element in the inter- 
pretation of von Neumann density matrices as quantum states, namely 
Gleason's theorem [68, Thm.4.23] and its extension to probability mea- 
sures on the lattice of projectors of a general von Neumann algebra 
[68, pp.146-147]; the latter thus establish contact, at the representation 
level, with the other branch of quantum axiomatics, the C* —algebraic 
approach (see above). 


3.2 Kalyanapuram Rangachari Parthasarathy 


Shortly after Varadarajan (see subsection 3.1 above), Parthasarathy ob- 
tained his Ph.D. from ISI-Calcutta in 1962, after having taken the BA 
from the University of Madras in 1956. They actually wrote together 
[47]. With certainly different emphases, they both had acquired a broad 
background in functional analysis allowing them to master measure the- 
ory and integration, Banach spaces and involutive algebras, and repre- 
sentations of Lie groups and algebras. Pertaining more immediately to 
Parthasarathy's training in probability, I wish to note his initial stay 
abroad, at the Steklov Mathematical Institute in Moscow (1962-1963). 


Early confluences, bearing Parthasarathy own stamp, obtained in his 
classic/classical [42], and his sharp but perhaps somewhat less widely 
known [43]. The collection [9] illustrates the diverse interests Partha- 
sarathy developed during his career. 


Several of these strands are later braided in his magnum opus [44], 
the official birth certificate of the theory of quantum stochastic processes; 
for a presentation offering additional perspectives, see also [45]. 


"Three questions must be addressed about the birth of any mathemat- 
ical theory, and this one is no exception: the first is to account, however 
succinctly, for the gestation period; the second concerns the actual time 
and place of its birth; and the third has to do with the resonance of the 
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event. 


Firstly, the gestation period. In this case, one may want to skip 
the archaeological phase (1932-1947) in which the physical concepts 
and mathematical tools were devised that allowed the passage from a 
quantum probability theory for finitely many degrees of freedom, to 
one better adapted to the consideration of systems with infinitely many 
degrees of freedom. Let it suffice here to evoke the spirits of Fock, 
Wiener, Itó and Segal. In the most elementary sense, the question was 
to unify two heretofore separated domains of enquiry, the description of 
the classical, stochastic process behind the evolution equation proposed 
in 1908 by Langevin for the Brownian motion of a particle in a viscous 
stochastic medium 

dv/dt = —^ v + E(t) ( 3.1) 


with v the velocity, y the coefficient of viscosity, and € a random function, 
the time average of which vanishes; and the quantum, deterministic 
evolution described by the Heisenberg equation 


dB/dt = i [H, B] ( 3.2) 


where B and H are self-adjoint linear operators acting on a Hilbert 
space, with B representing an observable, and H the Hamiltonian; equiv- 
alently, upon viewing [H, -] as a derivation, the latter may be written 
more intuitively in the Liouville form dB/dt = i C|B]. In the modern 
era, the problem is brought in context by mentioning, on one side, the 
work of Itó, cf. Iteka and Watanabe (1981); and, on the other side, 
the seminal contributions of Segal (1956, 1960), Streater (1969), Araki 
(1970), Parthasarathy and Schmidt (1972), Hudson and Cockroft (1977), 
Hudson (1980), or Barnet, Streater and Wilde (1982); Accardi, Frigerio 
and Lewis (1982); cf. Hudson [30] who does speak with a particular 
authority allowing for the expression of some freely admitted personal 
bias; some of these may have been softened by a few additions in the 
above list, still incomplete, even as it is limited to the years preceding 
1984 for reasons to be presently explained. 


Secondly, the actual birth place of the theory of quantum stochastic 
processes is generally marked as the papers of Hudson and Parthasarathy 
[32, 33, 34]; see already [31] for an early appearance of the quantum 
stochastic differential equation which they will use to describe quantum 
diffusion. 
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Thirdly, the resonance. While the above line travels mainly through 
territories where the language of quantum physics is spoken, the waves 
reached quite rapidly the French coast where classical probabilists viewed 
the event as a mathematically genuine generalization of their language, 
requiring new techniques; one of the most influential advocates of the re- 
quired reformulations is Paul-André Meyer in whose work [39] the change 
in perspective is explicitly implemented. Parthasarathy also found it in- 
structive to sketch an outline of quantum stochastic calculus that nev- 
ertheless allows him to demonstrate how the familiar classical Markov 
processes can be realized in the quantum framework [46]. Yet, as echoes 
were also heard from further intellectual shores: “Quantum probability 
has been parodied, and indeed bitterly criticized, as an industry consist- 
ing in proving non-commutative analogues of well-known commutative 
theorems. In my opinion it is, or should be, nothing of the kind ..." 
[29]. Indeed, no one here would represent differential geometry as just 
generalizing Euclidean geometry to curved manifolds. Hudson contin- 
ues, offering his own view of quantum stochastic theory: “It inhabits 
a non-commutative, quantum world which is fundamentally different 
and new, and which completely transcends conventional mathematical 
experience.” One of the talents of Parthasarathy is to combine unflap- 
pable firmness, steady diligence, and a necessary dose of that Indian 
ingredient, patience. As already mentioned, these were recognized by 
the request that he present [45]. Another tribute to these talents is 
the creation of the flourishing school of quantum stochastic theory in 
India, going hand-in-hand with its perhaps more outspoken counter- 
part in England. Indeed, this development is in large part a deliberate 
consequence of Parthasarathy’s dedication which is evidenced — perhaps 
unwittingly - by his message to Sridharan, one of the organizers of “a 
useful symposium which could inspire the young colleagues of Seshadri 
to stay in India and bring up a new generation of mathematicians” [37, 
p.xxv]. 


3.3 Kalyan Bidhan Sinha 


Sinha joined Parthasarathy at ISI-Delhi in 1978. He had taken his 
Ph.D. in Physics (1969) from the University of Rochester, where he had 
joined us in 1965, fresh from a M.Sc. from the University of Delhi; his 
B.Sc was from Presidency College, Calcutta, 1963. I am pleased to say 
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here again that the young faculty members of the physics department at 
Rochester — which I joined in 1966 — had their pick from a long parade of 
brilliant Indian Ph.D. students attracted there by the reputation of our 
eminent senior colleagues, Robert Marshak, Emil Wolf, Leonard Man- 
del, Bruce French, and Susumu Okubo. Some students, like Sudarshan 
who had worked with Marshak, helped in no small way in establishing 
our appeal; others, more adventurous perhaps, choose recent arrivals, 
and I was fortunate indeed that Kalyan approached me in the very first 
weeks after I had arrived in Rochester. As part of his own research pro- 
gramme, he attended my classes and seminars on the algebraic approach 
to statistical mechanics and field theory, just at the time when Marshak 
had commissioned me to write a book on the subject [24]; the book it- 
self appeared after Kalyan had left, but several footnotes bring explicit 
witness to his early mastery, part of which, I am sure he acquired from 
his interaction in Rochester with a then post-doctoral associate of mine, 
Richard Herman. 


Having finished his Ph.D. with me, Kalyan joined my own former 
Ph.D. advisor, J.M. Jauch in Geneva, where the second phase of his 
training was completed. Werner Amrein and Kalyan Sinha drove to 
completion the book [2] on the rigorous mathematical treatment of par- 
ticle scattering in quantum mechanics, an oeuvre which Jauch had left 
in outline at the time of his unexpected death in 1974. After the book 
had appeared, and was greeted with universal acclaim, Kalyan contin- 
ued along this line of research, first in various positions he occupied in 
Europe, North America, and Brazil, and then upon his return in India, 
where he started training his own graduate students. 


The theory of quantum stochastic processes seemed to be pretty 
much set on its path when Kalyan joined Parthasarathy at ISI-Delhi. 
Their first papers indeed confirmed its increasing scope [48]; see also [40, 
1, 49]; and for reviews, see [55] and [57] respectively; these advances were 
gained in part by taking further advantage of techniques in functional 
analysis and operator algebra theory which Kalyan had acquired in his 
earlier and diverse activities in mathematical physics. 


As these techniques were opening new vistas in modern geometry, 
Parthasarathy, Sinha, their collaborators and their students were ready 
for the extension of quantum stochastic processes to general von Neu- 
mann algebras [27, 26] and non-commutative manifolds [13, 14, 56). 
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At this point, the question must be asked as to whether these beau- 
tiful mathematical constructs may have as immediate an impact on our 
physical understanding of this world as had their classical counterparts. 


From my own vantage point in non-equilibrium statistical mechan- 
ics, I am particularly impressed by the fact that a bridge is now con- 
structed from both ends of the problem. Traditionally, we had started 
from the quantum mechanics of finite systems, then taking their infinite 
thermodynamical limit and various mixed limits — e.g. long-time/weak 
coupling — to focus on the appropriate regimes. Beyond this mid—point, 
we aimed at obtaining — and in particular cases, we did obtain — by a 
projection on the proper subalgebra of relevant observables, some con- 
tractive semigroups of completely positive maps, such as those encoun- 
tered in the actual phenomenological world, e.g. those described by the 
Bloch equation in quantum spin relaxation or electric conductivity. 


Thus, those of us who are involved in trying to obtain quantitative 
microscopic explanations of transport phenomena would be happy to get 
from the quantum stochastic calculus some information on the mathe- 
matical structures encountered at the mid-point of the putative bridge, 
as this calculus starts from the semigroups and constructs their stochas- 
tic dilations in ways that can be viewed as canonical. Enthusiasts of 
the new canon may even speculate that travelling the road by way of 
stochastic dilations is all there is: what was envisaged as the ‘mid—point’ 
may be what the microscopic world ultimately looks like, a brand-new 
challenging world indeed. 


3.4 Mandyam Doddamane Srinivas 


The work of Srinivas offers original insights towards an approach to 
quantum stochastic processes, although the name of some of the pre- 
cursors — notably J.T. Lewis — appeared also in subsection 3.2 above. 
The motivations here are quite different, reflecting the fact that, as a 
physics graduate student in Rochester during the 1970s, Srinivas found 
himself at the confluence of two streams: quantum axiomatics and quan- 
tum optics. The first was initiated upon my own arrival in Rochester 
a few years before Srinivas joined us; the second was dominated on the 
theoretical side by an eminent pilot, Emil Wolf, and on the other side 
by the pioneering experiments conducted in the laboratory directed by 
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Leonard Mandel. Although Srinivas and I had several happy discus- 
sions together, as explicitly acknowledged in [59], Wolf — who had also 
directed recently the thesis of G.S. Agarwal, yet another of the brilliant 
Indian students in Rochester — became Srinivas’ Ph.D. advisor and they 
wrote several papers together; cf. e.g. [63]. Srinivas completed his Ph.D. 
thesis in 1976. 


Srinivas’ own motivation to study quantum stochastic processes 
comes from a critique of von Neumann's description of the quantum 
measurement process on two accounts: (1) the traditional presentation 
is limited to the measurement of observables with purely discrete spec- 
trum; and (2) no provision is made for repeated measurements, nor a 
fortiori for measurements carried on continuously in time. His critique 
[59] challenges the concept of so-called *experimentally verifiable propo- 
sitions", and examines means to replace it by notions that reflect more 
closely experimental procedures such as "operations”, "instruments", 
and “effects”. 


Again, as narrated in the preceding subsection, proposals such as 
these do not spring out of thin air; they cannot be entirely new, and they 
follow steps taken earlier by others. Here, I should certainly refer to the 
inspirations of G. Ludwig (1967), and especially to the contributions of 
J.T. Lewis and E.B. Davies (1969); some of the latter are systematically 
developed by Davies in [20], who does cite the above paper by Srinivas. 


Srinivas later contributed several responses — among which [60] — to 
the challenges just described. For applications to the original motivation 
in quantum optics, cf. [62]. These, as well as other related papers by 
Srinivas, are collected in [61]. 


4 Concluding remarks 


I aimed at presenting some of the circumstantial evidences for the How 
and Why of quantum statistics in India, as they do appear to an outsider; 
and I hope that my account can prove useful, however biased it may be 
by my being a mathematical physicist whose career had to unfold on 
foreign soils. What I see from this position is that a vital Indian school 
of quantum statistics has been created, enhanced by deliberate cross- 
fertilizations between diverse scientific disciplines. I expect that any 
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revision of this essay in a not too distant future will be able to sight also 
the rising stars of quantum communication theory, and to focus more 
on ideas than on personalities, thus reflecting the staying power of the 
field rather than the genius of its early leaders. 
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